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Summary
The electrical impedance of moving-coil loudspeakers is dominated by the lossy inductance in high frequency
range. Using the equivalent electrical circuit method, a new model for the lossy inductance based on separate
functions for the magnitude and phase of the impedance is presented. The electrical impedances of five loud-
speakers were measured by Klippel LPM analyzer, and the model parameters were identified by fitting the mea-
sured impedance curve. The obtained accuracy was evaluated with respect to the simplicity of different models.
The results show that, this new model agrees well with the measured electrical impedance, and gives an accurate
prediction of the lossy inductance varying with frequencies, especially for the frequency dependent phase. Addi-
tionally, there are just three parameters in this new model, which gives simple and rapid parameter identification.

PACS no. 43.38.Ja, 81.70.Ex, 84.37.+q

1. Introduction

A moving-coil loudspeaker consists of a suspended di-
aphragm with an attached voice coil, positioned in a per-
manent magnetic field. The current flowing in the voice
coil wire produces a magnetic field, and the magnetic field
circulating the wire induces eddy currents in the conduc-
tive center pole, resulting in inductance losses. It has been
frequently observed that the inductive rise of the voice coil
is closer to +3 dB per octave, and not +6 dB as expected
for an ideal inductor [1]. Only a simple inductor doesn’t
capture the inductance losses, therefore the lossy induc-
tance ZL is introduced by different fitting models. For
small-signal excitation, a loudspeaker can be modeled as
an equivalent electrical circuit in Figure 1 via four parame-
ters (Re, Res, Cmes and Lces) and one frequency dependent
lossy inductance ZL.

The accuracy and the simplicity are two basic qualities
for fitting models. Accuracy means that the model should
predict the values in good correspondences with experi-
ments, and simplicity makes the fitting process or param-
eter identification easily and quickly. The first model of
ZL was presented by Vanderkooy [2], wherein the effect
was illustrated as a semi-inductance, which is the function
of the square-root of angular frequency. Nevertheless, the
experiment data show that this model fails to predict the
electrical impedance of many drivers in high frequency
range [3]. Wright modeled ZL by two separate weighed
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power functions in angular frequency for both the real part
and the imaginary part [3]. Since the Wright model is not
bounded to be minimum phase and not composed from a
system of lumped electrical elements it may be deceived
by measurement artifacts when used to represent a mea-
sured curve [4]. Leach introduced a variable exponent to
an angular frequency variable [5] and Thiele-Small pa-
rameters can be easily acquired by this model since there
are only two parameters. Unfortunately, both the Wright
model and the Leach model cannot be directly realized as
an analogue or digital systems. The L2R2 model as used
in the Klippel system [6] introduces a series inductance
connected to the second inductance shunted by resistance.
Because it can be directly realized in nonlinear differential
equations, it has been mostly used in simulating the non-
linear behaviors of loudspeakers [7]. However, it is only
valid for a restricted frequency range [1, 8]. Thorborg et al
incorporated Vanderkooy semi-inductance into the equiv-
alent electrical circuit for modeling ZL [1, 9]. This model
can be applied to most of the electrodynamics’ transduc-
ers, and it is closer related to the physics of the electrody-
namic speakers [10, 11]. However, there are five parame-
ters in this model, resulting in an increased complexity of
fitting procedure. The modeling of such lossy inductance
is a challenge that has not been satisfactory coped with
until today, and the aim of this paper is to improve the ac-
curacy without introducing many more parameters.

The separated power function (SPF) model was pre-
sented by using two power functions in angular frequency
for fitting the magnitude part and the phase part of lossy in-
ductance separately. Five moving-coil loudspeakers with-
out ac-shorting devices [1] were tested by Klippel LPM
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Figure 1. Equivalent voice coil circuit.
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Figure 2. Equivalent circuits of fitting models.

analyzer under small signal input voltage. The SPF model
with the other four classical models- Wright model, Leach
model, L2R2 model and Thorborg model were evaluated
by fitting the measured electrical impedance curve. The
model accuracy was investigated by comparing the fitting
results with the measured data, and the simplicity was an-
alyzed by comparing the number of model parameters.

2. Fitting models

As shown in Figure 1, when studying the lossy inductance
of voice coil, it is assumed that the series resistance has
been treated as a separate element [10]. Figure 2 shows the
equivalent circuits of the main four models in frequency
domain (ω is angular frequency, j is the complex operator,
i.e. j2 = −1). All the fitting models are valid only for small
signal input.

2.1. Wright model

There are four parameters in the Wright model (Fig-
ure 2a), Kr, nr for the resistance part, and Ki, ni for the
reactance part, then the ZL(jω) becomes

ZL(jω) = Krω
nr +Kiω

ni = ZLW (ω)e jθW (ω),

ZLW (ω) = K2
rω2nr +K2

i ω
2ni , (1)

θW (ω) = ωni−nr (Ki/Kr).

2.2. Leach model

Only two parameters were presented in the Leach model
(Figure 2b), a constant inductance Lel and a variable ex-
ponent n,

ZL(jω) = Lel(jω)n = Lelω
ne jθL , (2)

θL(ω) = nπ/2, 0 < n < 1.

Studies show that the exponent parameter n lies in the
range from 0.6 to 0.7, and that drivers having lower values
of n usually have higher values of Lel [5]. Fitting parame-
ters can be easily acquired by Leach model because it has
only two parameters.

2.3. L2R2 model

As be depicted by Figure 2c, the L2R2 model introduces
a series inductance Le connected to the second inductance
L2 paralleled with resistance R2. There are three parame-
ters in ZL(jω),

ZL(jω) = jω +
jωL2R2

jωL2 + R2
= ZLK (ω)e jθK (ω), (3a)

ZLK (ω) = a2
K + b2

K ,

θK (ω) = arctan bL/aK , (3b)

aK = ω2L2
2R2/ L2

2 + R2
2ω

2 ,

bK = ωLe + ωL2R
2
2/ L2

2 + R2
2ω

2 . (3c)

2.4. Thorborgmodel

Figure 2d shows the Thorborg model, which uses a semi-
inductance Ke to describe eddy currents and skin effect in
the pole structures. ZL(jω) follows as

ZL(jω) = jωLet +
jωLt1 jωKe

jωLt1 + jωKe

+
jωLt2Rt2

jωLt2 + Rt2

= ZLT (ω)e jθT (ω), (4a)

ZLT (ω) = a2
T + b2

T ,

θT (ω) = arctan bT/aT , (4b)

aT = A1ω
3 + A2ω

+ A3
√
ω A4ω

3 + A5ω
2 + A6ω + A7 ,

bT = B1ω
4 + B2ω

2

+ A3
√
ω A4ω

3 − A5ω
2 + A6ω − A7 ,

A1 = L2
t2L

3
t1 Lt2Rt2 −Ke ,

A2 = L2
t2K

4
eRt2 −KeL

3
t1R

2
t2,

A3 = 1/ 2KeL
2
t1, A4 = L2

t2L
2
t1, (4c)

A5 = L2
t2K

2
e , A6 = ωL2

t1R
2
t2,

A7 = K2
eR

2
t2, B1 = ω4L2

t2L
4
t1,

B2 = L4
t1R

2
t2Let + L2

t2K
4
3 + L2

t2K
4
eLt1.

2.5. SPF model

Measurements did by Bowler et al. show that ZL(jω)
varies with frequencies (shown by Figures 5–7 in [12]).
These measurements were made with the coil encircling a
steel cylinder, in conventional loudspeaker metal work, et
al. Figure 3 re-plots these measured ZL(jω) in [12] with
one normal woofer measured by Klippel analyzer system.
It shows that the magnitude part varies as positive power
function in frequency, and the phase part decreases with
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Figure 3. The measured lossy inductance. (a) magnitude (b)
phase. The curves of steel cylinder and metalwork were reploted
in form of magnitude and phase, instead of reactance and resis-
tance shown by Figure 5 and Figure 7 in [12].

increasing frequency. It should be point out that the phase
approached 90 degree at very low frequencies, ZL(jω) be-
haves like an ideal inductance. This property corresponds
to the observation that the eddy currents are frequency de-
pendent and will vanish at very low frequencies [4]. There-
fore, two different power functions in angular frequency
were employed to predict the lossy inductance in form of
magnitude and the phase. ThenZL(jω) gives by only three
parameters,

ZL(jω) = Lexω
pe jθ(ω), θ(ω) =

π

2
ω−q, (5)

0 < p < 1, 0 < q < 1.

It is noteworthy to say that the power functions of lossy in-
ductance can be described by fractional derivatives [8, 13].
For a lossy inductor, the electrical properties are described
by the following fractional differential equations, E(t) =
Ledαi(t)/dtα (where 0 < α < 1), and the fractional deriva-
tion dα/dtα is defined as [14],

dαf (t)
dtα

= CD
αi(t) =

1
Γ(m − α)

d
dt

t

o

f (m)(τ)
(t − τ)α.m+1

dτ, (6)

m − 1 < α < m, m ∈ N,

where Γ(·) is the gamma function and τ is an integration
variable. By employing the fractional order Laplace oper-
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Figure 4. A sketch of the Klippel Analyzer setup circuit.

ator of Caputo definition [15],

L CD
αf (t) = sαf (s) −

m−1

k=0

f (k)(0), s = jω, (7)

if f (t) = i(t) and i(0) = 0, then

L LeCD
αi(t) = Les

αi(s). (8)

Followed by Equatin (8), Leach model is described (Equa-
tion 2), and when α = 1/2, then the inductor turns to be a
semi-inductor which is widely used in Vanderkooy model.

3. Measurements and curve-fitting

3.1. Measurements of electrical impedance

Measurements were carried out on five speakers, two
woofers, and three midrange speakers. Table I gives the
specifications of tested loudspeakers.

3.1.1. Klippel analyzer set up

The Klippel analyzer has been widely used for identifying
the loudspeaker parameters. A sketch of the Klippel Ana-
lyzer system is shown in Figure 4, where E(t) is the input
voltage, I (t) is the output current, and x(t) is the output di-
aphragmdisplacement measured by KEYENCE CO. LK-
G32 laser. The laser is pointed at a small piece of reflec-
tive tape attached to the diaphragm. It uses triangulation
to measure the distance from the laser to the diaphragm
and thereby the displacement of the diaphragm. The sys-
tem measures the loudspeaker parameters by means of
system identification algorithm [16]. Linear parameters of
loudspeakers can be measured from the Linear Parameter
Measurement (LPM) in Klippel analyzer systems.

The influence of the room acoustics on the driver pa-
rameters can be neglected when having a normal room
size (volume > 30 m3) and keeping a distance of about
one meter to the walls. A special mounting stand was used
to fixate the driver in a vertical position with a laser dis-
placement sensor placed in front of the diaphragm to mea-
sure the displacement, and loudspeakers were fixed in ver-
tical position to avoid any offset in the displacement due
to gravity. Simultaneous measurements of voltage, current
and displacement were conducted on the five speakers.
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Table I. Specifications of five tested loudspeakers.

Loudspeaker Label Type Diameter [inch] Resonance frequency [Hz]

L1 Peerless 831727 Woofer 10 30.1
L2 Scanspeaker25W/9565 Woofer 10 29.6
L3 Scanspeaker15W/8530 Midrange 5.25 39.1
L4 Peerless 850108 Midrange 5.25 111.5
L5 VifaP13WG-10-04 Midrange 5.25 116.5
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Figure 5. Measured electrical impedances magnitudes.

3.1.2. Results

All measurements carried out under a RMS voltage level
of 0.1 V in order to ensure all the speakers were working in
the linear domain. The measured electrical impedance was
calculated as a transfer function between the input voltage
and the output current. Figure 5 and Figure 6 show the
measured electrical impedance in form of magnitude and
phase. These measurements also provided the raw spectra
of the voltage, current and displacement, and these spectral
data have been used for fitting ZL(jω).

Figure 5 and Figure 6 show that at the resonance fre-
quency the reactive part of the impedance switch sign from
inductive to capacitive. In some of the operational range
the impedance is largely resistive. Take loudspeaker 1 for
instance, between 100 Hz to 500 Hz, the impedance varies
only between 7Ω and 8.5Ω. These are typical values for
speakers with a nominal impedance of 8Ω. But at frequen-
cies higher than 500 Hz, the impedance increases signifi-
cantly as the inductance of the voice coil starts playing the
main part of electrical impedance.

3.2. Curve-fitting

As the measured electrical impedances have been re-
corded, the investigated five models would fit to the mea-
sured data. If the model accurately predicts the lossy in-
ductance, the electrical impedances should be very close
to the measured data. The curve-fitting technology gives
better model parameters, and in addition the possibility to
separate the loudspeaker impedance into its electrical and
motional impedance [11].
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Figure 6. Measured electrical impedances phases.

3.2.1. Fitting methods

The data fitting was done by minimizing the difference be-
tween the measured and calculated electrical impedance.
The function fminunc in Matlab attempts to find a min-
imum of a cost function of several variables, starting at
an initial estimate. The cost function κ to be minimized
was defined as the relative deviation between the measured
data and fitting results,

κ =
i

Zmodel(jωi) −Zmeas(jωi)
Zmeas(jωi)

, (9)

Zmodel(jωi) = Re +ZL(jωi) +ZEM(jωi),

ZEM(jωi) = jωCmes + 1/(jωLces + 1/Res
−1
, (10)

where Zmodel(jω) is the calculates electrical impedance
and Zmeas(jω) is the measured one. Equation (9) shows
that in the cost function all the frequencies are weighted
equally. Once the minimum κ was found, the model pa-
rameters were identified. The magnitude RMS error ζr and
the phase RMS error ζi were used to make clear compar-
isons of different models,

ζr(%) = i (|Zmodel| − |Zmeas|)2

i |Zmeas|2
· 100%, (11)

ζi(◦) = i arg(Zmodel) − argZmeas)
2

N
, (12)

where N is the number of frequencies, and arg(.) is the
function to calculate the phase (in degree) of variables.
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Table II. Fitting errors.

Model Wright Leach L2R2 Thorborg SPF
ζr [%] ζi [◦] ζr [%] ζi [◦] ζr [%] ζi [◦] ζr [%] ζi [◦] ζr [%] ζi [◦]

L1 2.85 1.61 2.89 1.41 3.74 2.19 2.83 1.58 2.88 1.30
L2 3.98 1.61 4.01 1.45 4.19 1.47 3.50 1.47 3.51 1.45
L3 3.68 1.17 3.60 0.97 3.63 1.17 3.60 1.30 3.42 1.01
L4 3.21 1.23 2.51 0.91 3.78 1.03 2.96 1.32 2.62 0.89
L5 2.40 1.27 2.22 0.96 3.39 1.04 4.10 1.87 2.25 0.98

3.2.2. Fitting results

Table II shows the fitting errors ζr and ζi of all the five
loudspeakers. They were also plotted in Figure 7. For all
the five fitting models, the maximum of ζr is less than
4.5%, and the maximum of ζi is less than 2.5◦. No model
is clearly much better than the other four models. However
it is clear that except the SPF model, the fitting errors of
the other four classical models are varies a lot for differ-
ent speakers. For instance, ζr of the Thorborg model en-
joys the lowest value for L1 and L2, but suffers the highest
value for L5. Another problem is that the lowest ζr does
not bring the lowest ζi, which means the model may give
the best prediction for the magnitude with the worst for
the phase. The magnitude and phase should be fitting sep-
arately. With respect to the SPF model, both ζr and ζi are
not the lowest but stand relative low values in all tested
loudspeakers.

The models differ in complexity. The simplest model is
Leach model with only 2 parameters and the most compli-
cated one is Thorborg model with 5 parameters. Figure 7
shows that the differences between the model accuracies
are not too large, and the most complicated model does
not give the best fitting results. There seems a compromise
between the complexity and the accuracy. The SPF model
gives better accuracy with good simplicity for 3 model pa-
rameters, just one more than Leach model and one less
than Wright model.

Good agreement between model and measured data
lend credence to the accuracy of the model, and allows
it to be useful in studying the lossy inductance. R�

e, R
�
ES,

L�
CES and C �

MES predicted by the fitting models were used
to get the derived lossy inductance ZLD(jω) as

ZLD(jω) = Zmeas(jω) − Re (13)

− jωC �
MES + 1/(jωL�

CES) + 1/R�
ES

−1
.

As examples of the details in the fitting accuracy loud-
speakers L1 and L5 are examined in more detail in the
following. Figure 8 and Figure 9 delineate the comparisons
of the fitted results with the derived lossy inductance of L1
in form of magnitude and phase. Figure 10 and Figure 11
give the comparisons of L5.

It can be concluded from Figure 8 and Figure 10 that:
for fitting the magnitude of lossy inductance, all the results
increase with frequency, in good correspondence with the
derived ones, and the discrepancies between all the models
are inconspicuous in low frequency range. Nevertheless,
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Figure 8. The fitted magnitude of lossy inductance of L1.

there is a significant deviation of the L2R2 model when the
frequency above 1500 Hz, which confirms the limitation of
theL2R2 model in term of frequency range.

Equation (1) shows that the phase of Wright model is a
power function in angular frequency, depending on the dif-
ference between ni and nr. Therefore, Figure 9 shows the
fitted phase of L1 increases with frequency, but Figure 11
shows the fitted phase of L5 decreases with frequency. Ac-
cording to Equation (2), Figure 9 and Figure 11, the phase
of Leach model is independent of frequency. With respect
to the L2R2 model, both Figure 9 and Figure 11 show that
the phase has an opposite shift with the measured one at
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Figure 9. The fitted phase of lossy inductance of L1.
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Figure 10. The fitted magnitude of lossy inductance of L5.
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Figure 11. The fitted phase of lossy inductance of L5.

higher frequencies. Although it has the same number of
parameters as in SPF model, the accuracy of L2R2 is lim-
ited. According to Equation (4), the phase of the Thorborg
model is really a complicated function in both polynomial
functions and power functions of ω, and depends on all
the five parameters. Figure 9 and Figure 11 show the fitted
phase of Thorborg model increases with frequency, which
is in opposite of the measured ones. Since the SPF model

fitted the phase as a negative power function of angular
frequency, it agrees well with the derived phases.

It should be point out that there are some small ripples
at high frequencies (L1 around 850 Hz and 1900 Hz, L5
around 1300 Hz), and it seems that these ripples are due
to the resonance modes of the diaphragm [17]or the spider
[18].

4. Discussion

As shown in Figure 3 that the phase decreases as a power
function in frequency, and reach the asymptotic value at
high frequencies. The frequency dependent phase means
that the loss of inductance dependents on frequency. At
high frequencies, the skin depth in the steel is very small
compared with the length of coil, and the eddy currents
flow in a thin skin near the surface of the conductor [12].

It should be point out that there are some limitations of
the SPF model. In this paper, we just consider the lossy
inductance at high frequencies, did not consider the creep
effect [10, 11, 19] in loudspeaker suspensions at low fre-
quencies. As modeling the loudspeaker in full range of
frequency, the creep models should be added. The sim-
plest creep model is the logarithmic model (LOG) via 2
parameters to predict the compliance of the suspension
[19]. Therefore, the loudspeaker linear behaviors can be
predicted by at least 8 parameters – 4 basic parameters
(Re, Res, Cmes and Lces), at least 2 parameters in the lossy
inductance model and at least 2 parameters in the creep
model. The optimized function fminunc attempts to find a
minimum of a scalar function of several parameters, start-
ing at an initial estimate. If the scalar function consist a
small number of parameters, some of the characteristics of
the fitted data will be lost, and if there are a large num-
ber of parameters in the scalar function, the initial values
of variables will bias the results and the accuracy is not
as stable as before. As an example, putting the with the
following parameters L0 = 100 mH and λ = 0.05 into
the electrical impedance instead of Lces, and using the fit-
ted model parameters in Section 3.2.2, then the simulated
electrical impedance Zsim(jω) can be calculated as

LLOG
ces (jω) = L0 1 − λ log10(jω) , (14)

Zsim(jω) = R�
e +Z �

L(jω) (15)

+ jωC �
mes + 1/(jωLLOG

ces ) + 1/R�
es

−1
.

Refitting the simulated data without the creep effect in-
cluded the fitting errors as shown in Table III was obtained.
Comparing with Table II, it clearly shows that the fitting
errors get worse when there is a mismatch in the mechan-
ical part of the models. However it seems that there is no
significant difference between the sensitivity of difference
models.

Additionally, the measurements show clear signs of
higher order modes in the diaphragm, which is not in-
cluded in SPF model. These modes will bring significant
fitting errors around the mode resonances.
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Table III. Refitting errors of simulated electrical impedance.

Model Wright Leach L2R2 Thorborg SPF
ζr [%] ζi [◦] ζr [%] ζi [◦] ζr [%] ζi [◦] ζr [%] ζi [◦] ζr [%] ζi [◦]

L1 7.11 4.63 7.44 4.34 7.15 4.67 7.20 4.65 6.92 4.08
L2 7.27 3.98 8.03 3.79 7.19 3.55 7.25 3.67 7.12 3.24
L3 7.67 3.54 7.30 3.22 7.32 3.43 7.98 3.24 7.01 3.09
L4 6.53 2.98 6.77 2.45 6.20 3.02 5.97 3.56 5.11 2.10
L5 5.32 3.40 5.43 2.98 6.34 3.13 6.78 4.05 5.67 2.25

5. Conclusion

By employing two power functions in angular frequency,
the separated power function (SPF) model was presented
for modeling lossy inductance in moving-coil loudspeak-
ers. SPF model with the other four classical models,
Wright model, Leach model, L2R2 model and Thorborg
model were investigated with the measured electrical im-
pedances of 5 normal loudspeakers. The model accuracy
with respect to model complexity was analyzed by fit-
ting the measured impedance curve, and the frequency
dependency of the derived lossy inductance phase was
discussed. The results show that, for the tested 5 loud-
speakers, SPF model can give a good agreement not only
with the measured electrical impedance, but also with the
derived lossy inductance, especially with the frequency
dependent lossy inductance phase. The lossy inductance
phase varies with frequency as a negative power func-
tion, decreases with frequency in low frequency range, and
reaches the asymptotic value at high frequencies.
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