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Summary
In this paper, two methods to acquire the dispersion of bending waves in beams are compared: the spatial Fourier
transform and inhomogeneous wave correlation. Two examples of beams with non-standard dynamic properties
are given: layered beams made out of wood (cross laminated timber) and beams with a periodically varying
thickness profile. Dynamic testing, such as modal analysis or wave speed measurements, can be used to determine
the elastic properties of materials. A direct measurement of the dispersion facilitates an easy assessment of
the stiffness parameters over a wide frequency range for layered beams made out of orthotropic layers. The
efficiency of structural metamaterials, elastic structures engineered to exhibit band gaps in which waves are
quickly attenuated, can also be addressed through the dispersion relation.

PACS no. 43.40.At, 43.40.Cw, 43.20.Jr, 43.40.Tm

1. Introduction

Nondestructive evaluation of material parameters can be
done in a number of ways. Static testing, such as stress-
strain tensile tests [1, 2] or three-point bending tests [3, 4]
are widely used to determine stiffness properties such as
Young’s modulus, Poisson ratio, and bending stiffness.
These methods can only be performed on specified, of-
ten small, geometries (tensile tests), or address the stiff-
ness locally between the support points (bending tests).
This is problematic for materials with large local elas-
tic variability such as composites and wood [1, 2, 5].
Dynamic testing employs properties of waves and vibra-
tions to indirectly calculate the underlying material pa-
rameters. For large structures, modal analysis is a popu-
lar method [3, 6, 7, 8, 9]: After measuring the eigenfre-
quencies, the results are compared to a model in which the
unknown stiffness values are chosen in such a way that
the difference between model and measurements is min-
imized. This model can be analytical for simple geome-
tries, but often requires numerical techniques such as fi-
nite elements. Since the eigenfrequencies depend on the
specimen’s boundary conditions, these have to be meticu-
lously described in the model. Measuring the wave speed
is another popular approach, mostly performed using ul-
trasound transducers [10]. The wave velocity can also be
obtained for lower frequencies, e.g. using time-of-flight
measurements [11] or phase measurements [12]. Once the
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velocity of longitudinal, shear, surface and bending waves
is known, it can be related to the stiffness. It is in general
not straightforward to separate the different wave types,
or account for geometrical dispersion effects. Addition-
ally, early reflections in small specimens interact with the
source signal, and thus complicate the wave speed mea-
surement.
Alternatively, several methods are available to deter-

mine the dispersion relation of waves in a large fre-
quency band, such as air-coupled ultrasound [13], wave
form imaging [14] or the waveguide finite element method
[15]. In this paper, we compare two of these methods for
bending wave propagation in complex beams: spatial fast
Fourier transformations [16, 17] and inhomogeneous wave
correlation [18, 19]. Both schemes require the knowledge
of the complex velocity (or displacement) response to a
broadband excitation, measured in many points along a
significant part of the beam under consideration. Two very
diverse materials are investigated in the following sec-
tions: cross laminated timber (Figure 1a-b) and beams
with a periodically varying thickness profile, an exam-
ple of phononic crystals (Figure 1c). In the former, the
dispersion depends on the orthotropic properties of each
layer in the composite structure. The latter is an example
of phononic crystals, a class of materials showing high
wave attenuations in certain frequency bands, so-called
band gaps.

228 © S. Hirzel Verlag · EAA

Document downloaded by  @DAEL, 2026-05-15 14:08:23 - personal use only



Van Damme, Zemp: Dispersion curves for bending waves ACTA ACUSTICA UNITED WITH ACUSTICA
Vol. 104 (2018)

y-beam

x-beam

hh
c

h
f

h
f

L

b

(c)

(b)

Figure 1. Schematic representation of the beam geometries. CLT
beams cut in two principles directions x (a) and y (b) of a plate.
The fiber direction is denoted by the half arrow. Beam with peri-
odically varying thickness (c).

2. Analysis methods

2.1. Spatial Fourier transform

The two dimensional Fourier transform (2D-FFT) is a
popular nondestructive method to collect the frequency-
wave number relation in the ultrasound domain. The
method requires a time response signal s(x, t) to a broad-
band source, measured along a line in equally spaced
points. The spacing has to be small enough to meet the
Nyquist criterion, at least half of the smallest wavelength
of interest. On the other hand, the span of the measure-
ment has to be large enough in order to achieve a fine
resolution in the wave number domain. This last claim
leads to practical problems for frequencies in the acous-
tic range, since large samples are needed to span several
wavelengths. Zero padding can be applied in order to arti-
ficially increase the number of measurement points, espe-
cially if the sample has clamped boundary conditions. In
case of a freely vibrating test object, zero padding leads to
an abrupt change in amplitude, thereby introducing wave
number harmonics.
In this paper, the temporal Fourier transformed data

s̃(x, ω) were gathered directly from the measurement sys-
tem. The additional spatial Fourier transform is performed
in Matlab on the raw, zero-padded data. No additional
window or signal processing was applied. Since the con-
sidered beams achieve high vibration amplitudes at the
eigenfrequencies, the amplitude of the 2D-FFT fluctuates
strongly. To avoid these large amplitude variations, the
maximum value is normalized to 1 for each frequency.

2.2. Inhomogeneous wave correlation

Using the same measurements as for the 2D-FFT method,
the dispersion relation can be found in a different way.
For a chosen frequency f0, the spatial response s̃(f0, x) is

compared with an inhomogeneous running wave o(t, x) =
exp[i(2πft − kx)], which yields õ(x, kr, ki) = exp[ikrx −
kix] after Fourier transformation in the time domain. The
unknown wave number k = kr+iki can be found as the lo-
cation of the maximum of the normalized correlation func-
tion

�(kr, ki) =
s̃(f0, x) · õ∗(x, kr, ki) dx

s̃(f0, x)
2
dx · õ(x, kr, ki)

2
dx

, (1)

where * stands for the complex conjugate. For measure-
ments in discrete points xi, the integrals are replaced by
summations. The inhomogeneous wave correlation (IWC)
function � typically has a well-defined maximum, denot-
ing the point where the measured signal correlates best
with the damped wave o(t, x). This allows for an accurate
estimation of the complex wave number.

If multiple inhomogeneous waves with distinguished
wave numbers are present for one single frequency, they
will show up as secondary maxima in the IWC function.
However, in this work, the right and left travelling flexu-
ral waves overwhelm all other possible wave modes, such
as longitudinal and torsional waves, or higher order Lamb
waves. This is due to the perpendicular excitation on the
one hand, and the measurement of the out-of-plane veloc-
ity on the other. When limiting the search for the maxi-
mum of � for positive values of kr only, the dispersion of
the right travelling wave with the highest amplitude can
be discerned. A recent study based on the Laplace trans-
form of similar measurements shows how multiple wave
modes can be distinguished [20]. It should be noticed that
this analysis method, and the k-space method described in
[18] are very similar in terms of their mathematical de-
scription.
For this paper, the IWC method was implemented in

Matlab. The point of best correlation was found using the
fmincon function for finding minima within given bound-
aries.

3. Cross laminated timber beams

3.1. Description of the material

Cross laminated timber (CLT) is a lightweight construc-
tion material quickly gaining in popularity [21, 22]. In or-
der to achieve a uniform high static strength, timber beams
are ordered in an odd number of layers, each layer having
the wood fibers perpendicular to the neighboring ones. The
layers are connected using polyurethane glue, whereas the
individual beams in a layer might or might not be glued.
Although the material has advantageous structural, safety
and economical properties [23, 24], its acoustic perfor-
mance is poor due to the high stiffness/mass ratio [25].
The layered structure introduces direction dependent ma-
terial parameters, and the authors have shown before that
vibrations have to be modeled separately in both direc-
tions. We have previously performed a study on beams
cut out of a three-layer CLT plate, using modal analysis
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to find the stiffness parameters relevant for bending vibra-
tions [8]. The results show that samples cut along the fiber
direction of the inner layer behave like thick beams (Fig-
ure 1a), whereas beams cut in the other main direction are
better described by a model for sandwich beams with a soft
core (Figure 1b). The inverse problem requires 1) solving
a nonlinear equation to find the eigenfrequencies and 2)
optimization through a genetic algorithm to ensure con-
vergence to the absolute minimum.

3.2. Dispersion of bending waves in thick beams and
sandwich beams

Wood is an orthotropic material with stiffness values that
can vary of several orders of magnitude. The Young’s
modulus along the fiber direction is typically 10-100
times higher than the other stiffness and shear moduli.
A low shear modulus implies that through-the-thickness
shear force variations are important, even if the beams
are thin compared to the wavelength. This can be taken
into account when using Timoshenko’s model for vibrat-
ing beams, which holds for modeling waves in a large fre-
quency range. According to this model, the dispersion re-
lation is given by

EIk4 − ρAω2 − ρI +
EIρ

KG
k2ω2 +

ρ2I

KG
ω4 = 0. (2)

The equation contains the Young’s modulus E and the
shear modulus G, the beam’s cross section A and second
moment of area I = bh3/12. The constant K = 5/6 cap-
tures the shear force variation.
Waves in a three layer sandwich beam have been inves-

tigated by Nilsson and Nilsson [26], under the assumption
of soft core materials. This is applicable to CLT beams
in the y-direction, whose core Young’s modulus Ec is ex-
tremely low due to the loose layering of the lamellas. To
incorporate the boundary conditions between the layers, fi-
nally a sixth-order differential equation is retrieved. From
this, the dispersion relation for plane running waves is
found to be

2D1D2k
6 − 2D2Iρk

4ω2

− D1µ + 2D2 + IρGchc)k2ω2 (3)

+Gchc D1k
4 − µω2 + Iρµω

4 = 0.

The geometric and material parameters introduced here
are defined as

D1 = Ech
3
c/12 + Ef h2chf/2 + hch

2
f + 2h3f/3 ,

D2 = Efh
3
f/12,

Iρ = ρch
3
c/12 + ρf h2chf/2 + hch

2
f + 2h3f/3 ,

µ = 2hfρf + hcρc,

in which the subscripts c and f refer to core and face lay-
ers, respectively, as shown in Figure 1a. Material damping
was introduced in both models by adding an imaginary
part to the Young’s and shear moduli: Ed = E(1 − iηE )
and Gd = G(1 − iηG).

shaker

Polytec

vibrometer

Figure 2. Experimental setup for the CLT beam measurements.

In the case of Timoshenko beams, four complex wave
numbers exist for each frequency, in three layer sand-
wich beam this increases to six. Only two wave numbers
however have a real part which is larger than the imagi-
nary part, the other possible solutions belong to evanescent
waves. These highly damped waves only play a role close
to the excitation source and boundaries of the sample.

3.3. Measurement and results

For the experiments, an x- and y-beam were cut from a
three-ply CLT plate provided by Pius Schuler AG (Kro-
nenstrasse 12, 6418 Rothenthurm, Switzerland). The raw
material for the lamellas is Norway spruce with a strength
class of C24 according to standard DIN EN 338 for wood.
The outer layers have a thickness hf = 15mm and the
core is hc = 50mm thick. Measurements were performed
on L = 3m long beams with a width b = 60mm, hung by
two light strings at the location of the first bending vibra-
tion nodes, 0.67m from the beam’s ends. The beams are
excited by a shaker positioned at one end, using a sinu-
soidal sweep signal with a 100–3000Hz range. The input
force F (t) is measured by a force sensor (PCB 208C02),
and the velocity response v(x, t) is measured in 89 points
with a 32mm spacing, almost over the entire length of
the beams. A Polytec PSV-400 scanning laser Doppler vi-
brometer is used to acquire the out-of-plane velocities. A
schematic representation of the setup is shown in Figure 2.
The 2D-FFT and IWC analysis is performed on the tem-
poral transfer functions TF (x, ω) = F[v(x, t)]/F[F (t)],
which is collected directly as the H1 transfer function from
the Polytec measurement software. For the IWC analysis,
the first and last 5 points are omitted to avoid the presence
of any evanescent wave content due to the source or free
boundaries.
The results of both analyses are shown in Figure 3 and

Figure 4. The measurement was zero padded to 256 points
to perform the 2D-FFT, leading to a discrete wave number
step of 0.76m−1, and a maximum wave number according
to the Nyquist criterion of 98.2m−1. The resolution is suf-
ficient to track the dispersion. Only at very low frequen-
cies, where the wave number increases steeply, discrete
steps in the dispersion curve are visible. At higher fre-
quencies, the 2D-FFT method is increasingly more sensi-
tive to noise, as can be seen in Figure 4a. The IWCmethod
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Figure 3. Measured dispersion relation of a CLT beam cut in the
x-direction using spatial Fourier transform (a) and inhomoge-
neous wave correlation (b-c). The analytically predicted disper-
sion curve is shown as a red dashed line.

doesn’t suffer from these problems when retrieving the real
part of the wave number. Both in the low and high fre-
quency range, the results are reliable.

A nonlinear least-square fit was performed on the IWC
results to retrieve the elastic constants of the CLT beams.
The analytical dispersion curves were calculated using the
models in [8] and the best fit is shown in Figure 3 and Fig-
ure 4 as a red dotted line. The values for the elastic proper-
ties are given in Table I. There is a rather large difference in
the found values for the Young’s moduli. However, modal
analysis was only performed for eigenfrequencies up to
1800Hz, and it is possible that the results would deviate
for measurements up to 3000Hz as done for the disper-
sion curve. The shear modulus is typically hard to retrieve
with great accuracy using modal analysis, since it only af-
fects the highest modes, and the according frequencies are
difficult to define accurately due to higher damping. How-
ever, the gathered values are in the same range for both
methods, and fitting the dispersion values leads to a nar-
row error band of around 5%. This shows that the wave
based approach of 2D-FFT and IWC can be advantageous.

(a)
beam in y-direction

(b)

(c)
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Figure 4. Measured dispersion relation of a CLT beam cut in the
y-direction using spatial Fourier transform (a) and inhomoge-
neous wave correlation (b-c). The analytically predicted disper-
sion curve is shown as a red dashed line.

Table I. Elastic constants of CLT beams gathered by dispersion
curve fitting and modal analysis according to [8].

x-beam Dispersion Modal

E 9.9 ± 0.4 GPa 9.6 GPa
G 0.538 ± 0.013 GPa 0.60 GPa

y-beam Dispersion Modal

Ef 8.7 ± 1.3 GPa 11.0 GPa
Gc 0.150 ± 0.014 GPa 0.12 GPa

The imaginary part of the wave number, however, is
very noisy due to the extremely low values. In order to
reach the same order of magnitude, the imaginary part of
the material parameters was set to 2% of the real part.
For low-loss materials, modal analysis is a more reliable
choice. Application of the linear prediction method on the
complex transfer function in a single point of the beam
has shown to give accurate attenuation values for each
mode [8].
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4. Beams with periodically varying thick-
ness

4.1. Dispersion and band gaps

Beams with a periodic variation of the bending stiffness
are widely studied as an archetypal example of phononic
crystals for bending waves [27, 28, 29]. Due to multi-
ple reflections of the waves at the boundaries, a series of
band gaps is created. The geometry and material parame-
ters define the location and width of these forbidden fre-
quency bands. Also the depth of the band gaps, i.e. the effi-
ciency of the spatial damping, varies within each band gap.
The dispersion of the structure can be calculated analyti-
cally using periodic (Floquet) boundary conditions, yield-
ing both the real and imaginary part of the wave number
as a function of frequency [30]. We used the model pro-
posed by Liu and Hussein [27], including shear effects,
which provides a general calculation method for disper-
sion in periodic beams consisting of unit cells with thick-
ness or material variation, or placed on regularly spaced
supports. Each unit cell can have an arbitrary number of
internal interfaces. The basic idea is to define a transfer
matrix for the displacement, rotation angle, bending mo-
ment and shear force at each interface within the unit cell.
Additionally, the Floquet theorem defines the transfer ma-
trix between the left and right edge of the unit cell, leading
to a single equation that relates the frequency and wave
number in the periodic beam.
For this work, the method was applied to a 3D-printed

polyamid beam (E = 2.1GPa, G = 1.0GPa, ρ =
880 kg/m3) with varying thickness: 3mm and 10mm in
20mm long sections. The width of the beam is 10mm.
The beam had 9 periods, resulting in a total length of
0.36m. The beam was designed to show multiple band
gaps with varying width and depth over the entire acous-
tic frequency range. A first, shallow band gap occurs be-
tween 900–1400Hz, with a maximum value of the imag-
inare wave number equal to 6m−1. Two larger band gaps
can be found at 4000–8000Hz and 11000–16000Hz, with
values for the imaginary part of the wave number reaching
30m−1.

4.2. Measurement and result

Measurements were performed on a 3D-printed beam with
properties described above. The beam was light enough to
be mounted with one end directly on a shaker, using the
same force sensor as described in 3.3. The other end could
vibrate freely. The vibration velocity was measured in 87
points with a 3.0mm spacing. The data were zero padded
to 1024 points to reach a k-step of 1.52m−1.

The 2D-FFT analysis (Figure 5a) is accurate in the first
two pass bands up to 4000Hz, although above 2500Hz the
signal-to-noise ratio diminishes substantially. In the band
gaps, especially in the second one, the noise level is too
high to discern the main wave number. Remarkably, in the
pass band above 8000Hz, this analysis method shows sev-
eral branches of the dispersion curve with similar ampli-
tudes. Since the geometry has a period d, the wave number
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Figure 5. Measured dispersion relation of a polyamid beam with
periodically varying thickness using spatial Fourier transform (a)
and inhomogeneous wave correlation (b-c). The analytically pre-
dicted dispersion curve is shown as a red dashed line.

solution shows a π/d-periodicity according to Floquet’s
theorem. Since the calculation of the dispersion curve is al-
most always done in the first Brillouin zone, the existence
of waves with higher wave numbers at a certain frequency
is often overlooked. This experimental method shows the
simultaneous presence of the so called Bloch harmonics.

The results of the IWC analysis are astonishingly ac-
curate (Figure 5b-c). The method does not seem to be
sensitive to the problems the 2D-FFT technique encoun-
ters, such as high noise levels for higher frequencies, and
the limited distance over which the measurement was per-
formed. The real part of the wave number fits very well to
the analytical model. The discrepancy at high values of the
imaginary part (in the second and third band gap) is due
to the low amplitude of the measured signals, since the ex-
cited vibrations are highly damped. Setting the imaginary
part of the Young’s modulus to ηE = 3% of the real part
even captures the material damping accurately in the pass
bands, up to 12000Hz.
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5. Conclusion

This paper compares two methods for the measurement
of the dispersion of bending waves in beams. Two appli-
cations were discussed: deriving the elastic properties of
cross laminated timber, and measuring the spatial damp-
ing of waves in the band gaps of a beam with periodic
thickness variation.
For long cross laminated timber beams, both methods

are equally accurate in the low to mid-frequency range
up to 2 kHz. Since the dispersion is more sensitive to
the material’s shear modulus than the modal frequencies,
this elastic constant can be retrieved more accurately than
through standard modal analysis. A second advantage is
the fact that dispersion is a property independent of the
beam’s boundary conditions, which is a major concern for
modal analysis. A drawback is obviously the need of a
larger amount of measurement points, since modal analy-
sis in its most elementary form can be performed on a sin-
gle transfer function. Moreover, inaccuracies occur in the
calculation of the very low imaginary values of the wave
number (< 0.5m−1) using the IWC method.
In case of small samples or worse signal-to-noise ratios,

the IWC method is a better option than 2D-FFT. On short
beams with periodically varying cross section, the correla-
tion method performs well over the entire frequency range
from 0 to 15 kHz. Moreover, it directly supplies a quan-
titative value for the spatial damping of traveling waves,
which is a key point in the development and assessment of
phononic crystals and metamaterials with band gaps.
Although both methods were applied on one-dimensio-

nal structures, line measurements can be made in different
directions in order to retrieve direction-dependent stiffness
parameters, e.g. of orthotropic plates, and to determine the
efficiency of band gaps in metamaterial plates.
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