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Summary
Periodic structures with unit cells exhibiting local resonance known as “acoustic/elastic meta-materials”, present
unique wave propagation properties at wavelengths well below the regime corresponding to band-gap generation
based on spatial periodicity. Therefore, they are rendered especially suitable in low-frequency range applications.
In order to overcome the main constraints encountered in such cases, including heavy internal oscillating masses
with amplitude limitations, the KDamping passive, vibration isolation and damping concept is proposed as the
base of the periodic structure. According to this concept, the resulting acoustic/elastic meta-materials are de-
signed to include negative stiffness elements instead of or in addition to the internally resonating masses. This,
deals effectively with the requirement for heavy locally added masses, while simultaneously exploits the negative
stiffness damping phenomenon. Analysis of the one-dimensional mass-in-mass lattice via application of Bloch’s
theory and classical modal analysis is performed and the corresponding dispersion relations are derived. Fur-
thermore, a preliminary examination of a practical implementation is attempted via structural realization of the
aforementioned negative stiffness element. Additionally, the KDamper meta-material is analysed and subjected to
harmonic and broadband noise excitations. Corresponding results and comparisons between the KDamper, “m-
k-m” (mass-spring-mass) and Tuned Mass Damper based periodic structures, indicate significant improvements
and advantages over the conventional mass-in-mass lattice, such as broader band-gaps and increased damping
ratio, revealing significant potential in low frequency acoustic isolation/damping.

PACS no. 43.20.-f, 43.40.-r

1. Introduction

The terms “acoustic/elastic meta-materials” [1] describe
a class of periodic structures with unit cells exhibiting
local resonance. An intuitive description of such designs
lies in use of a simple “mass-in-mass” lumped parameter
model, resulting in negative effective stiffness and/or mass
at frequency ranges close to the local resonances. Unlike
phononic crystals [2, 3], which are based on Bragg scat-
tering, this localized resonant structure has been shown [4,
5, 6, 7] to exhibit band-gaps at wavelengths much longer
than the lattice size, thus enabling low-frequency vibration
attenuation, wave guiding, and filtering, among other ap-
plications. Preliminary applications include among others
vibration absorption in beams [8, 9] and plates [10, 11].

However, low frequency range applications of such lo-
cally resonant meta-materials, may require very heavy in-
ternal moving masses, as well as additional constraints
at the amplitudes of the internally oscillating locally res-
onating structures, which may prohibit their practical im-
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plementation. For example, current applications of locally
resonant meta-materials in acoustics [12, 13] often address
frequencies well above 500 [Hz]. However, there are some
notable applications in low frequency noise isolation based
on thin membrane-type acoustic meta-materials, serving
as a total reflection nodal surface at certain frequencies
[14]. Another example is the sound absorption and re-
flection from a resonant meta-surface [15], achieving total
sound absorption at resonance observed in an impedance
tube, below 400 Hz. However, it should be mentioned, that
in this frequency range, the performance of conventional
noise insulation materials is quite poor.

To contribute to the solution of low frequency sound
attenuation, the paper considers the application of the
KDamping concept towards the design of highly dissipa-
tive low-frequency elastic/ acoustic meta-materials. The
KDamper [16] is a novel passive vibration isolation and
damping concept, based essentially on the optimal com-
bination of appropriate stiffness elements, which include
a negative stiffness element. The KDamper can be consid-
ered as an extension of the traditional Tuned Mass Damper
(TMD), by the addition of a negative stiffness element
to the internal oscillating mass. This idea was first sug-
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gested in [16] and was further treated in a systematic
way in [17], within the context of the design of a gen-
eral class of tuned mass dampers. A preliminary review
of the reported physical principles for the design of nega-
tive stiffness elements can be found in [17]. These princi-
ples include conventional pre-stressed elastic mechanical
elements, such as post-buckled beams, plates, shells and
pre-compressed springs arranged in appropriate geometri-
cal configurations, or other sources of forces, such as grav-
itational, magnetic or electromagnetic.

Contrary to the TMD and its variants, the KDamper sub-
stitutes the inertial forces of the added TMD mass by the
stiffness force of the negative stiffness element. Among
others, this can provide significant comparative advan-
tages, especially in the very low frequency range. As a re-
sult, the KDamper can achieve better damping characteris-
tics, without the need of additional heavy masses, as in the
case of the TMD. Moreover, since the isolation and damp-
ing properties of the KDamper essentially result from the
stiffness elements of the system, further technological ad-
vantages can emerge, in terms of weight, complexity and
reliability.

Based on the periodic repetition of KDamper elements,
a novel class of meta-materials can be designed, in the
same way that the periodic repetition of TMDs consists the
conceptual framework under which the locally resonant
meta-materials in [16] are analysed. Preliminary results
[18, 19] confirm the efficiency of this approach. Towards
this direction, it should be noted that recently, numerous
periodic cellular structures with advanced dynamic be-
haviour have been also proposed, [20, 21, 22, 23] com-
bining high positive and negative stiffness elements, such
as buckled beams or chiral structures.

Application of both Bloch’s theory (Subsec. 2.2) and
the classical modal analysis (Sect. 2.3) for the one-
dimensional mass-in-mass lattice is analysed and the cor-
responding dispersion relations are derived. The results
(Sect. 3) indicate significant advantages over the conven-
tional mass-in-a mass lattice, such as broader band-gaps
and increased damping ratio and reveal significant po-
tential in the proposed solution. A preliminary feasibil-
ity analysis (Sect. 3) for low frequency acoustic isolation-
damping confirms the strong potential and applicability of
this concept.

2. KDamper Meta-materials

2.1. Overview of the KDamper Concept

Figure 1 presents the basic layout of the KDamper concept
[17], which is designed to minimize the response uS (t) of
an undamped SDoF system of mass m and static stiffness
k0 to an external excitation f (t).

In order to overcome limitations regarding the static
loading capacity of the structure –which may result in un-
solvable problems (e.g. collapse of structure), especially
for vertical vibration isolation– the KDamper uses a nega-
tive stiffness element kN along with the basic requirement

Figure 1. KDamper vibration absorption concept.

that the overall static stiffness k0 of the system is main-
tained as

k0 =
kPkN

kP + kN
+ kS (1)

and the natural frequency comes as

ω0 =



k0/m. (2)

Compared to the conventional TMD, the additional neg-
ative stiffness element kN , is inserted between the addi-
tional mass and the ground. Thus, the equation of motion
of the KDamper becomes

m
..
uS + cD( .uS − .

uD) + kSuS + kP (uS − uD) = f (t), (3)

mD
..
uD − cD( .uS − .

uD) + kNuD − kP (uS − uD) = 0. (4)

Assuming a harmonic excitation in the form of

f (t) = F̃ eωt (5)

and a steady state complex response of

uS (t) = ŨSeωt, (6)

uD(t) = ŨDeωt, (7)

the equations of motion of the KDamper can be expressed
as

−ω2mŨS + kSŨS − ω2mDŨD + kN ŨD = F̃ , (8)

−ω2mDŨD − ωcD(ŨS − ŨD)

−kP (ŨS − ŨD) + kN ŨD = 0. (9)

Examination of Equation (8) reveals that the amplitude
FMD of the inertia force of the additional mass mD and the
amplitude FN of the negative stiffness force are exactly in
phase, due to the negative value of kN .

FMD = −ω2mDŨD, (10)

FN = kN ŨD ≤ 0. (11)

Thus, the KDamper presents an indirect way of increas-
ing the inertia effect of the additional mass mD without
however increasing directly the mass mD itself. Moreover,
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Figure 2. Unit cell of KDamper meta-material.

it should be noted that the value of −ω2mD, see Equa-
tion (10), depends on the frequency, while the value of
kN , see Equation (11), is constant in the entire frequency
range, a fact which is of particular importance in low fre-
quency vibration isolation.

The basic parameters of the KDamper concept [15] are
µ,κ and ρ, which are defined as

µ = mD/m, (12)

ρ = ωD/ω0, (13)

κ = − kN

kN + kP
, (14)

where ωD =



(kP + kN )/mD. The optimal value of ρ
where the transfer function of the displacement uS (Fig-
ure 1) with regard to the excitation is minimized at a se-
lected frequency, is defined as

ρopt =

�
1

(1 + µ + κµ)(1 + µ) − κ2µ
(15)

in terms of the parameters µ and κ. By setting the denomi-
nator of ρopt equal to zero, the maximum value that can be
reached for κ is determined as

κmax =
(1 + µ)(1 +



1 + 4/µ)

2
. (16)

Therefore the value of κ can be selected as a fraction of
κmax, namely

κ = (0 : 1) · κmax. (17)

As explained in detail in [17], the oscillator presents bet-
ter vibration absorption capabilities when κ → κmax but at
the same time needs to be considered that for κ → κmax,
the static stability margin of the oscillator tends to be nul-
lified, because the overall static stiffness k0 of the system
in Equation (1) becomes negative.

2.2. Bloch analysis

The KDamper based meta-materials essentially comprise
a periodic repetition of unit lattice cells of KDamper ele-
ments, as presented in Figure 2.

As evident from Figure 2, setting the value of the nega-
tive stiffness element of the KDamper unit cell as kN = 0,

makes it equivalent to the TMD based, acoustic/elastic
locally resonant meta-materials. In view of Figure 2, the
equations of motion of a typical unit cell become

m
..
uS,j + cS ( .uS,j − .

uS,j−1) + cS ( .uS,j − .
uS,j+1)

+kS (uS,j − uS,j−1) + kS (uS,j − uS,j+1) (18)

+kP (uS,j − uD,j) + kN (uS,j − uD,j−1) = 0,

m
..
uD,j + cD( .uD,j − .

uS,j) + kP (uD,j − uS,j) (19)

+kN (uD,j − uS,j+1) = 0.

2.2.1. Application of Bloch’s theorem

For each of the system of Equations (18) and (19), the
generalized form [24] of Bloch’s theorem is applied

uS,j = US eλt (20)

uS,j+1 = US ekl+λt = US,j+1 eλt (21)

uS,j−1 = US e−kl+λt = US,j−1 eλt (22)

uD,j = UD eλt (23)

uD,j+1 = UD ekl+λt = UD,j+1 eλt (24)

uD,j−1 = UD e−kl+λt = UD,j−1 eλt (25)

where US , UD are the wave amplitudes at node j, l is the
unit-cell length, k is the wave number and λ is a com-
plex frequency function that permits wave attenuation in
time. In the limiting case of no damping, λ = ω, and
the usual form of Bloch’s theorem is recovered. Substitu-
tion of Equations (20)-(22) and (23)–(25) into Equations
(18)–(19), leads to�
λ2m + λ(γcS + cD) + (γkS + kP + kN )

�
US

−(λcD + kP + eklkN )UD = 0, (26)�
λ2mD + λcD + (kP + kN )

�
UD

−(λcD + kP + e−klkN )US = 0, (27)

where

γ = 2 − (ekl + e−kl)

= 2(1 − cos kl) = 2(1 − cos q), (28)

q = kl. (29)

Substituting UD from Equation (27) into Equation (26),
leads to�

α4λ
4 + α3λ

3 + α2λ
2 + α1λ + α0

�
US = 0, (30)

where

α4 = mDm, (31)

α3 = (mD + m)cD + γcSmD, (32)

α2 = (mD + m)(kP + kN ) + γ(cScD + kSmD, )(33)

α1 = γcS (kP + kN ) + γcD(kS + kN ), (34)

α0 = γkS (kP + kN ) + γkPkN . (35)
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2.2.2. Bandgap estimation and properties

Equation (30) yields a characteristic equation of the form

α4λ
4 + α3λ

3 + α2λ
2 + α1λ + α0 = 0. (36)

The roots obtained from Equation (36) may be expressed
as

λB = −ζB (k)ωB ± ωB

�
1 − ζ2

B (k), B = 1, 2, (37)

where B = 1 represents the lower branch number and
B = 2 represents the upper branch number of the two
dispersion curves and ωB , ζB represent their correspond-
ing natural frequency and damping ratio. Assuming an un-
damped system, the following are defined (α3 = α1 = 0,
λB = ±ωB):

α4 = mDm, (38)

α2 = (mD + m)kI + γ kSmD = α2,0 + γ α2,γ , (39)

α0 = γ[kS (kP + kN ) + kPkN ] = γα0,γ , (40)

kI = kP + kN . (41)

The bandgap limits can be obtained from Equation (42)

α4ω
4 − (α2,0 + γα2,γ )ω2 + γα0,γ = 0, (42)

which leads to:

γ = ω2 α2,0 − α4ω
2

α0,γ − α2,γω2
. (43)

Therefore

cos q = 1 − ω2

2
ω2

Hω2
I − ω2

ω2
0ω

2
I − ω2

Sω
2
, (44)

where

ωI =



kI/mD, (45)

ωH = ωI



1 + µ, (46)

ωS =



(kS/m). (47)

In view of the denominator and numerator of Equa-
tion (44), the band gap limits are [25]

ωL ≤ ω ≤ ωH , (48)

where

ω2
L =

ω2
0

1
ρ2 + κ(1 + κ)µ

=
ω2

I

1 + κ(1 + κ)µρ2
, (49)

bW =
ωH − ωL

ωL

=
�

(1 + µ)
�
1 + κ(1 + κ)µρ2

� − 1, (50)

ρ = ωI/ω0. (51)

µ0 1 2 3 4 5 6 7 8 9 10

b
W

0

2

4

6

8

10

12

14
κ = 0

κ = 0.5κ
max

κ = 0.8κ
max

κ = 0.95κ
max

Figure 3. (Colour online) Normalized band-gap width as a func-
tion of the κ and µ KDamper parameters.

By setting κ = 0, the corresponding band-gap limits of the
unit cell are obtained from Equations (49)-(51) as

ωL
κ→0−−−→ ωI = ωD =



kP/mD, (52)

bW
κ→0−−−→



1 + µ − 1. (53)

Observation of Equations (49) and (50), shows that the
normalized band gap width bW can be increased not only
by increasing the parameter µ (i.e., the value of the inter-
nally oscillating mass mD), but also the value of the param-
eter κ (i.e., the magnitude of the negative stiffness element
kN according to Equation (12)). This can be considered
among others as a consequence of Equation (11), since
the usage of a negative stiffness element can be considered
as an indirect approach to artificially increase the inertia of
the system.

Figure 3 presents the resulting normalized band gap
widths bW for a simultaneous variation of both the κ and
µ parameters of the KDamper meta-material. As it can be
observed, a normalized band gap width of bW = 3 may
already be achieved for values of κ close to κmax, even for
negligible values of the internal oscillating mass (µ ≈ 0)
. Band-gaps of such a width may not be accomplished by
conventional acoustic meta-materials, even for extremely
high values of the internal oscillating mass (µ ≥ 10).

The value of ρ and consequently the value of κ, are
determined according to the traditional KDamper design
concept [17] from Equations (15)-(17).

2.3. Modal analysis

Classic modal analysis provides better insight into the dy-
namics of elastic/acoustic meta-materials as it relaxes the
assumption of Bloch’s analysis for a perfect spatial repe-
tition and can be used as an independent validation of the
results of Bloch’s analysis. The harmonic response of the
undamped system is considered, with Equations (18)–(19)
leading to

−ω2US,j + kS (US,j − US,j−1) + kS (US,j − US,j+1) (54)

+kP (US,j − UD,j) + kN (US,j − UD,j−1) = 0,

−ω2mDUD,j + kP (UD,j − US,j) (55)

+kN (UD,j − US,j+1) = 0.
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Algebraic elaboration leads to the succession of the fol-
lowing equivalent equations:

−ω2US,j+kS (2US,j−US,j−1−US,j+1)+(kP +kN )US,j

−
�k2

PUS,j+kPkNUS,j+1

−ω2mD+kP +kN

+
k2
NUS,j + kPkNUS,j−1

−ω2mD+kP +kN

�
= 0,

(56)

−ω2
�
m +

mD(kP + kN )
−ω2mD + kP + kN

�
US,j

+
�
kS +

kPkN

−ω2mD + kP + kN

�
(2US,j − US,j−1 − US,j+1) = 0, (57)

−ω2meffUS,j + keff (2US,j − US,j−1 − US,j+1) = 0, (58)

where

meff = m +
mD(kP + kN )

−ω2mD + kP + kN

(59)

= m
�
1 +

µω2
I

−ω2 + ω2
I

�
= m

ω2
H − ω2

ω2
I − ω2

,

keff = kS

�
1 +

(k0/kS − 1)kI

−ω2mD + kI

�
(60)

= kS

�
1 +

(ω0/ωS − 1)ωI

−ω2 + ωI

�
= kS

ω2
L − ω2

ω2
I − ω2

.

Assuming a periodic system without the KDamper ele-
ments (kP = kN = cD = mD = 0), Equation(20) can
be written in the following compact matrix notation:

−ω2MUS +KSUS = 0. (61)

Using ωk and Φk, (k = 1 : N) to denote the natu-
ral frequencies and the eigenvectors of the system (Equa-
tion (61)) respectively, and exploiting their orthogonality
properties,

ΦT
i MΦk = 1, (62)

ΦT
i KSΦk = ω2

k. (63)

The following modal transform is obtained,

US =
N�

k=1

Φkηk, (64)

where ηk is the vector of time dependent generalized coor-
dinates.

2.3.1. Bandgap estimation and properties
An alternative equivalent approach for band-gap estima-
tion is proposed in [26], based on the modal analysis ex-
ecuted above. Application of Equations (62)-(64) to the
system of Equations (54)–(55) leads to a set of decoupled
equations,

−ω2(ω2
H − ω2)ηk − ω2

k(ω
2
L − ω2)ηk = 0, (65)

which can be written in the following non-dimensional
form:

Ω2
k(Ω

2
L −Ω2) −Ω2(Ω2

H −Ω2) = 0. (66)

Figure 4. KDamper acoustic meta-material.

Therefore

Ω4 −Ω2(Ω2
k + Ω2

H ) + Ω2
kΩ

2
L = 0, (67)

where

Ω = ω/ωI , (68)

Ωk = ωk/ωI , (69)

ΩL = ωL/ωI , (70)

ΩH = ωH/ωI . (71)

Equation (66) has two real roots,

Ω2
MIN =

Ω2
k + Ω2

H

2

�
1 −

����1 − 4Ω2
kΩ

2
L

(Ω2
k + Ω2

H )2

�
, (72)

Ω2
MAX =

Ω2
k + Ω2

H

2

�
1 +

����1 − 4Ω2
kΩ

2
L

(Ω2
k + Ω2

H )2

�
. (73)

The band-gap limits [ΩL,ΩH ] of the system result [26]
from Equations (72)–(73) as

Ω2
MIN =

Ωk→∞−−−−−→ ΩL, (74)

Ω2
MAX =

Ωk→∞−−−−−→ ΩH . (75)

3. Application for Acoustic Isolation

Although the KDamper concept can find multiple applica-
tions in low-frequency damping and absorption, an indica-
tive concept for the implementation of KDamper based
meta-materials towards the design of acoustic isolation-
absorption panels is examined here.

3.1. Examination of KDamper Metamaterial

For a selected value of the frequency fL,

ωL = 2πfL, (76)

and for a selected damping ratio ζD, the damping constant
is calculated as

cD = 2ζD



(kP + kN )mD = 2ζDωImD. (77)

The values of ρ and κ, are determined from Equations
(15)-(17) according to the selected parameter µ. Thus,
from Equation (49), the natural frequency should be

ω0 = ωL

�
1
ρ2

+ κ(1 + κ)µ. (78)
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Figure 5. (Colour online) Comparison of KDamper meta-
material transfer functions for increasing number of unit cells.

Finally the values of ωI , ωH and bw can be calculated ac-
cording to Equations (2),(45) and (50). Consequently, the
equation of motion of the meta-material, for M number of
unit cells is expressed in matrix formulation as

M
..
u(t) + C

.
u(t) +K u(t) = F f(t), (79)

where Mn×n, Cn×n, Kn×n
..un×1,

.un×1, un×1, Fn×1 and n =
2M + 1 is the number of degrees of freedom of the meta-
material. For a single unit cell, M=1, the mass (M), damp-
ing (C) and stiffness (K) matrices are

M =

m 0 0
0 mD 0
0 0 m

 , C =

cs + cD −cD −cs
−cD cD 0
−cs 0 cs

 (80)

K =

kS + kP −kP −kS

−kP kP + kN −kN

−kS −kN kS + kN

 , F =

1
0
0


For M > 1, the above matrices of the single unit cell, are
added appropriately. Therefore, the transfer functions of
each degree of freedom to the excitation may be calculated
via the following expression,

TF = (−ω2M +  C +K)−1F, (81)

where

TFn×1 =
�

ŨS,1

F̃

ŨD,1

F̃

ŨS,2

F̃

ŨD,2

F̃
...

ŨS,M+1

F̃

�T

. (82)

The transfer function of the KDamper is defined as TKD =
ũS,M+1

F̃
, which is examined further in the next section.

Figure 5 shows a comparison between the transfer func-
tions of the KDamper based meta-material for M =
1, 5, 10 and 15 number of unit cells for a selected low
band-gap frequency fL = 200 [Hz], damping ratios ζ =
cs/(2ω0m) = 0.15, ζD = 0.707 and κ is taken as 0.9κmax.

It is observed that this meta-material offers satisfac-
tory band-gap depth, namely over 20 [dB] attenuation in-
side the band-gap, even for as low as M = 5 number of
unit cells. Thus, for further examination regarding the be-
haviour of the meta-material at various frequencies fL, the

f [Hz]

T
K

D
[d
B
]

0 200 400 600 800 1000
-50

-40

-30

-20

-10

0

10

M = 5
f0
fH

f
L

Figure 6. Transfer function of KDamper meta-material with M=5
number of unit cells.
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B
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-35

-40

-45

-5

200 400 600 800 1000 1200 1400

Figure 7. (Colour online) Transfer functions of KDamper meta-
material with M=5 number of unit cells for various frequencies
fL.

Table I. Band-gap width for each fL selection.

fL [Hz] 50 100 200 500
fH − fL [Hz] 73 145 290 726

number of unit cells is chosen as M = 5. The correspond-
ing transfer function for fL = 200 is presented in Figure 6.

The corresponding frequencies f0,fH and fL are noted
with dashed lines. In order to examine the effect of the
low frequency choice fL on the band-gap depth and width,
Figure 7 is generated. In all cases the acoustic meta-
material consists of M = 5 unit cells. The conclusion from
this figure is that the width of the band-gap is decreased
along with the selected frequency fL which was expected.
For fL < 100[Hz], the band-gap width becomes very nar-
row, but still offers considerable attenuation at the resonant
frequencies.

3.2. Structural Realization of a Negative Stiffness
Element

In structural mechanics, negative stiffness is generally ob-
tainable through post-buckling processes (snap-through
phenomenon). In this case, a single Belleville spring is

641

Document downloaded by  @DAEL, 2026-11-09 07:58:54 - personal use only



ACTA ACUSTICA UNITED WITH ACUSTICA Antoniadis, Paradeisiotis: KDamper Concept
Vol. 104 (2018)

Figure 8. (Colour online) (a) Structural realization of the nega-
tive stiffness element kN , using a Belleville spring. (b) Belleville
spring, stressed to the position of zero exerted force.

chosen to act as the negative stiffness element of the os-
cillator. The exerted force and the equivalent stiffness of
this type of springs, are non-linear functions of the verti-
cal displacement s of the inner diameter Di. The height of
the spring is denoted by l0, De is the external diameter and
h0 ≈ l0−t, where t is the thickness. More specific informa-
tions are provided by manufacturers [27]. As demonstrated
in Figures 9 and 10, the range of the vertical displacement
s corresponding to the snap-through region, exhibits the
desired negative stiffness characteristics. This of course,
translates to the application of a certain pre-stress condi-
tion on the spring, so that its stiffness falls in the negative
stiffness region, at the equilibrium state of the oscillator.

Figure 8.a shows the shape of the spring, while Fig-
ure 8.b presents the deformed spring at the position of zero
exerted force (F = 0) when appropriate force is applied.
In this case, the 2nd part visible in Figure 8.b, is a tool used
to uniformly apply the required force. The presented FEM
simulation was accomplished via the Arc Length Method,
or also commonly called “The modified Riks method”
[28, 29]. This method is a powerful numerical technique
for solving systems of highly non-linear equations render-
ing it appropriate for problems that exhibit instabilities, as
in this case in the form of buckling. Furthermore, Figure 9
shows a comparison between the results of the analytical
and FE methods.

Figure 10 shows the equivalent stiffness of the spring
as a function of the vertical displacement s. The dotted
orange line, indicates the mean value of kN in the nega-
tive stiffness region, which corresponds to the kN value
used in the linear models, on which the dimensioning of
the Belleville spring is based.

3.3. Response to Noise Excitation

3.3.1. Non-Linear Negative Stiffness - Pure Tone
Sound Absorption

Initially, in order to investigate the general dynamic
behaviour of the meta-material and the effect of the
non-linear negative stiffness element as realized via the
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Figure 9. Exerted force of the Belleville spring, as a function of
the vertical displacement of its inner diameter.
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Figure 10. Equivalent stiffness of the Belleville spring, as a func-
tion of the vertical displacement of its inner diameter.

Belleville spring, a harmonic excitation is applied, consid-
ering an incident plane wave on the surface of the 1st mass,
with frequency f = fL = 200 [Hz]. The surface in ques-
tion is considered as a 0.1×0.1 [m] rectangle, therefore the
area is A = 0.01 [m2]. Consequently, the excitation force
comes as

F (t) = F0e2πfLt, (83)

where

F0 = p̂A, p̂ =
2√
2
pref10Lp/20, (84)

and Lp = 100 [dB] is the considered sound pressure level.
This level of noise is chosen in order to simulate the re-
sponse of the meta-material under extreme noise condi-
tions. Observation of Figure 11, does not show any signif-
icant deviations between the linear and non-linear negative
stiffness simulations. Besides, it is obvious that the mag-
nitude of the resulting displacements of the oscillators, is
orders of magnitude lower than the required to introduce
any significant non-linearity via the Belleville springs.

The required, initial, vertical displacement s of the
Belleville springs (pre-stress), comes from the static equi-
librium equations of the unit cell. Figure 12 shows the
time history of kN,1 to kN,M=5 values, along with the lin-
ear kN stiffness, denoted by the green dotted line. Namely,

642

Document downloaded by  @DAEL, 2026-11-09 07:58:54 - personal use only



Antoniadis, Paradeisiotis: KDamper Concept ACTA ACUSTICA UNITED WITH ACUSTICA
Vol. 104 (2018)

uS,1
uS,2
uS,3
uS,4
uS,5

0

-0.2

-0.2

0

0

0.2

0.2

0.4

0.4

0.6

0

5

5

10

10

15

15

20

20

25

25

30

30

35

35

40

40

45

45

50

50

t [ms]

D
is
p
la
ce
m
en
t

[
s]

u

uS,1
uS,2
uS,3
uS,4
uS,5

Figure 11. (Colour online) Time response of KDamper meta-
material with M = 5 unit cells to harmonic excitation with fre-
quency f = fL = 200 [Hz].
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Figure 12. (Colour online) Time response of the non-linear stiff-
ness of the negative stiffness elements realized with Belleville
springs, for a KDamper meta-material with M = 5 unit cells.
Comparison with linear kN .

the kN,i values of the Belleville springs, oscillate around
the corresponding stiffness value of the aforementioned
equilibrium position, which is approximating the linear kN

value.

3.3.2. Broadband Noise Absorption
In order to further examine the behaviour of the KDamper
meta-material, a case of random noise acting as the ex-
citation is considered. The content of this noise, is com-
posed by a number of plane waves at frequencies between
200 and 400 Hz with random phase angles and amplitudes.
Specifically, these features are generated as follows:

fi = fL (N (0, 1) + 1), (85)

F =
h�

i=1

|Ci|e2πfit, (86)

where

Ci = α0eφ, (87)

α0 = F0 N (0, 1), φ = N (0, 1), (88)

and N (0, 1) are random numbers from a Gaussian distri-
bution with zero mean and variance equal to unity. The
resulting sound pressure level is displayed in Figure 13.
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Figure 13. SPL sample of the random broadband noise, with fre-
quencies fn � [200 : 400] [Hz], used as excitation of the meta-
material.
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Figure 14. (Colour online) Time response of KDamper meta-
material with M = 5 unit cells to random broadband noise with
frequencies fn � [200 : 400] [Hz].

Considering a KDamper meta-material with M=5 unit
cells, the response is presented in Figure 14. The displace-
ments of the added masses (uD,1, uD,2... etc.),are excluded,
in order to have a clearer picture.

From Figure 14, comparing the displacement uS,1 of the
1st mass to uS,5 of the last mass, the expected attenuation
is present here as indicated by TKD in Figure 6 and also
observed in Figure 11 for the case of harmonic excitation,
despite the broadband nature of the excitation.

3.4. Comparison of “m-k-m”, TMD and KDamper
Based Acoustic Metamaterials

A conventional “sandwich type” noise isolation panel,
consisting of two plates with a noise insulation material
between them and can be considered as a simple mass-
spring-mass (“m-k-m”) system, with some degree of in-
ternal damping. In view of Figure 4, this corresponds to
a system with M = 1, mD = cD = kN = kP = 0. Pe-
riodic repetition of this lattice results to a primitive form
of a “phononic crystal” type of acoustic insulation meta-
material. The introduction of an internal structure between
the masses in the form of a TMD (mD, cD, kP 	= 0) results
to an acoustic meta-material design. The additional inclu-
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Table II. Values of the basic parameters of the meta-materials.

µ ζ ζD

m-k-m - 0.15 -
TMD 0.5 0.15 0.707

KDamper 0.01 0.15 0.707

fL [Hz] m [kg] mD [kg]

m-k-m - 0.035 -
TMD 200 0.035 17.5 · 10−3

KDamper 200 0.035 0.35 · 10−3

kS [N/m] k0 [N/m] kP [N/m]

m-k-m 6.76 · 104 - -
TMD 6.76 · 104 - 2.76 · 104

KDamper 3.99 · 105 6.70 · 104 3.48 · 104

kN [N/m] cS [Ns/m] cD [Ns/m]

m-k-m - 14.59 -
TMD - - 31.10

KDamper −3.15 · 104 14.53 1.52

sion of a negative stiffness element (kN 	= 0), results to a
KDamper based meta-material.

The isolation-absorption properties of these three al-
ternative concepts are compared here. The various meta-
structures implemented have relevant unit lattice parame-
ters summarized on Table 2 along with the resulting cor-
responding stiffness and damping elements in each case.
The selection of the parameters ensures that all three unit
lattice types have the same overall static stiffness. For this
last reason, the overall static stiffness kS of the periodic
mass-spring-mass system is the same as the static stiff-
ness of the TMD based meta-material. However, in view
of Equation (1), the value of kS has to be increased for the
KDamper meta-material, so that its overall static stiffness
(now k0) is equal to the overall static stiffness kS of the
other two types. Finally, the parameter κ of the KDamper
meta-material is selected as 0.9κmax.

The comparisons between the three different concepts
on the transfer function of the system are presented in
Figures 15-17. The “m-k-m” system essentially acts as a
low pass filter for the noise with a cutoff frequency of
f0 = 442.33[Hz]. Observation of Figures 15-17 indicates
that the repetition of unit cells does not improve the low
pass behavior. It just increases the high frequency filtering
capability of this system. This behaviour is typical of the
current noise isolation panels.

The TMD based meta-material retains this low pass fil-
ter behavior, while introducing a deep but very narrow
band gap. The width of this band-gap is approximately
[200 [Hz]:245 [Hz]]. However, in order to achieve this
band-gap, an additional mass of 50% of the original mass
of the meta-material is required. The repetition of unit cells
does not improve the low pass behaviour or the band-gap
boundaries. It just increases the high frequency filtering
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Figure 15. (Colour online) Comparison of the transfer func-
tions of the three acoustic isolation-absorption systems for M =
1, fL = fD = 200 [Hz].
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Figure 16. (Colour online) Comparison of the transfer func-
tions of the three acoustic isolation-absorption systems for M =
5, fL = fD = 200 [Hz].

capability of this system, as well as the depth of the band-
gap.

The KDamper meta-material essentially operates as a
band-stop filter. Although its high frequency behaviour is
less satisfactory than the periodic “m-k-m” system and the
TMD based meta-material, it is very effective in introduc-
ing a very wide band gap of a [200Hz:490Hz] width while
incorporating an added mass of only 1% of the value of
the mass m. The repetition of unit cells, as presented in
Figure 5 increases the depth of the band-gap, while bear-
ing a marginal effect on the high frequency behaviour of
the system.

4. Conclusion

Although acoustic meta-materials have been long consid-
ered to present the only available direction to create band-
gaps at wavelengths much longer than the lattice size,
and thus enable low-frequency vibration attenuation, the
width of the resulting band gaps is generally very narrow
–especially when referring to the conventional “m-k-m”
and TMD based periodic structures considered in the pre-
sented comparisons– since it depends on the ratio of the
internal oscillating mass to the external mass of the unit
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Figure 17. (Colour online) Comparison of the transfer func-
tions of the three acoustic isolation-absorption systems for M =
10, fL = fD = 200 [Hz].

lattice. Meta-materials based on the KDamper concept can
overcome this disadvantage, since they exploit the addi-
tional synergy of a negative stiffness element inclusion.
Thus, they prove highly efficient in generating wide band-
gaps in low frequency applications, with only a small frac-
tion of the external mass. Appropriate technological im-
plementations of this concept can lead to drastic improve-
ments in all types of low-frequency technological appli-
cations, with emphasis in low-frequency noise isolation-
absorption. Future research objectives regarding this con-
cept, include further examination of the meta-material re-
sponse to broadband low frequency noise, involving com-
putational simulations and experimental tests of practical
implementations like panels, for determination of proper-
ties such as Transmission Loss and sound reflection among
others.
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