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Summary
The current work focuses on the study of acoustic scattering from bi-layered stainless steel-copper and copper-
stainless steel cylindrical shells filled with air and immersed in water. This paper is interested in revealing the
effects of physical and geometrical characteristics of the layers constituting the shells on the scattering phe-
nomenon. The object of this work, is to study the influence of the layers thicknesses on guided waves, the
overall thickness of the shells is fixed. The plane of modal identification was chosen to analyze the scattering
phenomenon. We investigate the resonance trajectories of the guided waves, especially the curves change. The
investigation and comparison made on resonance trajectories, show a shape change, a gradual deviation, or both,
appear on the resonance trajectories of different guided waves, for the reduced cutoff frequencies of guided waves
a sliding to higher and lower value are noticed. The interaction between guided waves is also manifested in the
scattering phenomenon. The findings for the bi-layered cylindrical shells are then compared with those obtained
for the mono-layered stainless steel and copper cylindrical shells. Then, this work is completed by an investiga-
tion on the reduced cut-off frequencies of the A1 wave, that have been extracted for different possible values of the
intermediary radius. In this part, to understand the observed phenomena, other examples of bi-layered cylindrical
shells are introduced. The obtained results are analyzed and investigated.

PACS no. 43.20.Fn, 43.20.Mv

1. Introduction

If an air-filled elastic cylindrical shell immersed in wa-
ter, excited by a plane acoustic wave perpendicularly to
its axis, two types of circumferential waves were gener-
ated automatically in the shell and in the water-shell inter-
face (Symmetric waves Si and Antisymmetric waves Ai).
For some frequencies, these circumferential waves make
standing waves on the circumference of the shell consti-
tuting resonances [1, 2, 3, 4, 5, 6]. These resonances are
observed in the spectrum of the scattering acoustic pres-
sure. The previous studies shows that the acoustic reso-
nances of the shell are related to its physical and geometri-
cal proprieties [7, 8, 9, 10]. Some of these studies, done
on submerged air-filled cylindrical and spherical shells,
have shown the bifurcation of the dispersion curve for the
guided wave A0 wave into two waves denoted by A0− and
A0+ [11, 12]. Works in Refs. [13, 14] are concerned with
the acoustic scattering from polymer coupled with a thin
layer of water or from cylindrical shells filled with water.
Furthermore, some research has investigated the acous-
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tic scattering from bi-layered cylindrical shells and multi-
layered spherical curved plates [15, 16, 17].

In the first part of this work, we focused on study
of the acoustic scattering by an air-filled stainless steel-
copper and copper-stainless steel bi-layered cylindrical
shells immersed in water. The stainless steel and cop-
per one-layered cylindrical shells are taken as a refer-
ence for studying the acoustic scattering from bi-layered
cylindrical shells. This paper reveals the effect of physi-
cal and geometrical characteristics of the layers constitut-
ing the shells on the scattering phenomenon. The work is
done from the calculated form function, the obtained res-
onance trajectories have shown the changes appeared on
the guided waves. In this research, we investigate the res-
onance trajectories of symmetrical and anti-symmetrical
guided waves, especially the curves change. The findings
are compared with those obtained for the stainless steel
and copper mono-layered cylindrical shells.

In the second part, we focus on investigation the re-
duced cut-off frequencies of circumferential A1 wave, that
have been extracted for different possible values of the in-
termediary radius. This treatment is done for three cases
of bi-layered cylindrical shells; copper/stainless steel, alu-
minum/stainless steel and copper/aluminum, in the object
to have a good understanding of the observed phenomena.
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For copper/stainless steel coupling, the results show the
sliding of the reduced cut-off frequencies of A1 guided
wave towards low values and to higher values when lay-
ers order change. For aluminum/stainless steel and cop-
per/aluminum coupling, the reduced cut-off frequencies
values change in an oscillating form. Evaluations made on
reduced cutoff frequencies of A1 wave, reveals the process
of the repulsion, the interaction and the coupling of guided
waves phenomena. That is carried out because the wave
propagation in the composite cylinder is sophisticated be-
cause of the heterogeneity of the compositions, and the
intrinsic anisotropy of the layer materials, which results in
the speeds of the guided wave modes, circumference order
number, frequency, and inter-layer interface conditions.

2. Acoustic scattering from cylindrical shell

2.1. Theoretical study

If an air filled multi-layered elastic cylindrical shell made
in a given material immersed in water and excited by
a plane acoustic wave, several waves are generated in
and around the shell. Figure 1 shows the cylindrical shell
and the direction of the incident plane wave, with a:
outer radius, b: intermediary radius and c: inner radius.
(x, y, z) is the Cartesian coordinate system with origin at
O, the z-axis is coincident with the axis of the cylindri-
cal shell. The corresponding cylindrical coordinate system
(r, θ, z) associated to the considered structure is chosen
[18, 19, 20, 21].

The acoustic pressure of the incident plane wave in
medium 1, denoted by Pinc(ω, θ, r), can be written in cylin-
drical coordinate as

Pinc(ω, θ, r) = P0

+∞

n=0

jnεnJn k1r cos nθ exp − jωt , (1)

where P0: amplitude of the incident plane wave, Jn(k1r)
is the Bessel function of the first kind of order n, ω is the
angular frequency, k1 = ω/C1 is the wave number with
C1 is the wave velocity in the external fluid, εn is the Neu-
mann coefficient (εn = 1 if n = 0 and εn = 2 if n �= 0),
j2 = −1, θ is the azimuthal angle and r is the distance be-
tween the position where the pressure is calculated and the
revolution axis of the cylindrical shell. The pressure of the
scattered waves can be expressed as

Pscat(ω, θ, r) = P0

+∞

n=0

jnbnH
1
n k1r cos nθ

· exp − jωt , (2)

where bn = D1
n (ω)/Dn(ω) is the coefficient which char-

acterizes the acoustic scattering in medium 1, D1
n (ω) and

Dn(ω) are two determinants computed from the boundary
conditions of the problem [2, 21], and H1

n (k1r) is the Han-
kel function of the first kind of order n.

To describe the acoustic scattering from a cylindrical
shell, we use the form function. The expression of this

Figure 1. The geometry used for formulating the scattering pres-
sure by an elastic cylindrical shell.

Table I. Physical parameters. Density ρ (Kg/m3), longitudinal ve-
locity Cl (m/s), transvers velocity Ct (m/s).

ρ Cl Ct

Aluminum 2800 6320 3070
Stainless steel 7900 5790 3100
Copper 8920 4760 2325
Watter 1000 1470 –
Air 1.29 324 –

function in a far field is given by [18, 19, 20, 21]

F∞(x1, θ) = f∞(x1, θ) ≈ lim
r→+∞

2r
a

pscat

pinc
, (3)

F∞(x1, θ) ≈
+∞

n=0

fn(x1, θ) , (4)

where x1 = k1a is the reduced frequency which is the
number of wavelengths of the acoustic wave, propagating
in the external medium (medium 1), included the circum-
ference of the cylindrical shell, it is written as follows:
k1a = 2πa/λ1.

2.2. Form function

The bi-layered cylindrical shells comprise an outer layer in
contact with water, and a layer on the inner part in contact
with air in the cavity. The mono-layered cylindrical shells
comprise one layer on contact with water on the outer, and
air in the cavity. These cylindrical shells are characterized
by the same geometric properties; for bi-layered cylindri-
cal shells, the outer radius a = 1 cm, the intermediary ra-
dius 0.94 cm < b < 1 cm and inner radius c = 0.94 cm,
for mono-layered cylindrical shells, the outer radius is
equal to 1 cm, and the inner radius is equal to 0.94 cm. In
this work we treat three examples of bi-layered cylindri-
cal shells; copper/stainless steel, aluminum/stainless steel
and copper/aluminum. For the mono-layered cylindrical
shells are made of copper, stainless steel and aluminum.
The physical parameters of the studied cylindrical shells
are illustrated in Table I.

The form function is computed in a far field for θ = π
as a function of the reduced frequencies x1 ranging from
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0.1 to 250. In the calculations, the bandwidth of the trans-
ducer is considered. Figure 2 presents the form function
for stainless steel-copper bi-layered cylindrical shell with
b = 0.97 cm. Many amplitude variations due to the pres-
ence of various resonances are observed in the form func-
tions.

2.3. Resonance spectrum and resonance trajectories

When a circumferential wave is generated, the resonances
are observed when the number of wavelengths on the cir-
cumference of the shell is an integer; this integer is the
mode n [1]. The observed spectrum of resonances results
from the inverse Fourier transform of the form function
which is the summation of the vibration modes n for each
frequency. The plane of modal identification is an alter-
native representation of this spectrum [4]. Each horizontal
line of this plane is the contribution of a single mode ob-
tained from the partial form function fn [22, 23, 26].

To obtain the resonance spectrum, we start firstly by
computing the time signal with an Inverse Fourier Trans-
form of the form function [12]. Then, the specular echo
which is related to the reflexion on the outer surface of
the shell is suppressed and replaced by zeros. A Direct
Fourier Transform is applied to this new time signal to
obtain the resonance spectrum [25]. Figure 3 represents
the resonance spectrum of stainless steel-copper bi-layered
cylindrical shell with radius b = 0.97 cm.

The same procedure was applied to the partial form
function in order to obtain the resonance trajectories of vi-
bration modes. The resonance spectrum is calculated for
each value of mode n. After that the partial resonance
spectrum are assembled in a matrix. The representation
of this matrix includes several trajectories. Each trajec-
tory is linked to a wave type. Some trajectories have a re-
duced cut-off frequency for the small values of the mode
n. In Figure 4, the resonance trajectories are presented
for stainless steel-copper bi-layered cylindrical shell with
b = 0.97 cm. This figure shows that the resonance trajec-
tory of the A0 wave is bifurcated into A0− and A0+. This
results is similar to that observed in the case of mono-
layered cylindrical and spherical shells [11, 3, 12]. The
reduced cut-off frequency of A1 wave is indicated by an
asymptotic line and its value is close to 93.8.

3. Results and discussion

3.1. Comparison the resonance trajectories of the
mono-layered and bi-layered cylindrical shells

The resonance trajectories for the mono-layered stain-
less steel and copper cylindrical shells and the bi-layered
stainless steel-copper and copper-stainless steel cylindri-
cal shells are presented in the same graphic Figures 5 and
6, respectively.

The comparison of different resonance trajectories leads
us to conclude a number of remarks:

• The resonance trajectories of the mono-layered stain-
less steel cylindrical shell are close to those of the

Figure 2. Form function of stainless steel-copper bi-layered
cylindrical shell with b = 0.97 cm.

Figure 3. Resonance spectrum of stainless steel-copper bi-
layered cylindrical shell with b = 0.97 cm.

Figure 4. Resonance trajectories of stainless steel-copper bi-
layered cylindrical shell with b = 0.97 cm.

bi-layered stainless steel- copper with b = 0.941 cm
(Figure 5). However, those of the mono-layered cop-
per cylindrical shell are close to those of the bi-layered
copper-stainless steel with b = 0.941 cm (Figure 6).

• The A0+ wave resonance trajectories are sensitive to
the intermediary radius b, of the cylindrical shells, a
gradual deviation of the trajectory are noted.

• However, the A0− wave resonance trajectories are not
sensitive to the physicals properties of the shells. This
can be explained by the fact that the main support of
this wave is the external medium [11, 3, 12].
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Figure 5. Comparison between resonance trajectories of the stud-
ied cylindrical shells; A: mono-layered stainless steel, B: mono-
layered copper, C: copper-stainless steel bi-layered with b =
0.999 cm, D: copper-stainless steel bi-layered with b = 0.941 cm
and E: copper-stainless steel bi-layered with b = 0.97 cm.

Figure 6. Comparison between resonance trajectories of the stud-
ied cylindrical shells; A: mono-layered stainless steel, B: mono-
layered copper, C: stainless steel-copper bi-layered with b =
0.941 cm, D: stainless steel-copper bi-layered with b = 0.999 cm
and E: stainless steel-copper bi-layered with b = 0.97 cm.

• The S0 wave resonance trajectories of different cylin-
drical shell are close to each others for the mode n is
inferior to 10. However, a gradual deviation of different
trajectories is noted when the mode n is superior to 10.

• The resonance trajectories of the A1 waves for stain-
less steel-copper and copper-stainless steel bi-layered
cylindrical shells are localized between the resonance
trajectories of the A1 wave for the stainless steel and
copper mono-layered cylindrical shells. These trajecto-
ries have a reduced cut-off frequency which is close to
110.7 for the mono-layered stainless steel cylindrical
shell, close to 82.9 for the mono-layered copper cylin-
drical shell. For copper-stainless steel bi-layered cylin-

Table II. Acoustic impedance Z and reduced cut-off frequencies
fr of the A1 wave for mono-layered cylindrical shells b/a =
0.94.

Z fr

Aluminum 17.60 109.5
Stainless steel 45.70 110.7
Copper 41.61 82.9

drical shells, Figure 5 shows that the trajectory of the
A1 wave has a value of the reduced cut-off frequency
close to 83.1, when the intermediate radius b equal to
0.941 cm, close to 93.8 when b = 0.97 cm, and close to
110.3 when b = 0.999 cm. For stainless steel- copper
bi-layered cylindrical shells, Figure 6 shows that the A1

wave trajectory has a reduced cut-off frequency close to
110.4 for the intermediate radius b = 0.941 cm, close
to 93.8 when b = 0.97 cm, and close to 83.3 when
b = 0.999cm. We can see that for bi-layered cylindrical
shells this value is varied with the intermediary radius
b. In the next section for more understanding, this work
is completed by an investigation on the reduced cut-off
frequencies of the A1 wave, that have been extracted for
different possible values of the intermediary radius.

• The resonance trajectories of the S2 waves for stainless
steel-copper and copper-stainless steel bi-layered cylin-
drical shells are localized between the resonance trajec-
tories of the S2 wave for the stainless steel and copper
mono-layered cylindrical shells.

3.2. Analysis of the reduced cut-off frequency of the
circumferential wave A1

In this part, we focus on investigation the reduced cut-
off frequencies of circumferential A1 wave, that have
been extracted for different possible values of the inter-
mediary radius. This treatment is done for three cases
of bi-layered cylindrical shells. The choice of com-
bined materials is based on acoustic impedance con-
trast. For copper/stainless steel coupling is characterized
by low impedance contrast; copper/aluminum coupling
is characterized by higher impedance contrast; and alu-
minum/stainless steel coupling is also characterized by
higher impedance contrast, and the value of the reduced
cut-off frequencies of the A1 wave for aluminum and stain-
less steel mono-layered cylindrical shells taken as refer-
ence are close to each other Table II.

3.2.1. Case 1: copper/stainless steel
The evolution of the reduced cut-off frequencies of the A1

wave for copper-stainless steel bi-layered cylindrical shell
are presented as a function of the values of the intermedi-
ate radius b in Figure 7. When b increased, the thickness
of the inner layer (stainless steel) increases and the thick-
ness of the outer layer (copper) decreases, the reduced cut-
off frequency of the A1 wave is varied. This variation fol-
lows the evolution of hyperbolic function in ascending or-
der. However, for stainless steel-copper bi-layered cylin-
drical shell the evolution of the reduced cut-off frequency
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Figure 7. Evolution of the reduced cut-off frequency of the A1

wave as a function of the intermediate radius b for the copper-
stainless steel and stainless steel-copper bi-layered cylindrical
shells.

of the A1 wave is presented in Figure 7. When b increased,
the thickness of the inner layer (copper) increases and the
thickness of the outer layer (stainless steel) decreases, the
evolution of the reduced cut-off frequency of the A1 fol-
lows the evolution of a hyperbolic function in descend-
ing order. The obtained values are compared with the val-
ues obtained for mono-layered stainless steel and copper
cylindrical shells which is close to 110.7 for a stainless
steel cylindrical shell (b/a = 0.94), and is close to 82.9
for a copper cylindrical shell (b/a = 0.94). In this case,
the values of reduced cut-off frequency of A1 wave for
bi-layered cylindrical shells are varied between the val-
ues obtained for stainless steel and copper mono-layered
cylindrical shells whatever the value of intermediary ra-
dius b.

3.2.2. Case 2: copper/aluminum
The evolution of the reduced cut-off frequencies of the A1

wave for copper-aluminum bi-layered cylindrical shell are
presented in Figure 8. When b increased, the thickness
of the inner layer (aluminum) increases and the thickness
of the outer layer (copper) decreases, the reduced cut-off
frequency of the A1 wave is changing. For b = 0.941 cm
the A1 wave has a value of the reduced cut-off frequency
close to 83.81, When b increased, the value of the reduced
cut-off frequency increase until 103.8 for b = 0.964 cm,
from this point the value of the reduced cut-off frequency
decreases until 89.85 for b = 0.988 cm and starts to in-
crease again until 105.6 for b = 0.999 cm. For aluminum-
copper bi-layered cylindrical shell the evolution of the re-
duced cut-off frequency of the A1 wave is presented in
Figure 8. For b = 0.941 cm the A1 wave has a value
of the reduced cut-off frequency close to 105.6, When b
increased, the thickness of the inner layer (copper) in-
creases and the thickness of the outer layer (aluminum)
decreases; and the value of the reduced cut- off frequency
decreases until 88.38 for b = 0.954 cm from this point
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Aluminum-Copper bi-layered cylindrical shell

Copper-Aluminum bi-layered cylindrical shell

Figure 8. Evolution of the reduced cut-off frequency of the A1

wave as a function of the intermediate radius b for the copper-
aluminum and aluminum-copper bi-layered cylindrical shells.

the value of the reduced cut-off frequency increased, until
102.6 for b = 0.977 cm and starts to decreases again un-
til 83.81 for b = 0.999 cm. The obtained values are com-
pared with those obtained for mono-layered aluminum and
copper cylindrical shells Table II. In this case, the values
of reduced cut-off frequency of A1 wave for bi-layered
cylindrical shells are varied in oscillating way between the
values obtained for aluminum and copper mono-layered
cylindrical shells.

3.2.3. Case 3: aluminum/stainless steel

The evolution of the reduced cut-off frequency of the A1

wave, for stainless steel-aluminum bi-layered cylindrical
shell are presented in figure 8. For b = 0.941 cm the re-
duced cut-off frequency of the A1 wave are close to 111.7.
When b increased, the value of the reduced cut-off fre-
quency increase until 128.2 for b = 0.957 cm, from this
point start to decreases until 92.78 for b = 0.988cm and in-
crease again until 106.3 for b = 0.999 cm. For aluminum-
stainless steel bi- layered cylindrical shell the evolution of
the reduced cut-off frequency of the A1 wave is presented
in Figure 8. the reduced cut- off frequency of the A1 wave
are close to 106.3 for b = 0.941 cm, when b increased,
the value of the reduced cut- off frequency decreases until
91.62 for b = 0.953 cm from this point the value start to
increased until 127.3 for b = 0.984 cm and starts to de-
creases again until 111.7 for b = 0.999 cm. In this case,
we have the same observation us in the case of copper-
aluminum, the values of reduced cut-off frequency of A1

wave for bi-layered cylindrical shells are varied in the os-
cillating way and no longer between the values obtained
for aluminum and stainless steel mono-layered cylindrical
shells Table II.

3.3. Discussion

In this work, we have studied the case metal-metal in
which the both layers are made from metal (copper and
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Figure 9. Evolution of the reduced cut-off frequency of the A1

wave as a function of the intermediate radius b for the aluminum-
stainless steel and stainless steel-aluminum bi-layered cylindrical
shells.

stainless steel). Comparing the obtained results with the
results of previous works obtained in the case of polymer-
metal, which is characterized by a strong coupling, noted
by the presence of a pseudo wave A1 [23], and the ex-
istence of the waves with the zero group velocity (ZGV
waves) [26]. In this study, the thickness of the inner layer
plus the thickness of the outer layer is fixed. Therefore,
the difference between the resonance trajectories curves of
studied bi-layered cylindrical shell can only be attributed
to the difference in material properties (density, longitudi-
nal and shear wave velocities) between the inner layer, the
outer layer and the thickness ratio between them.

For copper-stainless steel bi-layered cylindrical shell,
the effect of the increase of thickness of copper layer on
the resonance trajectories curves of the bi-layered cylin-
drical shell is to move these resonance trajectories curves
to the lift direction Figure 5. For stainless steel-copper
bi-layered cylindrical shell, The effect of the increase of
thickness of stainless steel layer on the resonance trajec-
tories curves of the bi-layered cylindrical shell is to move
these resonance trajectories curves to the right direction
Figure 6. We can see that if the ratio goes very high for
the thickness of the stainless steel layer versus the thick-
ness of the copper layer, the resonance trajectories curves
of bi-layered cylindrical shell shift from resonance trajec-
tories of a mono-layered copper cylindrical shell towards
the resonance trajectories of a mono-layered stainless steel
cylindrical shell, because stainless steel has faster wave ve-
locities than copper. This is manifested on the variations of
the reduced cut-off frequency of the A1 wave Figure 7. The
obtained results reveals the existence of a weak coupling
outcome from the interaction between the circumferential
waves propagating around the shell. This observation has
a direct link to their property that are close. Works in [27]
confirm this observation that revealed in the case of bi-
layered plate.

For aluminum-copper bi-layered cylindrical shell, the
effect of the increase of thickness of aluminum layer in-
volved decries of the thickness of copper layer and because
of the smaller acoustic impedance of the aluminum, it be-
haves in the bi-layered cylindrical shell as if it were rigidly
held by the copper. The copper layer is responding almost
as if it was stress-free on aluminum sides. The copper
layer becomes even thinner, so becomes more resonant.
Therefore, the resonance curves shift into the right direc-
tion. in another hand, increasing of the values of reduced
cut-off frequencies of A1 wave. When thickness ratio be-
tween of the aluminum and copper layers become close,
this change is reversed in the opposite direction, involved
the decrease of the values of reduced cut-off frequencies
of A1 wave. The values of reduced cut-off frequencies of
A1 wave start to increase again, when the thickness of alu-
minum layer becomes more important than the thickness
of the copper layer. We have the opposite of these obser-
vations for copper-aluminum bi- layered cylindrical shell.
In the last case in which we studied aluminum/stainless
steel coupling we have almost the same observations as
the copper/aluminum coupling. Except the reduced cut-off
frequency of the A1, that has no longer between the re-
duced cut-off frequency of the A1 wave for aluminum and
stainless steel mono-layered cylindrical shells.

The obtained results reveals the existence of a strong
coupling outcome from the interaction between the cir-
cumferential waves propagating around the shell. This
phenomenon has a direct link to the interface displacement
and stress continuity, because the aluminum has faster
wave velocities and a smaller acoustic impedance than
copper and stainless steel. This has an effect on the wave
propagation into bi-layered cylindrical shell [28]. This cur-
rent study can help us to understand the acoustic diffu-
sion by coupling metal-metal bi-layered cylindrical shell.
On the other hand, if the thickness ratio between layers is
fixed, the difference in material properties determines the
degree of variation in resonance trajectories curves. There-
fore, from the difference in resonance trajectories, one can
use the properties of the mono-layered cylindrical shell
as a reference to estimate the properties of the bi-layered
cylindrical shell.

4. Conclusion

This paper presents a study of the acoustic scattering from
bi-layered cylindrical shells filled with air and immersed
in water. In object to reveal the effects of physical and ge-
ometrical characteristics of the layers constituent the shell
on the guided waves. In this work we studied three cases of
coupling: copper/stainless steel, aluminum/stainless steel
and copper/aluminum. The stainless steel, aluminum and
copper mono- layered cylindrical shells are taken as a ref-
erence. Moreover, this work focuses on studying the influ-
ence of the layer thicknesses and the material in which is
made on the circumferential waves. Plane of modal identi-
fication was chosen to analyze the scattering phenomenon.
The observation of the trajectories of the resonances re-
veals the existence of a weak coupling which can be ex-
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plained by the interaction between guided waves. This is
manifested on the variations of the reduced cut-off fre-
quencies of A1 wave. The findings are compared with
those obtained for the reference cylindrical shells. The
finding can help us to understand the acoustic diffusion
in the case of metal-metal bi-layered cylindrical shell.
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