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1. Introduction

The classical problem of edge diffraction (ED) from an infinite
wedge of arbitrary angle insonified by a point source has various
analytical frequency-domain solutions dating back to Macdon-
ald in 1915 [1]. Formulations have also been presented in the
time domain and for finite edges, and applications can be found
in many areas of study including noise barrier performance [2],
room acoustics [3], radiation from loudspeakers [4], and scatter-
ing from the ocean surface [5]. Of particular interest here are ex-
act solutions in the time-domain and the frequency-domain. For
the former, the Biot-Tolstoy-Medwin method [2, 6] provides the
diffraction impulse response from an infinite wedge, and its re-
formulation by Svensson et al. [7] gives the solution for the first-
order diffraction from a finite edge as a line integral along the
edge. For the latter, Bowman and Senior [8] and Pierce [9] have
presented a contour-integral formulation. Their formulations em-
ploy a complex integral that requires a suitable integration path,
and the complex integration variable does not correspond directly
to geometrical factors. Other line integral formulations (see be-
low) as well as the one introduced here, differ by using a physical
coordinate as integration variable.

Other line-integral formulations have been described previ-
ously in the literature. For example, Embleton [10] presents
a solution based on the Kirchhoff approximation (KA), which
makes possible the Maggi-Rubinowicz transformation of the
Helmholtz-Kirchhoff surface integral into a line integral. A sim-
ilar KA-based line-integral formulation also has been presented
for time-domain calculations by Sakurai and Nagata [11]. Van-
derkooy [4] provides a line-integral wedge-diffraction expression
based on the high-frequency asymptotic solution from Bowman
and Senior [8]. Menounou et al. [12] describe the “directive line-
source model," an approximate solution based on the integration
of infinitesimal secondary sources distributed along a diffracting
edge.

The time-domain expression in [7] provides the basis for
this work, and it is shown in this paper that the formulation
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Figure 1. Wedge geometry and edge-aligned cylindrical coordi-
nate system used to describe the source (rg, 05, z5) and receiver
(rr, Og, zr) positions. Ps and P are the planes containing the
edge and, respectively, the source and the receiver.

therein can be transformed to provide the exact first-order edge-
diffraction solution in the frequency domain for a finite or infinite
edge. Furthermore, for an infinite wedge this new formulation is
shown to be equivalent to the reference contour-integral solution
from [8] and [9] via a transformation of variables. The most im-
portant aspect of this new formulation is that it uses the physical
coordinate along the edge as integration variable, which implies
that finite edges can be handled directly by adjusting the integra-
tion range.

2. The line-integral formulation
2.1. General formulation

Consider an infinite, rigid wedge, with a point source .S and a re-
ceiver R whose positions are given with edge-aligned cylindrical
coordinates (rs, s, zs) and (rg, Og, zr), respectively, as shown
in Figure 1. The source signal is defined as Q(w) = ppA(w) /47
where py is the density of air and A(w) is the volume acceleration
of the point source at the angular frequency w. Such a source sig-
nal implies that the free-field transfer function, or Green’s func-
tion, is e ¥R /R for the sound pressure, where R is the distance
from the source to the receiver, k = w/c is the wave number and
c is the speed of sound. A time function of ei** is assumed but
suppressed throughout this paper.

The new ED formulation results from a direct Fourier trans-
formation of the time-domain expression presented in [7]. This
yields the edge-diffraction transfer function, H g (), as a line
integral using the z-coordinate along the edge as the integration
variable,

v 4 s B
Hi s = - —ik(m+l) 22 d ) 1
ap (@) 4”§Le 5 dz (M
where v = 7 /0y is the wedge index, 0y is the open (exterior)
wedge angle, and m and / are the distances from the source and
the receiver, respectively, to an edge point (as seen in Figure 1).
The dependence of m and / on z is

m=\re+@—2zs) |=\/rg+@-z)? @

The four g;, which are also functions of the edge position z, are
described below. For a finite wedge, the edge-diffraction solution
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is obtained by using the z-coordinate values of the edge end-
points for the integration limits z; and z,. An infinite wedge is
modeled with z;, = Foo. The functions f;, which can be inter-
preted as edge-source directivity functions, are

_ sin(ve;) 3)
~ cosh (vi)) = cos(vg;)’
where the angles ¢; are
(p1=7t+95+9R, (p2=7r+95—9R,
@3 =7 — 05+ 0k, Qs =71 —05— 0O, 4)
and the auxiliary function 7 is
- - —ml
n= cosh™ =2z —z)—m . 5)

rsrr
This formulation for # is practical for numerical implementation.
However, n can also be written solely as a function of entrance
and exit angles towards and from the edge point, thus the inter-
pretation of f; as directivity functions [7]. For compactness, the
dependence of f;, m, and / on the integration variable z is not
written out explicitly throughout the remainder of the paper.

It should be noted that the analytical expressions for the direc-
tional edge sources make it possible to derive explicit expressions
for first- and even second-order diffraction from some curved
edges, such as the circular disc as shown in [7]. See section 2.4
for a further discussion of higher-order diffraction.

2.2. Reflection and shadow boundaries

The integrand in equation (1) comprises only elementary func-
tions and is singular only for certain receiver positions. Specif-
ically, these receiver positions are at the reflection and shadow
boundaries (depicted in Figure 2, and hereafter referred to
as zone boundaries), i.e. the locations where the geometrical-
acoustics components (the direct sound and specular reflection)
experience discontinuities. At the zone boundaries, the integrand
is singular for only one specific value of z. This z-value, z,, cor-
responds to the position of the so-called apex point, the point
which gives the shortest path from the source to the receiver via
the line containing the edge. z, can be calculated from the radial
and axial source and receiver coordinates,

_ ZRrs T+ ZsTR
rs+rr '

(6)

a

If z, is not included in the physical edge, i.e. is not in the interval
[z1, z2], the singularity does not affect the integral and thus or-
dinary numerical-integration techniques can be used to compute
H yipr(@).

To avoid the singularity when necessary, it is possible to use
an analytical approximation of the integrand in the vicinity of z,
as described in [13]. Such an analytical expression simplifies the
numerical integration and offers a formulation which is robust to
zone-boundary crossings. For the symmetric case (i.e. zs = 2r
or rs = rg), the integration range is split into two sub-ranges:
one in the vicinity of the apex point, up to a point which can be
denoted z,,;r, and one for the remainder of the wedge. For such a
case the presentation can be simplified by assuming z, = 0 with
a wedge that extends symmetrically to an end-point of z, so that
the integration range can be halved. With these assumptions,

v 4 Tsplit . ;B
me)=h+h=—%—ZJ e = dz

¥4 “~Jo ml

v - [ ik (m+1) Bi
-2— ) ——dz. (7

47[ ;JZsplire ml : ( )
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Figure 2. 2D view of the geometry used to produce the results in
Figures 3 - 5. For the source: r¢ = 2 m, 05 = 45°, zg = O m.
For receiver Ry: rg = 5 m, Og = 270°, zg = 0 m. For receiver
Ry: rg = 5 m, 0 224.999°, zr = 0 m. The wedge angle
Oy, = 315°. The length of the edge (perpendicular to the page)
varies and is given for each set of results.

The second integral, I, has no singularities and can be handled
with ordinary numerical-integration techniques. The first inte-
gral, I, is solved using the analytical approximation from [13],
with a small modification for the frequency-domain expression.
It can be written as

v o o 4 Zsplit ik I—io) ﬂ

I, = —2—e™) mo+lo e m—mo+I—=log) FI_ dZ, 8

! 4 21 0 ml ®

i

where mg and [, are distances from the apex point to the source
and to the receiver, respectively. Since the purpose of splitting
the integration range is only to include the singularity in integral
1, the point on the edge where the integration range is split can
be very close to the apex point such that m ~ my and / ~ I, for
I. Thus

e—jk(m—m(]+l—/0) ~ l, (9)
and then
Vet 4 g B;
1, ~ —2—¢Iklmoth —dgz, 10
172 e ;;]; 5 dz (10)

and the analytical approximations in [13] can be used directly for
the integral. In order to fulfill equation (9), it is required that

k(m—my+1—1p) < 1, (11)

which leads to

2molo(mgy + lo)

Lsplit K
s k(rs +rg)?

12)

In addition, the analytical approximations for f; /ml require that
Zsplit < my, ZLsplit < 10~ (13)

For the asymmetric case in which the apex point is included in
the wedge, three integration sub-ranges are necessary: one cov-
ering a small portion of the edge around the apex point, and one
extending from this “apical" region to each of z; and z,.
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2.3. Relationship to the contour-integral solution for the
infinite wedge

As mentioned in section 1, a related frequency-domain diffrac-
tion expression was given in [8] and [9] for the infinite wedge.
That formulation is shown below, with some changes of vari-
able names made for easier comparison to the new line-integral
method. In particular, the original contour-integral integration
variable, ¢ in [8] and s in [9], corresponds to # defined in equation
(5). The integration range (typically —oo to oo) can be halved be-
cause the integrand is even in 7. The reference solution is then,

4

47:ZJ

i=1 70 Rt

% ikRrey

ref
dzjfr (C())

Bidn, (14)

where f; are the same as in equation (3), and

Rref =

\/r§+ri+(ZR—Zs)2+2rS rr cosh 7. (15)

Comparing equations (1) and (14), equivalence of the two for-
mulations can be established if

Ry =m+1, (16)

and

dn _ dz dy _ Ry
Ry ml~ dz ml’

a7)

To address equation (16), setting zs = 0, without loss of gener-
ality, simplifies the derivation somewhat. Squaring both sides of
equation (16) leads to the variable

fi=RL, —(m+1), (18)

and the goal is then to show that f| = 0 (since R,.s, m, and [ all
are positive). Substituting equations (2) and (15) into equation
(18) yields

g+ ry + 2 + 2rsrgcosh n

2
\/r§+zz+\/r§+(z—zk)2]

2rsrgcosh 1 —2z(z — zg)
—2\/r§+zz\/ri+(z—zR)2. (19)
In [7], Appendix A, it is shown that

h

coshy = MHHE=20) 20)

rsrr
which can be inserted in equation (19) resulting in f; =0
Using equation (16), equation (17) can be written as

m+1 dn

ml dz @D
To start the proof of equahty,
sion in equation (20),

can be derived using the expres-

d’? _ r's’'r
dz ~
Viml + 2 = 20F - rir

d’”l+m°” +2z—2zr

(22)

rsrr
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z_/ + (z—zk)m +27— zx

VIml + 2 - 2P = i

L [z + (2 — zp)m* + (22 — zr)ml]
Vimt + 2~ 200 ~rir

[2(m + 1)? = zgm(m + 1)

L
ml

\/[ml +z2(z— 2R - rsrR

2 [z(m+ 1) — zgm]

\/[ml +z2(z—z2R)P - rSrR

Inserting this expression into equation (21), rearranging, and
squaring both sides yields the variable f, which will be shown
to vanish (the involved terms are all positive so the squaring in-
troduces no sign ambiguity),

fo = {lml + 2z — 2p)) = rery} — [2(m + 1) = zgm]’

m* 1+ 22(z — zr)* + 2mlz(z — 2g) — rary
—{Zm+D*+ xm* = 2zzgm(m + 1)}

m* [P = (z—z2p)| + 2 [(z — 2r)* = IP| = rory,
[P = (2= 20| (W = 2) = 3% =0, (23)

Pierce [9] presents a similar argument by applying a different
transformation of variables followed by an inverse Fourier trans-
form to his frequency-domain formulation to arrive at the original
(time-domain) Biot-Tolstoy [6] expression for diffraction from
an infinite wedge. Chu et al. [14] also provide a proof of equiv-
alence between the original Biot-Tolstoy solution and Pierce’s
contour-integral solution by applying a Fourier transform to the
former with a change of integration variable from ¢ to #, followed
by a short series of trigonometric and algebraic manipulations.

2.4. Higher-order diffraction

Any internal or external scattering problem with one finite edge
must have at least two finite edges that generate diffraction
waves. As a consequence, the complete solution must include
first-order diffraction waves from all of those finite edges. In ad-
dition, there will be multiple-diffraction terms, as has been ex-
plored earlier for the time-domain solutions [7, 15]. Finally, com-
binations of specular reflection and diffraction must be included
as well [3, 16]. The solution presented here gives the correct so-
lution for the first-order diffraction contributions, including any
number of specular reflection before and after a single diffract-
ing edge. Higher-order diffraction formulations are the topic of
further work.

3. Results

One basic geometry has been chosen for comparisons of the new
formulation to previous ED solutions. Figure 2 depicts the wedge
(in 2D), with one source position, .S, and two receiver positions,
R; and R,. Furthermore, different edge lengths (perpendicular
to the page) are used in the various examples, as specified below.
The numerical integration of Egs. (1) and (14) was computed us-
ing the quadgk function in Matlab®, which implements adaptive
Gauss-Kronrod quadrature. A relative tolerance of 107 has been
used for all calculations.

3.1. Comparison with the reference solution

Equations (1) and (14) were used to compare the new formula-
tion to the reference solution, respectively. Of particular interest
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R

20k ef. Solution (Eq. 14) for an Infinite Edge

Magnitude (dB re. 1)

Frequency (Hz)

Figure 3. |H g (w)| calculated with the reference solution for
an infinite edge (equation (14)) for the geometry in Figure 2,
using receiver R;. Error for the new formulation (equation (1)) is
shown for edges with various lengths, showing the convergence
to the reference solution with increasing length.

was the edge length needed in the former to provide a suitable
approximation of the infinite edge in the latter. As can be seen in
Figure 3, increasing the edge length to 200 m with the new for-
mulation yields results for which the error is approximately 100
dB below the reference solution at low frequencies and decreases
with increasing frequency.

3.2. Comparison with the time-domain expression

The new formulation has also been compared to a Fourier trans-
form of the ED impulse-response formulation in [13] for the
finite-edge geometry and two receiver positions discussed above
and depicted in Figure 2. The edge length was setto 1 m (z; =0
and z; = 1). As described in [7], the use of area sampling to
convert the continuous-time expression to a discrete-time IR cor-
responds to a first-order low-pass filter, and such a low order
can result in significant aliasing effects. Therefore, in order to
reach a high level of accuracy for the transformed time-domain
results, a high sampling frequency must be chosen. Figure 4
presents the new method as the reference magnitude spectrum
(| H 4igr()|) along with the spectral error associated with Fourier-
transformed time-domain calculations using sampling frequen-
cies of 384, 192, 96, and 48 (Figure 4a only) kHz.

As can be seen in Figure 4a for receiver R, the error decreases
as expected when the sampling frequency is increased, indicating
that the dominant source of error is the aliasing mentioned above.
For each sampling frequency, the error increases approximately
6 dB per octave due to the first-order nature of low-pass filtering
due to area sampling. The ripple seen in the frequency-domain
solution is caused by the finite length of the edge.

In Figure 4b, results are shown for receiver R, which is very
close to the shadow boundary. The reference magnitude spec-
trum is nearly flat, corresponding to the Dirac-like behavior of
the diffraction in the time domain for such receiver positions. The
error is significantly higher in this case, also due to the pulse-like
characteristics of the impulse response near the zone boundaries.

4. Conclusions

A new frequency-domain, line-integral formulation for the
diffraction from a wedge insonified by a point source has been
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Frequency-Domain Solution (Eq.:1)
40 | ;‘N

Magnitude (dB re. 1)

(a) Frequency (Hz)

Frequency-Domain Solution (Eq. 1)

Magnitude (dB re. 1)

-160 : :
10" 10° 10° 10

(b) Frequency (Hz)

Figure 4. | H ()| calculated with the new formulation (equa-
tion 1) for the geometry in Figure 2, using edge endpoints z; =
Om, z, = 1 m. Time-domain solutions computed for sampling
frequencies 48 ((a) only), 96, 192, and 384 kHz have been trans-
formed to the frequency domain using the FFT, and the error
relative to the frequency-domain solution is shown. (a) Data for
receiver R;. (b) Data for receiver R,.

presented. It has been shown to be identical to an analytical,
contour-integral solution for the infinite wedge with a transfor-
mation of variables, and in addition the new formulation can be
applied directly to finite edges. Numerical comparisons with the
reference solution for the infinite wedge confirm the accuracy of
the new method.

The presented solution permits the study of finite edges, but it
is clear that a finite wedge generates first-order diffraction from
a number of finite edges as well as higher-order diffraction com-
ponents. Higher-order diffraction was studied in [7], but has not
been discussed here. Previous studies have suggested that the use
of only first-order diffraction is sufficient in the application of
diffraction modeling to finite noise barriers [17] and room acous-
tics [3], but the current method should be extended to higher or-
ders for further investigations. For the numerical integration of
equation (1), the singularity can be avoided by applying an ana-
Iytical approximation as discussed in section 2.2.
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