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Summary
We present experimental and numerical results on the propagation of Lamb waves in duraluminum elastic waveg-
uides whose section is varying linearly from 5mm to 2mm. The Lamb mode is generated in the area of 5mm
thickness and is propagating down slope. If the incident Lamb wave propagating down slope reaches its thick-
ness cut-off in the varying section area, it is totally reflected. However, a small part of its energy is transmitted
by tunnel effect to the area of 2mm thickness, and is converted into other Lamb waves. The tunnel length and
the energy distribution on the transmitted waves are given as function of frequency. Experimental and numerical
results are in good agreements.

PACS no. 43.20.El, 43.20.Mv, 43.20.Ye, 43.35.Cg, 43.35.Pt, 43.40.Fz

1. Introduction

The propagation of Lamb waves in a plate with a constant
section is well known analytically and experimentally. The
case where the waveguides include a varying section zone
remains a problem. Most previous works on these topics
are theoretical and predict the existence of adiabatic waves
in the case of slow and continuous section variation, as
well as modes conversion [1, 2, 3, 4, 5, 6]. These predic-
tions have been confirmed by experimental and numerical
works [7, 8, 9, 10]. Numerical approaches were developed
such as hybrid boundary-element methods [11, 12], finite-
element methods [13, 14] and modal methods [15, 16]. In
the case of waveguides with linearly varying section, pre-
vious experimental and numerical works have shown the
reflection of the propagating guided wave when reaching
its thickness cut-off [7]. The aim of this work is to study
the propagation in plane plates including an area whose
section is linearly varying from 5mm to 2mm thickness.
The A1 Lamb mode will be generated in the thicker area.
Its propagation down slope inside the varying section do-
main and its transmission into the thinner area will be on
the focus. Its adiabatic behaviour and its total reflection
into the same mode when it reaches its thickness cut-off
(located before the end of the varying section domain) are
expected and will be shown. But more interesting is to

Received 25 June 2008,
accepted 6 April 2009.

z

5
m

m

L 2 = 50 mm

x2
m

m

??

Lv

Lamb wave

L 1 = 50 mm

Figure 1. Waveguides geometry.

show, even if this mode is totally reflected, that a small
part of its energy is transmitted to the thinner zone giving
rise to propagating Lambmodes. The transmitted energy is
evaluated and compared to the one carried by the incident
A1 mode.

The studied waveguides are in duraluminum with lon-
gitudinal wave velocity CL = 6380m/s, shear wave ve-
locity CT = 3100m/s and density ρ = 2800 kg/m3. Fig-
ure 1 gives the geometrical shape of the waveguides. The
waveguides are only differing by the slope angle of their
varying section domain: α = arctan(Δd(mm)/Lv (mm)),
with alpha = 8.5◦ (Lv = 20mm), α = 5.7◦ (Lv = 30mm)
and α = 4.3◦ (Lv = 40mm).

In the next section a short description is given for ex-
perimental and numerical methods [8, 10], the signal pro-
cessing is also presented before the analysis of results.
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Figure 2. Experimental set-up.

2. Experimental study

Figure 2 shows the experimental device. The excitation
of the Lamb wave is carried out with a contact trans-
ducer of 1MHz central frequency (useful bandwidth ex-
tends from 0.5MHz to 1.5MHz), fixed on a Plexiglas
wedge of 26 degrees geometrical angle. This value is cho-
sen in order to generate the A1 mode which has a cut-off
of 1.55MHzmm. The excitation signal is quasi-harmonic
of 0.66MHz central frequency with ten cycles duration,
weighted with a gaussian waveform of 10 Vpp maximum
amplitude. This central frequency is chosen because dur-
ing the down slope propagation, the A1 mode will reach
its thickness cut-off dcut = 2.35mm. A laser velocime-
ter measures the normal displacement versus time on the
plate flat surface in the propagation direction and is trans-
lated by steps of 0.2mm over 150mm. The signal is ac-
quired over 100 µs duration and is sampled at 100MHz by
a digital oscilloscope. The measurements are recorded on
a microcomputer and arranged in a time-space matrix.

3. Numerical study

The numerical study is based on the Finite Elements
Method (FEM), developed in 2-D, using the Comsol soft-
ware in transient analysis.

A quadratic meshing with isoparametric nodes is used.
The normal UZ and tangential UX components of the the-
oretical displacements of the chosen A1 Lamb wave are
applied on the nodes of the thicker section (5mm thick-
ness), during ten periods.

For the numerical study, the temporal Δt and the spatial
Δx steps must be chosen in order to obtain a good conver-
gence of the numerical solution [17]. For the spatial mesh-
ing of the domain, a minimum of five meshes per wave-
length is commonly required. In our case, the spatial step
is the same as that in the experiment where Δx = 0.2mm
is used, allowing approximately 42 steps per wavelength.
The temporal step is Δt = 1/22f , which is enough for
a correct time sampling. The normal displacements of the
nodes on the flat side are collected as in experiment, and
processed in the same way.
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Figure 3. Time-position representation, waveguide with α = 4.3◦,
A1 incident mode, f = 0.66MHz. a: Experimental study.
b: Numerical study.

4. Signal processing

The signal processing performed in this study has often
been used in other works, and is therefore well tested
[7, 8, 9, 10]. It is just summarized in the following. Space-
time FFT is performed for modes identification, and gives
a wavenumber versus frequency representation. For each
position the recorded signal is extended to 16384 points
by a zero padding technique. The accuracy on the value of
the wavenumber is dk = 3.83/m and on the value of the
frequency is df = 1.74 kHz. In order to follow the propa-
gation of the Lamb wave, the wavenumber versus position
representation is also obtained with spatial FFT by slid-
ing a Gaussian window at a fixed frequency. The size of
the sliding window, which results from a compromise be-
tween precision on the position and on the wavenumber,
is fixed to 40mm. This processing gives an accuracy of
dk = 1.92/m on the wavenumber. This representation is
particularly well suited to our case because the observation
and the characterization of the wave propagation along the
waveguide are of interest.

5. Experimental and numerical results

The wedge angle of 26 degrees and the incident beam have
been arranged in order to generate experimentally the A1
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Figure 4. Numerical study: Time-position representation, wave-
guide with α = 4.3◦, A1 incident mode, f = 0.42MHz.

mode in the thicker area. The central frequency of the sig-
nal is 0.66MHz. The plots with colour levels of the time-
position matrix, for both experimental and numerical stud-
ies, are given on Figure 3a and 3b. The incident, reflected
and transmitted signal represented by the magnitude of the
normal displacement are shown in (x, t) diagram. One can
observe the propagation of waves that are mainly reflected
before reaching the end of the varying section domain. A
small part is transmitted in the area of 2mm thickness. Fig-
ure 3a corresponding to the experimental study contains
more wave fronts compared to Figure 3b corresponding
to the numerical one. This is due to multiple reflections
within the wedge that generate supplementary wave fronts.

It is important to note that at f = 0.66MHz, the thick-
ness cut-off in the varying section area of the A1 mode is
equal to 2.35mm, which is very close to the area of 2mm
thickness. Nevertheless, one can see that the wave fronts
become horizontal, indicating an infinite velocity: this is
a characteristic of the wave at its cut-off. To confirm this
reflection at the cut-off before reaching the end of the vary-
ing section domain, another simulation is then carried at a
lower frequency. Figure 4 is a time-space representation of
the incidentA1 mode generated at f = 0.42MHz. One can
clearly observe its reflection before the end of the varying
section domain. Here again, when it reaches its thickness
cut-off, a small part of the energy is transmitted in the area
of 2mm thickness.

In the following, some results will be given for exper-
imental and numerical studies, for the A1 incident mode
at f = 0.66MHz, as the transducer bandwidth does not
permit any study at f = 0.42MHz.

5.1. Modes identification in the thicker area

A space-time FFT is applied in the area of 5mm thick-
ness. Figure 5a and 5b show the wavenumber versus fre-
quency representation for experimental data. Figure 5a
corresponding to positive values of wavenumbers is re-
lated to the generated incident modes. Theoretical disper-
sion curves of Lamb modes are superimposed. The A1
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Figure 5. Experimental study: Wavenumber versus frequency
representation in the area of 5 mm thickness. Waveguide with
α = 4.3◦. a: Incident A1 mode, b: Reflected A1 mode.
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Figure 6. Numerical study: Wavenumber versus frequency rep-
resentation in the area of 5 mm thickness. Waveguide with α =
4.3◦. a: Incident A1 mode, b: Reflected A1 mode.

mode is identified in the frequency range 0.57MHz < f <
0.77MHz. In addition, the S0 mode is also weakly gener-
ated around the central frequency of excitation. Figure 5b,
with negative wavenumber values, is related to the re-
flected A1 mode propagating backward. One can see that
this mode is reflected in all the frequency range of exci-
tation. Figure 6a and 6b are the same representations for
the numerical study. A very good agreement can be seen
between the experimental and numerical results. In spite
of the phenomenon of total reflection, the amplitude of the
reflected wave observed in experiment is smaller than the
one of the incident wave. This is due to the geometrical
spreading of the beam on the plate. Such a phenomenon is
not seen in the numerical studies because a pure 2D prob-
lem is solved by the numerical scheme.

For all the frequencies existing in the spectrum of the in-
cident A1 mode, there is a critical thickness in the varying
section. The frequency-thickness cut-off for the A1 mode
is 1.55MHzmm. For the lowest frequency of excitation,
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Figure 7. Wavenumber versus frequency representation in the
area of 2mm thickness. Waveguide with α = 4.3◦. a: Experimen-
tal study, b: Numerical study.

the thickness cut-off is dcut = 1.55/0.57 = 2.72mm, and
for the highest dcut = 1.55/0.77 = 2.01mm, that are both
included in the varying section domain. Then it can be con-
sidered that the entire A1 wave is retro-reflected. The anal-
ysis of the thinner zone will show if any acoustic field is
however transmitted.

5.2. Transmitted modes and their energy

The modes identification process is achieved on experi-
mental and numerical data in the transmission zone. Fig-
ure 7a and 7b show the wavenumber-frequency represen-
tation in the area of 2mm thickness, respectively for the
experimental and numerical study. The transmitted A0 and
S0 modes are identified, in both cases. TheA0 mode seems
to be transmitted in a wider frequency range. The am-
plitude distribution of these modes in the experiment is
slightly different from the simulation, which could result
from the excitation of the incident S0 mode in addition
to the A1 (previous studies have shown that the incident
S0 mode gives rise to the S0 and A0 transmitted modes in
the thinner area). Therefore, the energy distribution of the
incident A1 mode on the transmitted modes will be only
calculated for the numerical study.

Experimentally, the process to determine the energy of
a Lamb mode from its normal displacement is currently
used in our previous works [9, 10]. For a waveguide of
constant thickness, a theoretical coefficient is calculated:
ζ = |Uz|/ φ, where Uz is the normal displacement and φ
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Figure 8. Numerical study: Ratio of the total transmitted energy
by the incident one versus frequency.

the energy of the considered mode (the energy is defined
as the Poynting vector flow in the propagation direction
across the section of a plane elastic plate) [18]. The knowl-
edge of the ζ parameter and the measure of the normal
displacement obtained for the considered structure from
the experiment or the FEM, gives the value of the energy.
Numerically, an energy balance is made in the thick and
the thin zones. It is possible to get the energy of the inci-
dent and reflected waves at the thicker area and the trans-
mitted energy at the thinner area. The law of conservation
of energy is verified within an error of about 2%. Cuts at
different frequencies on the wavenumber-frequency repre-
sentation are done [9, 10], and the ratio of the total energy
carried by the transmitted modes by the energy of the in-
cident A1 mode (φS0 +φA0 )/φA1 is calculated. Figure 8 is
the plot of this ratio versus frequency for different waveg-
uides whose sections are varying from 5mm to 2mm, but
with different slopes.

The various curves exhibit a similar evolution. The total
transmitted energy is very small compared to the incident
one, and does not exceed 1.2%. Moreover, the total trans-
mitted energy at a given frequency is more important when
the slope of the guide increases. Interpretation of the phys-
ical phenomenon that allowed this transmission is given
in section 5.4. The adiabatic behaviour of the incident A1

mode is on the focus in the next section.

5.3. Adiabatic behaviour inside the varying section
domain

Figures 9a and 9b are the representation of the wavenum-
ber versus position using a spatial FFT with sliding win-
dow at f = 0.66MHz, obtained respectively for the exper-
iment and the simulation. The colour levels indicate the
value of the modulus of the FFT. The guide profile is also
drawn on the right side of these figures to locate the posi-
tions where the propagating wave exhibits some particular
properties. The positive values of wavenumbers indicate
propagation towards the decreasing thickness, while neg-
ative the opposite. The dispersion curves of Lamb waves
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Figure 9. Wavenumber versus position representation using spa-
tial FFT with sliding window at f = 0.66MHz. Waveguide with
α = 4.3◦. a: Experimental study, b: Numerical study.

for the local thickness and at f = 0.66MHz are also plot-
ted. These figures confirm the well-expected adiabatic be-
haviour of the incident A1 mode inside the varying section
domain [6, 7, 8, 9], but more interesting is its reflection at
a particular thickness d = dcut corresponding to the cut-
off of the A1 Lamb mode at the considered frequency. The
propagation of this mode is then upslope. Two modes A0

and S0 are weakly transmitted in the area of 2mm thick-
ness, as shown in section 5.2. As the S0 mode is generated
in addition to theA1 mode in the experiment (see Figure 9a
near 1300/m), the origin of these transmitted waves is not
so clear. The numerical study brings the physical meaning
of the propagation of waves in the transmitted area, be-
cause the transmission is only related to the incidence of
the A1 mode in the numerical study (Figure 9b).

5.4. Interpretation

Propagating Lamb modes are real solutions of the char-
acteristic equation of a plate for frequencies higher than
their cut-off. Below this cut-off, the solutions are com-
plex or purely imaginary and are related to an evanescent
field. In the area beyond the limit d = dcut, an evanescent
field can exist. This fact is related to the evolution of the
wave vector in the complex plane. As the A1 wave is prop-
agating, the wavenumber is real, that is Kx = K �

x(ωd).
At the frequency-thickness cut-off: K �

x = 0. Below this
cut-off, the wavenumber in the case of the A1 mode, is
purely imaginary: Kx = iK ��

x . The dispersion curve of the
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Figure 10. Dispersion curve of the evanescent A1 Lamb Mode.
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Figure 11. Numerical study: Variation of the tunnel length versus
the frequency for the different studied guides.

evanescentA1 mode is shown on Figure 10. The imaginary
wavenumber is increasing when the frequency-thickness
is decreasing, that is the amplitude of the vibration for
d < dcut is decreasing. Nevertheless for a length with an
order of magnitude equal to 1/K ��

x , the amplitude is weak
but not null. It can be considered that the vibrations located
at the beginning of the zone of constant thickness give rise
to waves that can propagate at the considered frequency. In
this case for the thickness and the frequency considered,
only two waves can propagate: A0 and S0 waves. Their
transmission is then assumed to be by tunnel effect. This
phenomenon of guided wave tunnelling is rather classical
of theoretical physics encountered in many fields, and has
been reported by A. Alippi et al. for example, in the case
of the backward propagating S1 Lamb mode [19].

The distance between the position of the thickness cut-
off dcut and the entry of the transmission area appears to
be a tunnel length. These tunnel lengths are given on Fig-
ure 11 as a function of frequency. For a given waveguide,
when the frequency increases, the thickness cut-off de-
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creases, that is the tunnel length decreases, and the trans-
mitted energy increases (see Figure 8), which is in agree-
ment with the tunnel effect. In another hand, Figure 10
shows that the imaginary wavenumber is increasing as the
frequency-thickness is decreasing, that means as the tun-
nel length is increasing. Therefore, the transmitted energy
must be decreasing: this fact is in accordance with the
measured transmitted energy and confirms the tunnel ef-
fect transmission.

At a fixed frequency, the transmitted energy is more im-
portant when the slope of the waveguide increases as the
tunnel length becomes shorter. Figures 8 and 11 confirm
these points of view and support the mode transmission by
tunnel effect.

6. Conclusion

In this work we have shown experimentally and numer-
ically the reflection of an incident Lamb mode when it
reaches its thickness cut-off in a waveguide including a
linear section variation. The experimental and numerical
results are in good agreement. The numerical study helps
to highlight the physical meaning of the observed phe-
nomenon. A small part of the incident mode energy is
transmitted by tunnel effect into Lamb modes in the thin-
ner part of the waveguide. The total transmitted energy is
numerically calculated and compared for waveguides with
different slopes. The longer the tunnel length, the weaker
the transmitted energy, which is in accordance with the
tunnel effect explanation. Bibliography
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