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Summary
The emergence of deterministic Green’s functions from cross-correlation of ambient noise is the physical ba-
sis for a number of passive remote sensing techniques. The data-accumulation time necessary for the Green’s
function emergence is of critical significance for the feasibility and implementation of the passive techniques.
This paper re-examines calculation of the necessary data-accumulation times. Previously published estimates are
extended to more general ambient noise fields and source-receiver geometries. The emergence time calculation
is performed for arbitrary anisotropy of the noise field generated by random acoustic noise sources located on a
surface or on a curve. The results apply to a general case of an inhomogeneous, moving or motionless medium
with time-independent parameters. It is shown that in certain situations the emergence time estimates are influ-
enced by the geometry (dimensionality) of the noise sources’ layout, and not necessarily by the dimensionality
of the propagation medium. A simpler technique using basic statistical principles is suggested for calculating the
emergence time under rather general assumptions.

PACS no. 43.20.Bi, 43.30.Nb, 43.30.Pc, 43.60.Rw

1. Introduction

Passive remote sensing techniques known as noise in-
terferometry have become increasingly popular in recent
years after Weaver and Lobkis [1, 2] obtained confirma-
tion of the practical significance of the property of an am-
bient noise cross-correlation function (CCF) to reproduce
the shape of a time-domain Green’s function describing
propagation between two points in space. A number of
publications appeared in diverse research fields, includ-
ing ultrasonics, geophysics, helioseismology, and acous-
tical oceanography, covering various applications of these
techniques and their theoretical aspects. A good bibliogra-
phy may be found in [3] and in other recent publications
[4, 5, 6, 7, 8, 9].

Experimental results and theoretical estimates show
that, in many practical situations, peaks of the cross-
correlation function have small amplitudes compared to
the noise dispersion. This means that relatively long time
series of data are required to reveal the structure of the
cross-correlation function. Calculation of the required ac-
cumulation time is a central problem for many applications
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of the noise interferometry. This issue has been addressed
by several authors [10, 11, 12, 13, 14]. As summarized in
[3], the accumulation time depends on the ratio R/λ of the
distance R between the two points and the wavelength λ,
and on the dimensionality of the problem. However, the
derivations mentioned rely on certain assumptions such as
uniformity of the noise sources’ distribution, which do not
necessarily hold for acoustic noise in the ocean and atmo-
sphere.

In this paper, we re-examine the emergence of acous-
tic Green’s functions from time averages of ambient noise
with the goal of improving and extending the existing esti-
mates of the required data-accumulation time. Our theoret-
ical approach in section 3 is similar to that of [12]. But our
results are obtained under more general conditions, and
some new physics is highlighted in section 4. In particular,
unlike [11] and [12], we do not assume that noise sources
are uniformly distributed in space. In section 5, we sug-
gest an alternative, simpler technique to obtain the accu-
mulation time estimates. Section 6 summarizes our con-
clusions.

2. Basic assumptions and relationships

The main idea of noise interferometry is that the ambient
noise passing through two points in space, a and b, pro-
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duces a cross-correlation function the shape of which is
similar to the shape of the corresponding Green’s function
describing propagation between a and b.

We will assume that random noise sources S(.r, t) are
stationary in the statistical sense and delta correlated in
space (but not necessarily in time, thus allowing noise sig-
nals with an arbitrary spectrum shape). Then, their second-
order statistical moment can be written as

S(.r1, t1) S(.r2, t2) = ε(.r1, t1 − t2) δ(.r1 − .r2), (1)

where the function ε(.r1, t) describes the power density of
the noise sources, and the angular brackets denote averag-
ing over the full statistical ensemble of realizations of the
noise sources. The acoustic pressure field created at the
point a by all noise sources is

P (.ra, t1) = d.r1 dt1S(.r1, t1)G(.r1, .ra, t − t1), (2)

where the spatial integration is performed over the re-
gion of appropriate dimensionality occupied by the noise
sources, and G(.r1, .ra, t − t1) is the time-domain Green’s
function, which, according to the causality principle, pos-
sesses the following property: G(.r1, .ra, t − t1) = 0 when
t1 > t. If the medium is time-independent (stationary),
a practical estimate of the cross-correlation function be-
tween the two points, a and b, may be obtained through
temporal averaging,

Ca,b;Tr
(τ) = T−1

r

Tr/2

−Tr/2
dtP (.ra, t)P (.rb, t − τ). (3)

Here, integration over time corresponds to the conditions
of a specific experiment, where data accumulation may
take place only over finite recording time Tr. Obtaining
the exact values of CCF Ca,b(τ), however, requires aver-
aging over the full ensemble of realizations of the noise
sources,

Ca,b(τ) = P (.ra, t) P (.rb, t + τ) = Ca,b;Tr
(τ) . (4)

The time average (3) is only an approximation to the ex-
act CCF (4), the quality of which depends on the record-
ing length Tr. The CCF estimate obtained from a specific
recording includes random variations around its theoret-
ical values, which can also be described statistically. In
fact, the condition of smallness of these variations com-
pared to the exact CCF determines the required duration
of the data-accumulation time Tr.

Combining equations (1)–(3), we obtain

Ca,b(τ) = T−1
r

Tr/2

−Tr/2
dt d.r

∞

−∞
dt1 G(.r, .ra, t − t1)

·
∞

−∞
dt2 G(.r, .rb, t + τ − t2) ε(.r, t1 − t2). (5)

Making the transition to spectral representations of the
Green’s functions and of the noise intensity,

G(.r, .ra, t − t1) =
∞

−∞
G(.r, .ra, ω1) e−iω1(t−t1)dω1, (6)

G(.r, .rb, t + τ − t2) =
∞

−∞
G(.r, .rb, ω2) e−iω2(t+τ−t2)dω2, (7)

ε(.r, t1 − t2) =
∞

−∞
ε(.r, ω3) e−iω3(t1−t2)dω3, (8)

Ca,b(τ) =
∞

−∞
Ca,b(ω) e−iωτdω, (9)

and introducing new variables u = t − t1, v = t + τ − t2,
v−u−τ = t1−t2, one can obtain the spectral representation
of the CCF in the following form:

Ca,b(ω) = (2π)2 d.r ε(.r, ω) G∗(.r, .ra, ω) G(.r, .rb, ω). (10)

As has been shown in a number of works, the shape
of the CCF approximates the shape of the Green’s func-
tion describing propagation between points a and b. Usu-
ally, the correspondence between the CCF and the Green’s
function consists of accurate reproduction of travel times
of various arrivals, with the amplitudes of the arrivals re-
produced with accuracy to some proportionality coeffi-
cient. For example, as was shown in [15], for quite general
conditions in a stationary moving inhomogeneous medium
with noise sources located on a surface S, the temporal
spectra of the two are related by

Gs(.rb, .ra, ω) + G∗
s (.ra, .rb, ω) (11)

∼ −Ca,b(ω)s
.N (.rs) · .q(.rs)/2π2 .ρ(.rs) c(.rs) ε(.rs, ω),

where index s is a reminder that this relationship holds for
a specific ray path connecting points .ra, .rb, and a stationary
point .rs of the integral (10) belongs to the surface S. .N
is a unit normal vector to the surface S, ρ(.r) is the mass
density, c(.r) is the sound speed, .q = (ω2/ch)(.h/h + .u/c),
.h(.r) is the wave vector, ω = 2πf , f is the wave frequency,
and .u(.r) is the flow velocity.

If there are several ray paths connecting points a and
b, the CCF may have several corresponding maxima in
the time domain. We assume that the ray arrivals in the
Green’s function are resolved in time in the frequency
band considered. It is the relation between specific CCF
peak amplitude and its variance that determines the nec-
essary data-accumulation time to reveal the peak posi-
tion and/or shape and to use this information for re-
mote sensing of the propagation medium. The time nec-
essary to accumulate enough data to reveal the maxima of
the CCF is critical for this method. The task of evaluat-
ing this time has been addressed in several publications
[10, 11, 12, 13, 14], and the results were summarized in
[3] with the following simple statement

Tr δf � (R/λ)d−1, (12)

where R is the distance between points a and b, λ is
the wavelength, δf is the bandwidth of the measuring
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device (receiver) that may not exceed the frequency of
the signal’s discretization, and d is the dimensionality of
the problem (d = 1, 2, or 3). In practical applications,
R � λ. That is why the dimensionality of the problem
is one of the most critical parameters. Most media support
three-dimensional wave propagation (e.g., body waves in
the Earth’s interior, atmosphere, ocean, etc.). There are
also important examples of two-dimensional propagation
(surface waves in seismology, normal modes in underwa-
ter acoustic waveguides, etc.). We will show in section 4
that, in addition to the dimensionality of the propagation
medium, the dimensionality of the spatial distribution of
the noise sources may impact Tr. In the following section
we discuss possible generalizations of the condition (12).

3. Variance of the cross-correlation func-
tion

The variance of the cross-correlation function is

var Ca,b;Tr
(τ) = C2

a,b;Tr
(τ) − C2

a,b(τ), (13)

where Ca,b(τ) is given by equations (9) and (10). By us-
ing equations (3) and (2), the following expression can be
obtained for C2

a,b;Tr
(τ):

C2
a,b;Tr

(τ) = T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r1 d.r2 d.r3 d.r4

∞

−∞
dt1

∞

−∞
dt2

∞

−∞
dt3

∞

−∞
dt4 (14)

· S(.r1, t1)S(.r2, t2)S(.r3, t3)S(.r4, t4)

· G(.r1, .ra, t − t1)G(.r2, .rb, t + τ − t2)

· G(.r3, .ra, t̃ − t3)G(.r4, .rb, t̃ + τ − t4).

If the noise sources obey Gaussian statistics, the fourth-
order moment of their amplitudes reduces to

S(.r1, t1)S(.r2, t2)S(.r3, t3)S(.r4, t4) =

S(.r1, t1)S(.r2, t2) S(.r3, t3)S(.r4, t4) (15)

+ S(.r1, t1)S(.r3, t3) S(.r2, t2)S(.r4, t4)

+ S(.r1, t1)S(.r4, t4) S(.r2, t2)S(.r3, t3) ,

thus allowing representation for �C2
a,b;Tr

(τ)� as a sum of
three terms,

C2
a,b;Tr

(τ) = I (τ) + J (τ) + K(τ). (16)

As was shown in [12], for the noise sources uncorrelated
both in space and in time the first term in equation (16),
I (τ), always equals C2

a,b(τ) and is cancelled in the right-
hand side of equation (13) by the second term, while J (τ)
always dominates over K(τ). Let us show how the same
result can be obtained without the assumption of delta-

correlation in time. For I (τ) we have

I (τ) = T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r1 d.r2 d.r3 d.r4

∞

−∞
dt1

∞

−∞
dt2

∞

−∞
dt3

∞

−∞
dt4

· S(.r1, t1)S(.r2, t2) S(.r3, t3)S(.r4, t4)

· G(.r1, .ra, t − t1) G(.r2, .rb, t + τ − t2)

· G(.r3, .ra, t̃ − t3) G(.r4, .rb, t̃ + τ − t4)

= T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r1 d.r2 d.r3 d.r4

∞

−∞
dt1

∞

−∞
dt2

∞

−∞
dt3

∞

−∞
dt4

· ε(.r1, t1 − t2) δ(.r1 − .r2)

· ε(.r3, t3 − t4) δ(.r3 − .r4)

· G(.r1, .ra, t − t1) G(.r2, .rb, t + τ − t2)

· G(.r3, .ra, t̃ − t3) G(.r4, .rb, t̃ + τ − t4)

= T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r1 d.r3

∞

−∞
dt1

∞

−∞
dt2

∞

−∞
dt3

∞

−∞
dt4 (17)

· ε(.r1, t1 − t2) ε(.r3, t3 − t4)

· G(.r1, .ra, t − t1) G(.r1, .rb, t + τ − t2)

· G(.r3, .ra, t̃ − t3) G(.r3, .rb, t̃ + τ − t4)

= T−2
r

Tr/2

−Tr/2
dt d.r1

∞

−∞
dt1 G(.r1, .ra, t − t1)

·
∞

−∞
dt2 G(.r1, .rb, t + τ − t2) ε(.r1, t1 − t2)

·
Tr/2

−Tr/2
dt̃ d.r3

∞

−∞
dt3 G(.r3, .ra, t̃ − t3)

·
∞

−∞
dt4 G(.r3, .rb, t̃ + τ − t4)ε(.r3, t3 − t4)

= C2
a,b(τ).

The last equality follows from a comparison with equation
(5). For J (τ) we have

J (τ) = T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r1 d.r2 d.r3 d.r4

∞

−∞
dt1

∞

−∞
dt2

∞

−∞
dt3

∞

−∞
dt4

· S(.r1, t1)S(.r3, t3) S(.r2, t2)S(.r4, t4)

· G(.r1, .ra, t − t1) G(.r2, .rb, t + τ − t2)

· G(.r3, .ra, t̃ − t3) G(.r4, .rb, t̃ + τ − t4)

= T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r1 d.r2 d.r3 d.r4

∞

−∞
dt1

∞

−∞
dt2

∞

−∞
dt3

∞

−∞
dt4

· ε(.r1, t1 − t3) δ(.r1 − .r3)
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· ε(.r2, t2 − t4) δ(.r2 − .r4)

· G(.r1, .ra, t − t1) G(.r2, .rb, t + τ − t2)

· G(.r3, .ra, t̃ − t3) G(.r4, .rb, t̃ + τ − t4)

= T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r1 d.r2

∞

−∞
dt1

∞

−∞
dt2

∞

−∞
dt3

∞

−∞
dt4 (18)

· ε(.r1, t1 − t3) ε(.r2, t2 − t4)

· G(.r1, .ra, t − t1) G(.r2, .rb, t + τ − t2)

· G(.r1, .ra, t̃ − t3) G(.r2, .rb, t̃ + τ − t4)

= T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r1

∞

−∞
dt1

∞

−∞
dt3

· G(.r1, .ra, t − t1) G(.r1, .ra, t̃ − t3)ε(.r1, t1 − t3)

· d.r2

∞

−∞
dt2

∞

−∞
dt4

· G(.r2, .rb, t + τ − t2) G(.r2, .rb, t̃ + τ − t4)ε(.r2, t2 − t4) .

After the substitutions of variables u = t − t1, v = t̃ − t3,
.r1 = .r in the first brackets, and u = t+τ− t2, v = t̃+τ− t4,
.r2 = .r in the second brackets, it becomes evident that the
two expressions in the brackets differ only by the indices
a and b, and the entire expression (18) does not depend on
τ,

J (τ) = T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r

∞

−∞
du

∞

−∞
dv

G(.r, .ra, u) G(.r, .ra, v)ε(.r, t − t̃ − u + v)

· d.r
∞

−∞
du

∞

−∞
dv (19)

G(.r, .rb, u) G(.r, .rb, v)ε(.r, t − t̃ − u + v)

= T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ ..

a
..

b
= const(τ).

Now it is convenient to apply Fourier transforms similar to
equations (6)–(8) and to compare the result with equations
(9)–(10):

..
a
= (2π)2 d.r

∞

−∞
dω

· G∗(.r, .ra, ω) G(.r, .ra, ω)ε(.r, ω) e−iω(t−t̃)

= Ca,a(t − t̃). (20)

Here, Ca,a(t − t̃) denotes the autocorrelation function
(ACF) of the ambient noise at point a. Similarly, {..}b =
Cb,b(t− t̃). If follows from the definition (4) that Ca,a(t− t̃)
and Cb,b(t − t̃) are even functions of their temporal ar-
guments as long as the propagation medium is time-
independent (but not necessarily motionless) and the noise
sources are stationary (in the statistical sense). Therefore,

the product f (q) = {..}a{..}b = Ca,a(q)Cb,b(q) is also an
even function of its argument q = t− t̃. Making the transi-
tion to new variables q and p = t + t̃ in equation (19), one
obtains

J (τ) = T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ f (t − t̃)

=
1
2

T−2
r

0

−Tr

dqf (q)
Tr+q

−Tr−q

dp

+
Tr

0
dqf (q)

Tr−q

q−Tr

dp (21)

=
1
Tr

Tr

−Tr

dqf (q) − 1

2T 2
r

Tr

0
dq q f (q)

� 1
Tr

Tr

−Tr

dqf (q) =
1
Tr

Tr

−Tr

dqCa,a(q) Cb,b(q).

The contribution of the second integral in equation (21)
compared to the first one is O(Tcorr/Tr) 
 1, where Tcorr

is the correlation scale of the ACF defined as

T m
corr =

∞

0
dq Cm,m(q)/Cm,m(0), m = a, b.

Now let us evaluate the third term in the right-hand side
of equation (16), K(τ). After integration over .r4 and .r3,
we obtain

K(τ) = T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r1

∞

−∞
dt1

∞

−∞
dt4

· G(.r1, .ra, t − t1) G(.r1, .rb, t̃ + τ − t4)ε(.r1, t1 − t4)

· d.r2

∞

−∞
dt2

∞

−∞
dt3 (22)

· G(.r2, .ra, t̃ − t3) G(.r2, .rb, t + τ − t2)ε(.r2, t2 − t3) .

After the substitutions of variables u = t−t1, v = t̃+τ−t4,
.r1 = .r in the first bracket, and u = t̃ − t3, v = t + τ − t2,
.r2 = .r in the second bracket, and introducing q = t− t̃, the
expression for K(τ) becomes

K(τ) = T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r

∞

−∞
du

∞

−∞
dv

· G(.r, .ra, u) G(.r, .rb, v)ε(.r, q − u + v)

· d.r
∞

−∞
du

∞

−∞
dv (23)

· G(.r, .ra, u) G(.r, .rb, v)ε(.r, q + u − v + τ) .
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Now we apply the Fourier transforms similarly to what
was done earlier, when deriving equation (20), to obtain

K(τ) = (2π)4T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ d.r

∞

−∞
dω

· G∗(.r, .ra, ω) G(.r, .rb, ω)ε(.r, ω) e−iωq

· d.r
∞

−∞
dω (24)

· G(.r, .ra, ω) G∗(.r, .rb, ω)ε(.r, ω) e−iω(q+τ)

= T−2
r

Tr/2

−Tr/2
dt

Tr/2

−Tr/2
dt̃ Ca,b(q) Cb,a(q + τ).

The last equality follows from comparison with equation
(10). This expression can be further simplified in the same
way it was done with equation (21):

K(τ) = T−2
r Tr

Tr

−Tr

dq +
0

−Tr

dq q −
Tr

0
dq q

· Ca,b(q) Cb,a(q + τ) (25)

=
1
Tr

1 + O
qmax

Tr

Tr

−Tr

dq Ca,b(q) Cb,a(q + τ)

� 1
Tr

Tr

−Tr

dq Ca,b(q) Cb,a(q + τ),

where qmax is the position of a peak of the function
Ca,b(q) Cb,a(q + τ). In all practical situations qmax 
 Tr.
Equation (25) differs from equation (21) by containing the
product of the CCFs instead of the product of the ACFs.
The maximum value of the integral in (25) can be ex-
pected when τ has a special value providing coincidence
of the peaks of the two CCFs. However, even in this case,
when the structure of the two expressions in the rightmost
sides of equations (25) and (21) appears to be the same,
the expected overall value of K(τ) should be negligible
compared to the expected overall value of I (τ) given by
equation (21), simply because the peak value of the CCF
is much lower than the peak value of ACF at R � λ. We
will consider some specific estimates confirming this rea-
soning a little later.

Thus, for R � λ an acceptable estimate for the variance
of the cross-correlation function of the ambient noise is

var Ca,b(τ) = T−1
r

Tr

−Tr

dq Ca,a(q) Cb,b(q), (26)

and therefore the condition determining the necessary
data-accumulation time is

max Ca,b(τ) > T−1
r

Tr

−Tr

dq Ca,a(q) Cb,b(q). (27)

In the next section we will analyze this condition in detail.

a

b

S1

S2

s

Figure 1. Two important particular cases of the geometry of
the noise sources: a one-dimensional distribution of the noise
sources on a line S1 and a two-dimensional distribution of the
noise sources on a surface S2. Also shown is a ray path connect-
ing points a and b, where the noise measurements are performed,
and crossing the line S1 or surface S2 at a point s. The noise
sources located in a vicinity of this ray path are responsible for
the peaks of the noise’s cross-correlation function.

4. Estimates for the data-accumulation
time

For application of the condition (27), we must evaluate
both the ACF and CCF of the ambient noise. Let us start
with the ACF given by equation (20). If we assume that
there is only one ray arrival and use the high-frequency
approximation for the Frequency-Domain Green’s Func-
tion (FDGF) [16]

G(.r, .ra, ω) � A(.r, .ra, ω) e iωϕ(.r,.ra), (28)

where A(.r, .ra, ω) is the complex amplitude of the spectral
component, and ϕ(.r, .ra) is the eikonal function, we obtain
the following expression for the ACF of the ambient noise
in the finite frequency band Δω,

Ca,a(τ) = (2π)2 d.r
Δω

dω (29)

· ε(.r, ω) A(.r, .ra, ω)
2
e−iωτ .

Substituting equation (29) into the right-hand side of the
inequality (27) yields the following result:

T−1
r

Tr

−Tr

dq Ca,a(q) Cb,b(q) = (2π)4T−1
r Δω (30)

d.rε(.r, ω0) A(.r, .ra, ω0)
2

d.rε(.r, ω0) A(.r, .rb, ω0)
2

.

Let us assume that the noise sources are located on a
surface or on a contour Sn where n is the dimensionality
of the source distribution (.r ∈ Sn, n = 1, 2, see Figure 1)
and introduce the average noise power arriving in a and b,

Pm =
1

Sn .r∈Sn

dSn ε(.r, ω0) A(.r, .rm, ω0)
2
, (31)
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where m = a, b. Then

T−1
r

Tr

−Tr

dqCa,a(q)Cb,b(q) (32)

= (2π)2 T−1
r ΔωSn �Pa� �Pb�.

Now let us turn to the CCF using the same high-
frequency approximation for the FDGF and the assump-
tion of a finite-band noise spectrum:

Ca,b(τ) = (2π)2 dSn

∞

−∞
dω

· ε(.r, ω)A(.r, .ra, ω)A∗(.r, .rb, ω)

· exp iω ϕ(.r, .ra) − ϕ(.r, .rb) − iωτ

= (2π)2
Δω

dω
Sn

dSn (33)

· ε(.r, ω)A(.r, .ra, ω)A∗(.r, .rb, ω)

· exp iωψ (.r, .ra, .rb) − iωτ ,

where ψ (.r, .ra, .rb) = ϕ(.r, .ra) − ϕ(.r, .rb). The integral over
Sn can be calculated using the stationary phase method.
According to the stationary phase method [16], only those
points .rs of the Sn contribute to the leading term of the
high-frequency asymptotic expansion, where the deriva-
tives [∂ψ (.r, .ra, .rb)/∂.s].r=.rs∈Sn

with respect to the curvilin-
ear (in a general case) coordinates {sj} on Sn are zero.
This condition is satisfied [15] for a point where a contin-
uation of the ray path connecting points a and b crosses Sn

(see Figure 1). These stationary points produce maxima
of the cross-correlation function, the amplitudes of which
may be evaluated by the stationary phase method in the
following way,

Ca,b τ = ψ (.rs, .ra, .rb)

= (2π)2Δω ε(.rs, ω0)A(.rs, .ra, ω0)A∗(.rs, .rb, ω0)
2π

ω0

n/2
detψ̂n

−1/2
e(iπ/4) n

i=1 sgnqi

� (2π)2Δω Psa Psb
2π

ω0

n/2
detψ̂n

−1/2
. (34)

Here,

ψ̂n =
∂2ψ (.r, .ra, .rb)

∂si∂sj .r=.rs∈Sn

, i, j = 1, . . . , n,

and the quantities

Psa = ε(.rs, ω0)A(.rs, .ra, ω0),

Psb = ε(.rs, ω0)A(.rs, .rb, ω0),

describe the spatial density (on Sn) of the noise power ar-
riving in the points a and b from the vicinity of the station-
ary point .rs.

Combined use of equations (32) and (34) allows one to
represent the condition (27) in the following form:

TrΔω
Psa

�Pa�
Psb

�Pb�
δSn

Sn

2
> 1, (35)

a

b

S2
O

r

r

r

z

y

x

a

b

S1

O

r

r

r

z

y

x

(a)

(b)

Figure 2. Coordinate system used in evaluation of a stationary
point contribution into the noise cross-correlation function in a
homogeneous medium. Vector .r is in the plane xOy (tangential
to S2) in the case of two-dimensional distribution of the noise
sources (a), or it belongs to the line Ox (tangential to S1) in
the case of one-dimensional distribution of the noise sources (b).
Vectors .ra and .rb connect the stationary point, which is chosen as
the coordinate origin, and the observation points a and b.

where Sn is the total area occupied by the noise sources,
and δSn = (2π/ω0)n/2|detψ̂n|−1/2 has the meaning of the
area of the vicinity of the stationary point that provides the
main contribution to the cross-correlation of the noise in
points a and b. The anisotropy coefficients Psa/�Pa� and
Psb/�Pb� describe another important property of this prob-
lem: there is a useful noise that propagates along the ray
paths close to the ray path connecting points a and b (this
noise helps to build the cross-correlation function at the
time lags corresponding to propagation between points a
and b) and there is a detrimental noise, coming from all
other directions, that interferes with this process. Equation
indicates that the more anisotropic the ambient noise and
the more noise energy that belongs to the “useful” cate-
gory, the shorter is the time required for the data accumu-
lation. Another interesting fact is that the very important
factor (δSn/Sn)2, and, therefore, the emergence time it-
self, are determined mainly by the eikonal (phase) prop-
erties of the noise signals; the amplitude properties of the
signal are hidden within the anisotropy coefficients.

We will now obtain explicit expressions for the
(δSn/Sn)2 factor for two cases of noise propagation in a
homogeneous, motionless medium that differ only by the
geometry of the spatial distribution of the noise sources.
In the first case, n = 1 and the noise sources are located on
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a curve S1, which is not necessarily a plane curve. In the
second case, n = 2 and the noise sources are located on
a surface S2. In every case the wave propagation may be
either three-dimensional or two-dimensional (i. e., charac-
terized by the divergence of rays in three or two spatial
dimensions, respectively), but all specifics of the ampli-
tude variation along the ray paths are hidden within the
anisotropy coefficients mentioned above. The phase of the
wave behaves similarly, and for both cases we obtain

ψ (.rs, .ra, .rb) = |.r − .ra| − |.r − .rb| c0, (36)

where c0 is the speed of sound. The differences arise only
when one calculates detψ̂n. Let us show this using a Carte-
sian coordinate system the origin O of which coincides
with the stationary point .rs (see Figure 2). Axis x in
Figure 2 represents a small segment of the curve S1 (in
the case of a one-dimensional distribution of the noise
sources), and an area on the xOy plane represents a small
part of the S2 surface (in the case of a two-dimensional
distribution of the noise sources). It may be shown that
the curvature of Sn at the stationary point .rs, if it exists,
does not influence the result of this derivation. In a homo-
geneous medium the ray connecting points O, a, and b,
is a straight line. We will assume that it is located in the
plane zOx and makes an angle α with the axis Ox. After a
straightforward calculation, we obtain

δS1

S1
∼

√
rarb

S1

λ0

R

1
cos α

if n = 1 (37)

and

δS2

S2
∼ rarb

S2

λ0

R

1
cos α

if n = 2. (38)

Here R is the distance between points a and b, ra = |.ra|
and rb = |.rb|. These expressions contain “geometrical fac-
tors”

√
rarb/S1, rarb/S2, and 1/ cos α that depend on the

shape of S1, S2, and on the relative location of Sn and
the points a and b. In many non-peculiar situations, the
geometrical factors may be expected to be close to 1, at
least by an order of magnitude. The main “physical” fac-
tor which, in all practical situations, will be much less than
1, is λ0/R in the case n = 1 or λ0/R in the case n = 2.
Looking at this factor from a slightly different perspec-
tive (see Figure 3), we realize that in either geometry this
factor describes a fraction of rays from the noise sources
that arrives in the point b after passing point a within the
first Fresnel zone (the radius of which is ∼ λ0R). This is
quite a natural conclusion: only those noise signals that re-
main in phase when propagating over the distance R con-
tribute constructively into the CCF.

Note that the results of this section described by equa-
tions (37) and (38), as well as illustrations used above
(Figures 2 and 3), are valid only if the stationary point
.rs is located on an extension of the ray path connecting
points a and b. For a one-dimensional distribution of noise
sources (n = 1), stationary points of the integral over .r in
equation (33) may exist that do not belong to any ray paths

a

b

S1

S2

s

Rλ~

Figure 3. Location of noise sources that are responsible for peaks
of the cross-correlation function. Only the ambient noise compo-
nents passing within the first Fresnel zone in the vicinity of point
a contribute constructively to the cross-correlation at point b.
This condition determines the fraction δSn/Sn of the total noise
power that is useful in the noise interferometry. If the dimension-
ality of the noise sources’ layout n = 1 (i.e., the noise sources are
distributed on a curve S1), this fraction is estimated as the ratio
of the first Fresnel zone’s radius (∼ λ0R) to the length of the
circle with radius R. If the dimensionality of the noise sources’
layout n = 2 (i.e., the noise sources are distributed on a sur-
face S2), this fraction is estimated as the ratio of the first Fresnel
zone’s area to the area of the sphere with radius R. The bundle
of the ray paths crossing the first Fresnel zone near point a lim-
its the area on Sn, where the “useful” noise sources are located;
its nominal boundary is shown by a closed dashed curve in the
figure.

connecting points a and b. (Following [17], we will refer
to the resulting peaks in the CCF as “spurious” arrivals.) It
is interesting that the stationary points of this category pro-
vide contributions into the CCF described by a “physical”
factor δS1/S1 very similar to (37), with the substitution
R → ||.ra−.rs|−|.rb−.rs|| and α defined as the angle between
each of the two vectors .ra − .rs, .rb − .rs and a tangent to the
curve S1 at the point .rs. (This angle is the same for both
vectors as a consequence of the stationarity condition). In
a homogeneous medium, the peaks of the CCF caused by
the stationary points of this type may have even larger am-
plitudes than those described by equation (37), because of
the triangle property R ≡ |.ra − .rb| > ||.ra − .rs| − |.rb − .rs||.
However, this same inequality tells us that such peaks
should be expected at shorter time lags than those corre-
sponding to the propagation between points a and b and,
therefore, can be distinguished from the peaks of main in-
terest in remote sensing applications (provided sufficient
a priori information about the environment is available).
In the underwater acoustics context, an experimental evi-
dence of persistent spurious arrivals, which are likely to be
of the kind considered above, is discussed in [18].

From a formal mathematical viewpoint, the stationary
points of similar nature may exist also for a surface distri-
bution of the noise sources (n = 2). For instance, this is
the case in a homogeneous medium, when the surface S2

in the vicinity of a stationary point coincides, to at least the
second order in displacements from the stationary point,
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with a hyperboloid having foci in points a and b. The prac-
tical significance of such stationary points is diminished by
the fact that the focus points are always located at spatial
regions separated both by the hyperboloid surface and by
the tangent plane to it; unless the noise sources are located
on an acoustically transparent surface, the geometry pro-
hibits simultaneous propagation of the noise signals gen-
erated at such stationary points to both foci.

When the difference of the “anisotropy” and “geometri-
cal” factors from unity may be disregarded, our estimates
of the data-accumulation time reduce to those stated in [3],
with the correspondence d = n + 1. (Now, δf in equa-
tion (12) should be understood as the width of the over-
lap of the frequency bands of the receivers and the noise
sources.) However, the reasoning presented in the current
section shows that the “dimensionality” of the problem
should be treated in a more careful way. What influences
the Green’s function emergence time is the geometry of the
noise sources layout, and not only the mode of propaga-
tion (2-D, 3-D). For example, whether the ambient acous-
tic noise is caused in the coastal zone by the surf at a rocky
coastline (3-D ray divergence), or in deep water by a two-
dimensional, long-range propagation of normal modes in
an underwater waveguide from distant sources (2-D diver-
gence of horizontal (modal) rays [16]), and there is a ray
path connecting points a, b and a point on the S1 curve,
the CCF’s peak emergence time will be governed by the
same expression (37) corresponding to n = 1. As with any
statement, the one that we are making has limitations. It
should be applied with care, for example, in the situations
where a transition occurs between resolved ray arrivals and
resolved normal mode arrivals in a waveguide.

The results of this section can be generalized for the
case of multiple arrivals in an inhomogeneous medium if
the arrivals are separated in time in the frequency band of
interest [19, 20].

5. A simpler approach to estimating the
CCF variance

In noise interferometry, the necessity to accumulate data
for sufficiently long time periods arises because, in practi-
cal situations, the contribution of the “detrimental” noise
component into the CCF estimate (3) dominates over the
contribution of the “useful” noise component at small ac-
cumulation times Tr. The ratio between the expected CCF
peak and the noise dispersion (i.e., the noise ACF peak
value) σ2

m = Cm,m(0), where m = a, b, is described
by the combination of the same “anisotropy,” “geomet-
rical,” and “physical” factors introduced in the previous
section. According to equation (34), the expected peak of
the CCF does not depend on Tr, whereas the variance of
this quantity given by equation (32) decreases with the
time as T

−1/2
r . In many situations, when R � λ0 and

the “detrimental” noise dominates over the “useful” noise,
the value of max�Ca,b(τ)� is much less than σ2

m. For ex-
ample, for a one-dimensional distribution of noise sources
(n = 1) in a homogeneous motionless medium, for R =

105 m and λ0 = 15 m (which corresponds to underwater
sound of the frequency 100 Hz), max[Ca,b(τ = R/c0)] ≈

λ0/(2π2R)σ2
m ∼ 3 · 10−3σ2

m. It is evident that the rela-
tionship max[Ca,b(τ = R/c0)] 
 var[Ca,b(τ = R/c0)]
persists for the most of the data-accumulation time. In such
a situation, one can disregard the correlation between the
noise signals at points a and b during this initial data-
accumulation period when estimating the emergence time.

Practical procedures of the covariance calculation are
based on averaging of long discrete time series including
a finite number of terms,

CN
a,b(τ = R/c0) ≡ P (.ra, t) P (.rb, t + R/c0) (39)

≡ 1
N

N

j=1

P (.ra, tj) P (.rb, tj + R/c0).

This sum of the finite number of random quantities is a
random quantity itself, and its dispersion can be character-
ized by the variance

var CN
a,b(τ = R/c0) ≡ (40)

CN
a,b(τ = R/c0) CN

a,b(τ = R/c0) − CN
a,b(τ = R/c0)

2
,

where the averaging is performed over an ensemble of re-
alizations. As follows from the above considerations, for a
long period of initial data accumulation, the covariance is
dominated by uncorrelated noise samples. For the purpose
of evaluating the variance of CN

a,b(τ = R/c0), correlation
between P (.ra, tj) and P (.rb, tj + R/c0), the revealing of
which is the goal of the noise interferometry, can be ne-
glected during periods of the order of the minimal data-
accumulation time. Then, the variance properties are dic-
tated by the standard rules (see, for example, [21, Ch. 2]):

var
1
N

N

j=1

P (.ra, tj) P (.rb, tj + R/c0) =

1
N2

N

j=1

var P (.ra, tj) P (.rb, tj + R/c0) (41)

+
j �=i

cov P (.ra, tj) P (.rb, tj + R/c0),

P (.ra, ti) P (.rb, ti + R/c0) ,

or

var
1
N

N

j=1

P (.ra, tj) P (.rb, tj + R/c0) = (42)

1
N2

N

j=1

var P (.ra, tj) var P (.rb, tj + R/c0)

+
j �=i

P (.ra, tj) P (.ra, ti) P (.rb, tj + R/c0),

P (.rb, ti + R/c0) ,
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where angle brackets denote the mathematical expecta-
tion. Further simplification yields

var
1
N

N

j=1

P (.ra, tj) P (.rb, tj + R/c0) =

1
N2

Nσ2
aσ2

b +
j �=i

P (.ra, tj) P (.ra, ti) (43)

P (.rb, tj) P (.rb, ti) ,

or

var
1
N

N

j=1

P (.ra, tj) P (.rb, tj + R/c0) = (44)

1
N2

Nσ2
aσ2

b + 2
N−1

j=1

(N − j)Ca,a(jΔt) Cb,b(jΔt) ,

where Ca,a(t), Cb,b(t) are the autocorrelation functions of
noise at respective points, and Δt = 1/Δf = 2π/Δω is
the data discretization interval.

The general expression (29) for the autocorrelation
function of the finite-band ambient noise can be trans-
formed into the following form:

Cm,m(t) = σ2
m

ω0+Δω/2
ω0−Δω/2 dω Sm(ω)e−iωt

ω0+Δω/2
ω0−Δω/2 dω Sm(ω)

, (45)

where Sm(ω) is the average ray intensity at point a (m = a)
or point b (m = b). For white noise (Sm(ω) = const.),
the contribution of the second term on the right-hand side
of equation (44) is exactly zero. In other cases its contri-
bution is negligibly small compared to the first term, be-
cause of the presence of an oscillating factor in the inte-
grand in the numerator in the right-hand side of equation
(45). For the average ray intensity of a rather general kind
Sm(ω) ∝ ωp, the correction caused by the second term has
been evaluated numerically (Figure 4).

Figure 4a shows the correction factor as a function of
two parameters, the exponent p and the dimensionless
bandwidth Δω/ω0. Figure 4b shows the correction factor
as a function of a combined parameter (pΔω/ω0)/(1+ p),
which can be viewed as a measure of variability of the av-
erage ray intensity Sm(ω). For all practical values of the
parameters, the correction is not significant. Thus, under
rather general assumptions, an accurate estimate for the
variance of the CCF estimate is

var CN
a,b(τ = R/c0) ≈ σ2

aσ2
b

N
, (46)

where N is the number of data points participating in
the calculation of CN

a,b(τ = R/c0). The number of points
can be expressed through the data-accumulation time Tr

and the bandwidth Δf = Δω/2π in the following way:
N = TrΔf . It may be shown by using the definition
σ2

m = Cm,m(0) that the result expressed by equation (46)
is equivalent to the results of sections 3 and 4 (cf. equa-
tions 26, 30).

(a)

(b)

Figure 4. The difference between two-point cross-correlation
functions of white and non-white ambient noise. a) The correc-
tion factor as a function of two separate parameters, the exponent
p in the noise power spectrum and the dimensionless bandwidth
Δω/ω0. b) The correction factor as a function of a combined
parameter (pΔω/ω0)/(1 + p). Throughout the range of the pa-
rameters of practical values, the correction is not significant.

6. Conclusions

In the present paper, we have re-examined, from the first
principles, the emergence time of the main peaks of the
cross-correlation function of ambient noise in the context
of noise interferometry as applied to passive remote sens-
ing of the environment. The fundamental results [3, 11, 12]
on the necessary data accumulation time have been found
to be valid under somewhat weaker assumptions than
made originally in their derivation. Equation (35) pro-
vides an extension of the results of [11] and [12] to non-
isotropic noise fields generated by noise sources, which
are non-uniformly distributed on a surface or on a curve.
Our results apply to the general case of a moving or mo-
tionless, inhomogeneous propagation medium with time-
independent parameters.

We have pointed out the possibility of the existence
and evaluated emergence times of “spurious arrivals,” i.e.,
prominent peaks of the noise CCF Ca,b(t) that do not cor-
respond to any rays connecting the receivers at locations
a and b. The “spurious arrivals” we have considered may
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occur when noise sources are located in a narrow region
around a curve, which is the case with road traffic in the
atmosphere and shipping lanes in the ocean. In a homoge-
neous medium, the peaks of CCF caused by the stationary
points of this type may have large amplitudes and occur at
shorter time lags than those corresponding to wave propa-
gation between points a and b.

Arguments have been provided that the “dimensional-
ity” of the problem, an important parameter determining
the CCF’s peak emergence time, is not uniquely charac-
terized by the mode of propagation, such as cylindrical or
spherical divergence of wave fronts. In certain situations
the emergence time estimates are influenced by the geom-
etry (dimensionality) of the noise sources’ layout, and not
just by the mode of propagation in the medium (2-D, 3-D).

Finally, an alternative, simpler technique using basic
statistical principles has been suggested for calculation of
the Green’s functions emergence time without loss of gen-
erality.
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