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Summary

When modeling acoustics with viscothermal effects included, typically of importance for narrow tubes and slits,
one can often use the so-called low reduced frequency model. With this model a characteristic length is assumed
for which the sound pressure is constant. For example for a circular cylindrical tube the characteristic length is
the radius. A triangular cross-section does not have a characteristic length, but as will be shown in this paper the
model can in fact be used as long as 1) the cross-sectional pressure is constant and 2) a characteristic impedance
and propagation wavenumber can be established for the geometry. These parameters can be found for a tube with
a triangular cross-section and an implementation of the low reduced frequency which can handle tubes with both
circular, rectangular triangular cross-sections has been made in COMSOL Multiphysics. For the circular and
the rectangular tube results found using this implementation have been compared to results from an analytical
model, a so-called full Navier-Stokes implementation in COMSOL Multiphysics and the commercial package
FFT ACTRAN which also uses the low reduced frequency model. The triangular tube implementation has been

compared to the analytical case as well as the full Navier-Stokes implementation.

PACS no. 43.20.Bi, 43.20.Hq, 43.20.Mv

1. Introduction

The propagation of sound in cylindrical tubes with ther-
mal and viscous losses is a topic which has received much
attention for more than a century. Kirchhoff [1] was the
first to give a solution for a viscous and thermally con-
ducting fluid in a rigid tube with a circular cross-section.
The solution, however, was in the form of a transcendental
solution which was not readily suited for acoustic calcula-
tions. Simplifications were proposed by Rayleigh [2] giv-
ing approximate expressions for different cases depend-
ing on the ratio between radius and boundary layer thick-
ness. Zwikker and Kosten [3] introduced an approximate
approach for which the inertial and viscous effects were
included by the introduction of a complex density, and
the compressional and thermal effects by a complex com-
pressibility. The applicability of this approach was later
examined by Tidjeman [4] by comparison to numerical
solutions of Kirchhoff’s expression and it was found that
Zwikker and Kosten’s approach is valid for a broad range
of frequencies and radii, excluding cases where either the
radius or the wavelength approaches the molecular mean-
free path (approximately 107 m).
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Tidjeman’s work was essential for the development of
the so-called low reduced frequency model which was ex-
amined in great detail by Beltman. [5, 6, 7, 8] With the low
reduced frequency model it is possible to include viscous
and thermal losses in an acoustic model without having to
solve explicitly for velocity and temperature. The model
can be applied to both tubes and layers when a character-
istic length exists in which the pressure is constant. Four
cases are usually associated with the model: The circular
tube; the rectangular tube, the circular layer and the rect-
angular layer. In the following only tubes are considered.

As the shape of the cross-section affects the acoustic
properties of a tube, one needs to be able to establish a set
of parameters which describe these properties. Different
approximative expressions have been established for some
common shapes throughout the last century. Cummings
[9] found such expressions using a variational technique
for the parallel slit, the rectangular cross-section tube, the
equilateral triangular cross-section and other geometries.
The results are, whenever possible, compared to exact so-
lutions, and discrepancies are found due to the trial func-
tions used in the variational technique not being exact. The
case of an equilateral triangular cross-section has also been
investigated by Stinson and Champoux [10] who give a
complex density function and a complex compressibility
function which describe the acoustic behavior of the tube
for a large range of frequencies and radii (with the radius
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a and frequency f the range is given by Stinson [11] as
a > 103 cm and af*/? < 10°cms™/?). The triangu-
lar case is not considered in the low reduced frequency
model, but as will be demonstrated in the following the
the triangular case can in fact be included in such an im-
plementation. This requires establishing a relationship be-
tween the Zwikker and Kosten parameters, i.e. the com-
plex density and the complex compressibility, and the low
reduced frequency model parameters. The triangular case
is then described by the parameters normally used in the
low reduced frequency model and so it can viewed as an
extension to existing implementations (commercial or oth-
erwise).

The low reduced frequency model has been imple-
mented in the Finite Element package COMSOL Multi-
physics. Using this implementation tubes with either cir-
cular, rectangular or equilateral triangular cross-section
can be handled. The commercial software FFT ACTRAN
which also uses the low reduced frequency implementa-
tion has been used for comparison (circular and rectangu-
lar cross-section) and a so-called full Navier-Stokes imple-
mentation (see appendix Al) provided by COMSOL was
used for comparison as well. With the latter implemen-
tation the governing equations are solved simultaneously
and any geometry can in principle be used in the calcu-
lation. However, calculation time is generally long com-
pared to the low reduced frequency model and one has to
make sure that the mesh is refined enough in the regions
where the viscothermal losses are important in order to
capture the physics sufficiently well.

2. Theory

First, the quantities that are important for the acoustic be-
havior in the fluid are defined. The total pressure p is com-
prised of an ambient pressure py and the sound pressure p

which varies harmonically with the angular frequency @
as e’ so that

P=po+pe. ¢))

Similarly, the total density p consists of the static density
po and the excess density 6.

7= po+ e, @

The total temperature T consists of an ambient tempera-
ture Ty and a temperature variation 7" as

T =Ty +Te'. 3)

Finally, assuming no mean flow, the total velocity V is
comprised of the velocity v and a harmonic variation term

V=ve. “)

In the implementations the following values have been
used: py = 10° Pa, py = 1.2 kg/m? and T, = 300 K.
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The sound propagation in tubes of various cross-sec-
tions is considered. For narrow tubes the so-called vis-
cothermal losses become of great importance when mod-
eling the acoustics inside the tube. Due to viscosity the
fluid particles near the wall of the tube will tend to stick to
the surface, effectively lowering the particle velocity. This
effect is most predominant in a so-called boundary layer
near the wall whereas further away into the bulk the effects
are of less importance. Similarly, due to the thermal prop-
erties of the tube wall being significantly different from
those of the fluid, thermal difference between regions in
the fluid with high pressure and those with low pressure
will be equalized near the tube wall. Both the viscous and
thermal effects will convert acoustic energy into thermal
energy, and so an acoustic loss has been introduced. This
loss must be modeled correctly and this task is addressed
in the following.

The velocity, density and temperature generally vary
across the cross-section of a tube. Additionally, the ve-
locity has both a longitudinal and a transversal compo-
nent, but the transversal component is generally several
orders of magnitude smaller than the longitudinal compo-
nent [11], and thus it can be ignored in the model. The
pressure also varies along the cross-section, although very
slightly [11]. In many applications these variations are not
of great importance, and only the mean values, i.e. values
found by integration across the cross-section, need to be
considered. If the pressure is assumed constant across the
cross-section and a volume velocity g can be found as the
product of the mean velocity (v,) in the longitudinal di-
rection (here the z-direction) and the cross-sectional area
S, a transmission line model will suffice in describing the
sound field.

2.1. Transmission line model

The sound field in a tube with constant cross-sectional
pressure and length / can be described by a transmission
matrix relating the input pressure and volume velocity to
the output pressure and volume velocity [12]

pi\ _ cosh(I'l)  Z.sinh(I'l) Do )
g )~ \ Z-'sinh(I'l) cosh(I'l) g )’
where subscripts i and o denote input and output, respec-
tively. The characteristic impedance Z, and the propaga-

tion wavenumber I" of the transmission line are found as
[12]

Z. =1/ = (6)
and
r=vzvy. )

with the series impedance per unit length Z’ and the shunt
admittance per unit length Y’ depending on the shape and
area of the cross-section as well as the fluid characteristics.
The series impedance relates the pressure gradient along
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an infinitesimal length of the tube to the volume velocity
[11]

dp
-—=2Zq 8
iz q (®)
The shunt admittance relates the volume velocity gradient
along the same length to the pressure [11]

dg
-—=Y'p. 9

&z p ©))
The matrix elements can be established as long as the se-
ries impedance and the shunt admittance can be calculated.
The series impedance can be described in terms of a com-
plex density p(w) [11]

Z' =iwp(w)/S (10)

which takes into account both the inertial and the viscous
effects and the shunt admittance can be described via a
complex compressibility C(w) [11]

Y =ioC(w)S an

which takes into account both the compressional and the
thermal effects.

Stinson [11] gives the following general complex den-
sity and compressibility, respectively, for a tube with arbi-
trarily shaped cross-section:

p(®) = po/F(v) 12)

and
C(w) = (1/rpo) (v — (y = DF(V)). (13)

with ypy = poc(z). Here, y is the ratio of specific heats
(set to 1.4 in the implementations) and ¢y is the adia-
batic sound speed (340 m/s). The function F is the same
in the two expressions, only the input argument differs, as
v = u/poand vV = A/(poC,), where y is the shear vis-
cosity (18.6 - 107 Pass), Cp is the specific heat at constant
temperature (1,010Jkg~' K~') and A is the thermal con-
ductivity (0.026 Wm~! K=!). Stinson [11] gives the func-
tion F(n), where the input argument # is either equal to v
or vV, for different geometries, e.g. for the case of a circular
(subscript ¢) cross-section with a radius of a as shown in
Figure 1,

2 Ji(ay/—iw/n)
av/Ziw/n Jo(ay/=iw/n)

where J,(x) is a Bessel function of the first kind and order
a with input argument x. Alternatively, by using the Bessel
relation 2a/xJ,(x) = J4—1(x) + J411(x), the function can
be written as

F(m) =1~ (14)

B Jo(an/—iw/n)
Jo(ar/—iw /1)

F.(n) = (15)
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Figure 1. The circular geometry with radius a.

y
® X
I, J z
Ly

Figure 2. The rectangular geometry with side lengths 2/, and 21/,
The shaded area indicates the region to be meshed when using
the full Navier-Stokes implementation, if symmetry planes are
considered.

Another geometry is the rectangular (subscript ) cross-
section with side lengths 2/, and 2/, as in Figure 2 where
the function F,(#) is given as

diw

pre Y (af2@l + B2 +io/m)” . (16)
X'V k=0 n=0

F.(n) =

where ay = (k + )z /I, and B, = (n+ D)z/l,. This se-
ries solution of course has to be truncated in a numerical
implementation.

Finally for the case of an equilateral triangular (sub-
script t) cross-section with side lengths equal to d as
shown in Figure 3 the function F(#) is given by Stinson
and Champoux [10] as

Fi(n) = (¢ = 3ecothe + 3)/€?, (17)
where
3 iw
= —_——. 1
e=d 67 (18)

For any geometry for which the function F(#) can be cal-
culated a transmission line model can be established.

2.2. The low reduced frequency model

The low reduced frequency model provides means for in-
corporating inertial, compressional, viscous and thermal
effects in a numerical model without increasing the num-
ber of degrees of freedom compared to a dissipation free
model. The low frequency model is described extensively
in a number of papers by Beltman [5, 6, 7, 8] with Tid-
jeman [4] being listed as the originator of the model.
Two parameters are introduced, one being the so-called
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d

Figure 3. The triangular geometry with side lengths d. The
shaded area indicates the region to be meshed when using the
full Navier-Stokes implementation, if symmetry planes are con-
sidered.

shear wavenumber s which is dependent on a character-
istic length [, as [7]

s=1,,/2% (19)
u

The lower the s, the more dominant will the viscous ef-
fects be over inertial effects. A second consequence is that
thermal effects will dominate over compressional effects.
The other parameter is the so-called reduced frequency k
given as [7]

-
=2 (20)
co

With the low reduced frequency model, the acoustic wave-
length is assumed larger than the characteristic length
which can be expressed via the reduced frequency as

k< 1. (1)

Also, the acoustic wavelength is assumed larger than the
boundary layer thickness, described as

k I
T e (22)
N CoS poco

With these assumptions the linearized governing equations
(see Appendix) can be combined into a Helmholtz equa-
tion for the propagational direction (superscript pd) when
structural coupling is omitted can be written as [7]

AYp—T2p =0, (23)

with the propagation wavenumber

o \/ n(os)B(s)
(14 (5 pen)
n(es) =1+ T D(os) . (25)

The function B(s) in equation (24) is related to the mean
velocity across the cross-sectional area. It is both fre-
quency dependent and dependent on the both the shape

and
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of the cross-section and the characteristic length. The ve-
locity in the propagational direction, here the z-direction,
is given as

i dp(xe)

vo(s, 2, x9) = —A(s, x9) — ;
wpy dz

(26)

where A(s, x*¢) describes the velocity variation across the
cross-section (cd is the cross-sectional direction). With
B(s) being the integration of A(s,x‘) over the cross-
sectional area .S,

B(s) =é ” A(s, x4 dsS, 27)
JS

the mean velocity (v,) is found as

1 i dp
= —| -AG.—Las
(ve) 5, (s z)wp0 iz
- B2 (28)
wpy dz

B(s) ensures that both inertial and viscous effects are taken
into account in the model. If B(s) is set to -1 viscous ef-
fects are neglected. D(os) is related to the mean tempera-
ture variation across the cross-sectional area. Just as B(s)
it is both frequency and shape dependent. The temperature
variation is given as

y =1\ T

T(o—s’ Z, XCd) = — (T) p—C(O'S, XCd) (29)
0

where C(s, x*?) describes the temperature variation across
the cross-section. With D(os) being the integration of
C(os, x°?) over the cross-sectional area .S

1
D(os) = —J C(os,x9)dsS (30)
S s
the mean temperature variation (T") is found as
1 -1\ pT,
(T = _J - <_y > POC(es, xyds  (31)
Sls 14 Po
or using equation (30)
-1\ pT,
(T = —D(s) (L> Pl (32)
14 Po

D(os) takes into account both compressional and thermal
effects. If D(os) is set to -1 thermal effects are neglected,
equivalent to adiabatic boundary conditions on the walls
of the tube. For isothermal boundary conditions D(cs) =
B(cs) which means that D takes the value of B with the
input argument o's. The excess density is also a function of
C(s,x°) in that

-1

8(os, 7, x4y = 220 <1 + <Y—> C(as,x“’)> . (33
Po 4

and the mean excess density is thus

(5y = 20 <1 + <Q> D(as)) . (34)
Po 14
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With B(s) and D(os) established the Helmholtz equation
can be written with a complex sound speed c,

2
Avp+ Zp=o, (35)
Ce

where

- -B
com gy Mo _ ] TBO 5
yB(s) v+ (r — DD(os)
In the tube domains where viscothermal losses is of impor-
tance this sound speed is used, see section 3 Implementa-
tion.

For the circular geometry depicted in Figure 1 the func-
tion B(s) is found as

B.(s) = M (37)
T gy (sivi)

In this case the characteristic length /. which enters into
the shear wave s is equal to the radius a.

For the rectangular geometry in Figure 2 the function
B(s) is

© gl
Bw=0 Y S <tanh(l"Q2/ly)—1>, (38)

q=13,... qu% 1.0»/1,
with
_il3s?8° .
' liﬂ2
and
I 2
0:=\/(F) +is (40)
y

The characteristic length in this case is equal to /.

2.3. Model comparison

A relationship between the parameters used in the trans-
mission line model and the low reduced frequency model
can be established at this point. Rearranging equation (28)
leads to

dp -
_d_i’ = iwpo(v.) (- B(s)) ™" (41)

Comparing this to equations (8), (10) and (12) and with
the volume velocity being related to the area and the mean
velocity as ¢ = S(v.) leads to the simple relationship

B(s) = —F(v). 42)
As described previously both B(s) and F(v) describe the

inertial and viscous effects. A similar relationship is found
for the parameters which take into account compressional
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and thermal effects, namely D(os) and F(V'): First the
complex compressibility C(w) is described as [11]

Clw) = = (43)
pop

and combined with equation (34) this gives
C@w) = = (r + (r = )D(o)). (44)
Comparing with equation (13) it is clear that
D(os) = —F(V). (45)
For the circular tube F(v) and B(s) are compared to

each other. The expressions, equation (15) with the input
argument 7 = v = p/py, are

J2 (a\/Tl)o/ll>

F.(v) =- , (46)
Jo (a\/ —ia)l)o/ﬂ>
and equation 37 with s = av/pow/ i gives
J <ai\/iwpo//4)
B.(s) = (47)

Jo (daivViwpol )

Clearly, equation (46) is equal to minus equation (47), in
accordance with equation (42). The same correspondence
is found when comparing F.(v') and D.(os).

For the rectangular case a similar comparison is done
between F,.(v), i.e. equation (16) with the input argument
n = v = u/py, and B,(s) in equation (38). The two ex-
pressions seem quite dissimilar at first glance but a numer-
ical comparison reveals that at least for some side length
ratios they actually tend to the same value when enough
summations are considered as well as the sign in equation
(42). In Figure 4 the difference between the two expres-
sions as a function of frequency is shown when summing
16, 64 and 256 terms, respectively. In the actual imple-
mentation several thousand summations were performed
for each frequency. It seems to be an inherent restriction
in the low reduced frequency model that the side length I,
be larger than /,, which is not the case for the transmission
line expression.

The equilateral triangular cross-section is considered in
the transmission line model, but not in the low reduced fre-
quency model as it has no characteristic length. However,
since the characteristic length is not of great importance
when considering only the expressions related to mean
values such as F(v), F(V'), B(s) and D(cs) the low re-
duced frequency model can be applied as long as these
mean values can be established such as is the case with the
triangular tube.

The equilateral triangular cross-section is considered in
the transmission line model, but not in the low reduced fre-
quency model as it has no characteristic length. However,
since the characteristic length is not of great importance
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when considering only the expressions related to mean
values such as F(v), F(V'), B(s) and D(cs) the low re-
duced frequency model can be applied as long as these
mean values can be established such as is the case with the
triangular tube. From equations (17) and (42) an expres-
sion for B in the case of an equilateral triangular cross-
section is found as

Bi(v) = —(e* — 3ecothe + 3) /€%, (48)

again with

3 iw
=d\[——. 4
e=d T 49)

The input argument v is now used instead of the shear
wavenumber s as s depends on a characteristic length.
Similarly, the low reduced frequency parameter D for the
equilateral triangular cross-section is found as D;(ov) =
D;(V') = B;(V') for the isothermal case. With B;(v) and
Dy (V') established, the triangular case can now be handled
in a low reduced frequency implementation.

3. Implementation

The low reduced frequency model was implemented in
COMSOL Multiphysics. Having entered B(s) and D(os)
for the case in question, i.e. either a circular, a rectangu-
lar or an equilateral triangular cross-section, an effective
sound speed was calculated. When considering just a sin-
gle tube, the tube was meshed using one-dimensional ele-
ments and boundary conditions were applied at either end
of the mesh. When the tube served as a connection be-
tween two volumes special care had to be taken at the in-
terfaces between the tube meshed with one-dimensional
elements and the volumes mesh using three-dimensional
elements to ensure continuity of pressure and volume ve-
locity. The sound pressure is assumed constant in the
cross-section of the tube and so this must also be the case
for the part of volume which makes up the area of the tube
(see Figure 5). Similarly, the volume velocity at the inter-
face, given by the mean velocity in equation (28) times the
area, must be continuous from the end node of the tube to
the area of the volume. In COMSOL Multiphysics this can
be done using a so-called weak constraint boundary con-
dition which in a weak or integral sense ensures continuity
in one or more variables between two boundaries.

For the rectangular case B(s) consists of a number of
summations. This summations cannot be calculated di-
rectly in COMSOL Multiphysics, but instead the calcula-
tions were done in MATLAB, utilizing the option in COM-
SOL Multiphysics to interface with MATLAB.

4. Test cases

Several test cases were used to validate the implementa-
tion of the low reduced frequency. First, single tubes with
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Figure 4. The relative difference in percent between B(s) and
—F(v) for the real (a) and the imaginary part (b) compared to the
absolute value of B(s) for a tube with a cross-section of 1 mm by
1 mm for 16, 64 and 256 summations, respectively.

Figure 5. A tube is modeled with a one-dimensional mesh which
leads up to a three-dimensional mesh. Continuity of the acoustic
variables must be ensured between the end node and the shaded
part of the mesh with the area of the tube, here with a circular
cross-section.

circular, rectangular and triangular cross-section, respec-
tively, were considered. Each tube was 17 cm long result-
ing in an axial resonance of 1 kHz with the fluid values
considered here. For these tubes a velocity boundary con-
dition of 1.4e-6 m/s at one end and a rigid, isothermal wall
condition at all other boundaries were used. The sound
pressure level was calculated at the opposite end of the
velocity boundary condition. The meshes used for the low
reduced frequency model in COMSOL Multiphysics were
all one-dimensional. For all three tubes results were also
found using a full Navier-Stokes implementation (see ap-
pendix A1) with the mesh used for the rectangular (or ac-
tually square) tube with /, = 5mm and /, = 5 mm shown
in Figure 6 and the mesh for the triangular case with the
side length d = 7.6 mm shown in Figure 7, both with mir-
ror symmetry properties taken into account. The circular
case was calculated for a radius a = 3, using both the
three-dimensional implementation and a two-dimensional
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A 15 I8

Figure 6. The mesh used for calculations on a tube with square
cross-section using the full Navier-Stokes implementation. Mir-
ror symmetry is made use of as only 1/4 of the geometry is
meshed.

Figure 7. The mesh used for calculations on a tube with trian-
gular cross-section using the full Navier-Stokes implementation.
Mirror symmetry is made use of as only 1/6 of the geometry is
meshed.

implementation with rotational symmetry taken into ac-
count. Both implementations gave practically the same re-
sults. All meshes were refined in the region near the tube
wall to sufficiently resolve the boundary layer effects.

An analytical transmission line model was also used
for comparison, as well as the commercial program AC-
TRAN which uses an implementation of the low reduced
frequency with the possibility of using three-dimensional
meshes. This option was chosen here, the meshes are not
depicted here, as they were very simple.

An additional test case was chosen with two volumes in-
terconnected by a narrow tube. This case is of relevance as
not only must the damping - equivalent to having the cor-
rect propagation wavenumber in a transmission line model
of the tube - be correctly modeled, but also the continuity
at the domain intersections must be ensured, equivalent to
having correct characteristic impedances in the transmis-
sion line model for each domain. Results were found for
both a circular and a triangular tube with the same area
as the circular tube connecting the two volumes. The case
with the circular tube is illustrated in Figure 8. The area
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Figure 8. The geometry of the test case with a tube connecting
two circular cylindrical volumes. There is rotational symmetry
around the dotted axis. The values ¢; = 5mm, a, = 0.5 mm,
I/} =9.4mm and /, = 10 mm were used. A similar test case with
a triangular tube with an area equal to the circular tube depicted
(having d = 1.347 mm) was also used.

of the circular tube with a radius a = 0.5 mm is equal to
0.785 mm? and for an equilateral triangle with side lengths
d the are is equal to d>4/3/16, so d for the triangular tube
is equal to 1.347 mm. A velocity boundary condition of
1 m/s was put on the end area of one of the volumes and the
sound pressure level at the other end of the test case was
calculated. The particular geometry has a Helmholtz reso-
nance of around 700 Hz and the amplitude around that fre-
quency is greatly affected by the dissipation in the model.
For the case of a circular tube results were also found using
ACTRAN.

5. Results

Results are presented in a narrow frequency range near
the resonance frequencies of the test cases. The viscous
and thermal effect will have the greatest influence near the
resonances whereas in the rest of the frequency range the
results found using the different models are more or less
indistinguishable.

For the circular case several calculation methods were
available: The low reduced frequency implementation
made in COMSOL Multiphysics, an analytical solution, a
full Navier-Stokes model implemented in COMSOL Mul-
tiphysics, using either a 3D mesh with some mirror sym-
metry taken into account or a 2D mesh taking advantage of
the rotational symmetry, and finally the commercial pro-
gram ACTRAN which uses a low reduced frequency im-
plementation, with an option of using a three-dimensional
mesh which was used in this case. The results are shown
in Figure 9.

For the rectangular case the same methods are avail-
able except that the full Navier-Stokes model uses a 3D
mesh where symmetry planes can be utilized to reduce the
computational requirements. The results for a tube with a
square cross-section are shown in Figure 10.

The triangular case is not implemented in ACTRAN
since it is not traditionally a part of the possible geome-
tries when using the low reduced frequency model, but
otherwise the same modeling methods as for the rectan-
gular case can be used, and the results for this case are
shown in Figure 11.

For the tube test cases the analytical results were re-
garded the target values, and so the numerical results
should at best coincide with these. The numerical results
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Figure 9. The sound pressure level found using the low reduced
frequency model implementation (LRFM), an analytical model,
ACTRAN and the full Navier-Stokes model (Full NS) for the
case of a circular tube with radius @ = 3 mm.
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Figure 10. The sound pressure level found using the low reduced
frequency model implementation (LRFM), an analytical model,
ACTRAN and the full Navier-Stokes model (Full NS) for the
case of a rectangular tube with /, = 5mm and /, = 5Smm.

all deviate from the analytical results, especially the full
Navier-Stokes implementation seems to have its resonance
somewhat shifted in frequency. This phenomenon was ob-
served for other test cases too, but the reason for this could
not be established. The two software packages with the
low reduced frequency model implementation, i.e. COM-
SOL Multiphysics and ACTRAN, were evaluated at dif-
ferent times using different meshes for the tubes cases.
However, the results found using the two implementations
compare well with each other, with the COMSOL Multi-
physics results being very close to the analytical results.
The case with a tube interconnecting two volumes was
considered both for a circular and a triangular tube of equal
cross-sectional area. The sound pressure level at one end
of the geometry is found using both ACTRAN and the
low reduced frequency implementation in COMSOL for
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Figure 11. The sound pressure level found using the low reduced
frequency model implementation (LRFM), an analytical model,
and the full Navier-Stokes model (Full NS) for the case of a tri-
angular tube with side lengths 7.6 mm.
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Figure 12. The sound pressure level found using the low reduced
frequency model implementation (LRFM circ) and ACTRAN
(ACTRAN circ) for the case depicted in Figure 8 as well as for
the case of a triangular tube with the same area as the circular
one interconnecting the two volumes, calculated with the low re-
duced frequency model implementation (LRFM tri).

the circular tube, and the results are very similar, see Fig-
ure 12. When the tube is triangular, the loss is higher com-
pared to a circular cross-section, as can be seen from the
results found using the low reduced frequency implemen-
tation.

6. Conclusion

An implementation of the low reduced frequency model
was done in COMSOL Multiphysics. The implementa-
tion can be used for acoustic calculations on narrow tubes
where viscothermal losses are of importance. Three cross-
section can be handled, the circular and the rectangular
which are traditionally associated with the low reduced
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frequency, and the new addition of an equilateral triangu-
lar cross-section which is not usually considered when us-
ing the model. The case is addressed in another model and
once a relationship was established between the two mod-
els, low reduced frequency parameters could be found for
the triangular case.

Different cases were used to test the implementation,
both single tubes modeled using one-dimensional ele-
ments as well as cases where the tubes connect volumes
in which viscothermal losses are not of importance. Conti-
nuity between the lossy tube and the loss-free volumes are
ensured using a so-called weak constraint boundary condi-
tion, so that pressure and volume velocity are continuous
from one domain to the other.

Results have been found using various implementations.
The results differ slightly but the low reduced frequency
implementation gives results that compare well with the
other models. Using this implementation it is now possible
to include the triangular cross-section in the cases that can
be handled using the low reduced frequency.
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Appendix
Al. Full Navier-Stokes implementation

A full Navier-Stokes implementation taking into account
viscothermal losses by doing calculations using a coupled
system of governing equations was provided by COM-
SOL. The implementation will not be discussed in detail
here, but a brief description is given in the following.

The linearized governing equations (the Navier-Stokes
equation, the equation of continuity, the energy equation
and the equation of state for an ideal gas) when small,
harmonic variation and no sources are assumed are given
as [7]

4
iwpgv = —Vp + <§M + §> V(V-v)

—uV x (V xV), (A1)
iwé + poV - v =0, (A2)
iwpoCpT = AV?T + iwp (A3)
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and

p T
6= ———. A4
Po <p0 To) (A4)

Here, £ is the bulk viscosity, assumed equal to 24/3, A is
the thermal conductivity and Cp is the specific heat at con-
stant pressure. Equation (A4) can be inserted into equa-
tion (A2):
iw<£—1>+v-v=o (A5)
po T
and so the density variation is eliminated.

These coupled equations (the Navier-Stokes equation
(A1), the energy equation (A3) and the equation of con-
tinuity equation A5) are implemented in a weak, or inte-
gral, form in COMSOL Multiphysics, and one can then
solve the system for the unknowns, i.e. the velocity v, the
acoustic pressure p and the temperature variation 7. A set
of boundary conditions have been set up by COMSOL,
namely 1) Isothermal wall, 2) Adiabatic wall, 3) Veloc-
ity, Velocity, isothermal and 5) Pressure, adiabatic, as well
as mirror or rotational symmetry conditions, depending on
the dimensions of the problem.

For all calculations done using this implementation the
following values were used: Cp = 1,010J/(kgK), Ty =
300K, po = 10° Paand A = 0.026 W/(m K).
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