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Summary

This paper is aimed at applying Dirichlet-to-Neumann (DtN) map to calculate the band gaps of scalar waves in a

two-dimensional phononic crystal which is composed of circular cylinders embedded in a host medium in either

square or triangular lattice. Detailed computation is performed for both solid/solid and fluid/fluid systems with
emphasis on comparison to the plane wave expansion method. The numerical results show some merits of the
DtN method. Its computing cost to obtain the results of high accuracy is very low, especially for higher frequency
computation or for systems with large acoustic mismatch. Another feature of the DtN method is that it can yield

band structures at an arbitrary frequency interval which does not necessarily start from zero.

PACS no. 43.20.Fn

1. Introduction

The study of propagation of waves in inhomogeneous me-
dia is a problem of wide interest. The last decades have
witnessed great research interest, both experimentally and
theoretically, in phononic crystals [1] which are artifi-
cial two- or three-dimensional periodic elastic/acoustic
composites. The emphasis was laid on the existence of
complete band gaps within which sound, vibrations and
phonons are strongly attenuated. This is of interest for ap-
plications such as noise control, design of new transducers
and filters, etc.

One fundamental problem for design and optimization
of phononic crystals and related devices is to compute the
band structures (dispersion curves) of phononic crystals.
Several methods have been developed, which include the
plane-wave expansion method (PWE) [1, 2, 3], the trans-
fer matrix (TM) method [4], the multiple scattering theory
(MST) method [5, 6], the finite element method (FEM)
[7, 8, 9], the wavelet method [10, 11], the lumped-mass
(LM) method [12], the boundary element method (BEM)
[13], etc. The FEM and LM methods discretize the unit
cell; while the PWE and wavelet methods utilize the eigen-
function expansions. They yield linear eigenvalue equa-
tions with the frequency as the eigenvalues for given Bloch
wave vectors. The eigenvalue equations, although gener-
ally with the large matrix size, can yield the stable results
for a desired frequency region starting from zero. In the
BEM and MST methods the linear eigenvalue equations
are replaced by nonlinear ones. Although the nonlinear ap-
proach gives rise to much smaller matrices, the eigenval-
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ues must be searched one-by-one from the condition that
a matrix becomes singular. The finite difference time do-
main (FDTD) method [14, 15] has also been developed
for bandgap calculation, but it cannot yield the band struc-
tures directly and is time consuming for systems with large
acoustic mismatch.

Recently, Yuan and Lu [16, 17] developed a method
based on the Dirichlet-to-Neumann (DtN) map to compute
the band structures of two-dimensional photonic crystals
with circular cylindrical scatterers. The DtN map, which
is an operator that maps the wave field on the boundary
of a unit cell to its normal derivative there, is widely used
in solving acoustic problems of the scattering or waveg-
uide [18, 18, 19, 20, 21]. Yuan and Lu’s method mainly
relies on the construction of the DtN map. The computa-
tion of the map uses a cylindrical wave expansion. This
gives rise to accurate approximations of the DtN map
with relatively small matrices [16, 17]. A linear eigen-
value problem, where the eigenvalue is related to the Bloch
wave vector, is obtained. Compared with the other meth-
ods, the DtN method costs much lower computing time
and can yield band structures in an arbitrary frequency re-
gion which is not necessarily from zero. In this paper, we
will extend the method to calculate the band gaps of scalar
waves in a two-dimensional phononic crystal.

The outline of this paper is as follows. In section 2, the
basic scalar wave equations and the boundary conditions
in a unit cell are introduced. A matrix approximation to
the DtN map is constructed by using the cylindrical wave
expansions, and the linear eigenvalue problems are formu-
lated in section 3 for both square and triangular lattices.
Then we give some numerical examples to show the effi-
ciency of the method in section 4, followed by conclusions
in section 5.

© S. Hirzel Verlag - EAA
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2. Basic equations and boundary conditions

A two-dimensional (2D) phononic crystal is composed
of circular cylinders of radius r. forming a square (Fig-
ure la) or triangle (Figure 2a) array with the lattice con-
stant a in an isotropic elastic matrix. There is transla-
tional invariance in the direction parallel to the cylinders
(z-axis) and the system has two-dimensional periodicity
in the transverse plane(x-y plane). Both solid—solid sys-
tem and fluid—fluid system will be considered in this pa-
per. It is known that only longitudinal waves propagate
in fluid media. However, elastic waves in solids are gen-
erally mixed longitudinal and transverse modes propagat-
ing with different velocities. If the propagation of the elas-
tic waves is limited to the transverse plane normal to the
cylinder axis, an independent purely transverse mode may
propagate in the system. Both longitudinal mode in flu-
ids and purely transverse mode in solids are scalar modes
of which the governing equations are similar to those of
the two-dimensional electromagnetic waves even though
they have different physical meanings and boundary con-
ditions [16, 17]. In the present paper, to illustrate the ideas
involved we will consider these simple situations.

We first consider the purely transverse wave with the
only non-zero displacement component u,(r) along z-axis.
The governing Helmholtz equation is
uVu(r) + pjw*u;(ry=0, reD;, j=01 (1)
where r = (x, y) is the position vector; V = (d/0x, d/dy)
is the vector Laplacian; w is the angular frequency; p; and
u; are the mass density and shear modulus with the sub-
script j = 0 and 1 representing the matrix (D) and inclu-
sion (D), see Figures 1 and 2.

Due to the periodicity of the system, we can restrict our
attention to a unit cell (Figures 1b and 2b). At the interface
I'y between the matrix and the inclusion, the displacement
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and traction are continuous, which states

Ou(r) Oup(r)
= Ho

elly, (2
on on o @

uy(r) = up(r), m
where n is the normal vector of I'y. The first part of the
above equation is related to the Dirichlet boundary condi-
tion and the second one is related to the Neumman bound-
ary condition, respectively.

Acoustic waves propagating in ideal fluid media are also
scalar wave modes. Let us consider a periodic composite
medium composed of fluid inclusions embedded in a dis-
similar fluid [22]. If we introduce a scalar potential func-
tion @(x, y) defined by pu = Ve(x, y) where u is the dis-
placement vector, then acoustic wave equations in the ma-
trix and inclusions may be written as

p; 'V, + 4 '0’p;(r) =0, reD;, j=0.1 (3)
where 4; is the elastic modulus of the fluids. In this case,
the potential and normal displacement at the interface be-

tween the matrix and inclusion are continuous, that is

1 0pi(r) _ 1 0go(r)

ely. 4
on po on o &

@1(r) = @o(r),

It is noted that eqations (3) and (4), when pj'1 and lj'l are
replaced by p; and p; respectively, are identical to equa-
tions (1) and (2). Therefore the following derivation will
be presented based on equations (1) and (2).

3. Construction of the Dirichlet-to-
Neumann map and eigenvalue equations

The Dirichlet-to-Neumann map is a map operator A that
maps the displacement u on the boundary of the unit cell
to its normal derivative, i.e.

_ Ou

Au Fk_%

%)

r
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where 'y is the boundary of the unit cell (with £k =
1..., 4 for the square lattice and k = 1, ..., 6 for the tri-
angular lattice) and n is their corresponding normal vector.
Hereafter, the subscripts of u will be omitted without con-
fusing. Next we will give a brief introduction to construct
the matrix approximation to A. For the detailed process,
we refer to [16, 17].

According to the cylindrical wave expansion [23], we
can write the general solution of the wave equation (1)
using the polar coordinate system (r, 0) as

u(x,y) = Y, Cu®u(r,0), ®y(r0) = pu(r)e™, (©6)

m=—o0
where

r<re,
r>re.

Am J m(kl r ):
%m‘{mmwm+m%m @
In the above equation, J,,(..) and Y,,(..) are the first and
second kinds of Bessel functions of the mth order; k; =
/c; are the wave numbers of the matrix (j = 0) and in-
clusion (j = 1) where c; represents the transverse wave
velocity in the solids or the acoustic wave velocity in the
fluids. The coefficients A,, and B,, can be solved from the
interface conditions equation (2).

In the discrete case for the square lattice, we select N
points on each edge of the square unit cell; and simultane-
ously truncate equation (6) fromm = —2N to 2N —1. This
gives rise to a 4N x 4N matrix A that maps the coeffi-
cients {C,,} to the values of u at these points. Its elements
are (A1);m = ®@p(r;, 6;) where the subscript / = 0 ~ 4N
representing the /th numbered point on the unit cell edges.
Similarly, if we evaluate the normal derivative of u at the
same points, we obtain a 4N x 4N matrix A, that maps
{C,} to the normal derivatives at these points. Its elements
are given by (A2);m = 0D, (r;, 0;)/0n(l). Finally from
equation (5), we obtain the following matrix approxima-
tion of the DtN map

A =MAAT ®)

Now the Dirichlet-to-Neumann map is approximated by a
4N x 4N matrix for the square.

To analyze the band structures, we consider the follow-
ing Bloch mode solutions [24] of equation (1),

u(x,y) = et g(x, y), ©)

where (ky, k) is the real Bloch wave vector and ¢(x, y)
follows the same periodic condition as the lattice.

Application of the Bloch theorem (equation 9) to the
boundary of the square lattice leads to

ulp, = aul.. ul =pu|, (10)
ou | = aa_u | ou | = ad_u
ay r; — ay ry’ ox Iy ox I’

where @ = ¢'*%/2 and f = e%2  The above relations
finally can yield nonlinear eigenvalue equations of which
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the solution is not a nontrivial task. Fortunately, if we are
interested in the band gap, only the dispersion curves along
the boundary, of the irreducible Brillouin zone (i.e., I' —
X — M — T, see Figure 1c) are necessary. In this case,
the nonlinear eigenvalue equations reduce to linear ones.
For the square lattice, the finally obtained linear eigenvalue
equation may be written as [16]

o] (2] fu] oo

where [ is the identity matrix and V' = nU = n(ur,, ur,)"
with the superscript “T” representing the transposition.
The detailed expressions of the 2N x 2N matrices A, B
and C can be found in [16].

The eigenvalue 7 to be determined from equation (11)
is related to the Bloch wave vector, (ky, k), by n = ek=4
or n = ¢'®“. Since the materials considered here are elas-
tic and non-dissipative media, the values of k, and k, are
real. Therefore only the eigenvalues which satisty |y| = 1
are the values that we need and can be saved for each fre-
quency. In calculation, we replace || = 1 by ||n] — 1| < €
where the small positive number ¢ is generally taken to be
107 ~ 1078,

For the triangle lattice, we choose N points on each
edge of the hexagonal unit cell; and truncate equation (6)
from m = —3N to 3N — 1. By the similar process, the
Dirichlet-to-Neumann map is approximated by a6 N x6 N
matrix. Application of the Bloch theorem to the boundary
of the triangular lattice leads to

"|r4 = aﬂulr.’ u|1"5 :au|F2,

Ju Jdu
ﬂu|r5 = au|r3, 5|r4=aﬁ5|rl’ (12)
oJu _ ou Jdu _ du
%|r5 _a£|r2’ ﬂ%h}_aa“y

where @ = e*%/2 and g = eikV3a/2, Only the disper-
sion curves along the boundary of the irreducible Brillouin
zone (i.e., ' — X — M —T, see Figure 2c) are necessary.
Finally, we can get a linear eigenvalue equation that is

My 000 Mz My My My
0 100 -1 0 0 O
Mo oro|Y*|o -ro o [V=0 U3
0 001 0O 0 -I10
where
V = [HSUT,’,IZUT’”UT, UT]T

and U

(ll]"l ) Llrz, ur3)T.

The detailed expressions of the 3N x 3N matrices Mg ~
My are given in [17]. Equation (13) is a linear eigenvalue
problem of 12N x 12N matrix. It can be determined in the
same way as the square lattice.

It is particularly noticed that, unlike other methods such
as PWE, Wavelet and FEM etc., equations (11) and (13)
yield the Bloch wave vector k with the frequency being
given. This enables us to calculate the band structures in
a particular frequency region which does not necessarily
start from zero.
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Figure 3. Band structures of the transverse modes in a 2D square
lattice consisting of Al cylinders in the Ni matrix with filling
fraction f = 0.75. The scattered dots and solid lines are from
the calculations of the DtN method and the PWE method (with
441 plane waves), respectively. The shadowed region defines the
complete band gaps.

4. Numerical results and discussion

In this section, numerical examples are presented for dif-
ferent systems including solid/solid and fluid/fluid lattices
in square and triangle. We particularly discuss the accu-
racy and efficiency of the present method by comparing
the results with those obtained by the PWE method.

4.1. Al/Ni lattice

As the first example to test the method, we consider the
system studied in one of the earliest papers on phononic
crystals by Kushwaha et al. [1], i.e. purely transverse
waves propagating in a square lattice of alumina (Al)
cylinders embedded in the nickel (Ni) matrix. The material
parameters including the density and the transverse veloc-
ity are: po = 8.936- 10 kg/m? and ¢y = 7.925 km/s for Ni;
and p; = 2.697-10° kg/m> and ¢; = 3.110km/s for Al. The
impedance (pjc;) ratio of the Ni and Al is 8.4. The filling
fraction is f = frrf / a* = 0.75, where r, is the radius of Al
cylinders and a is the lattice constant. Figure 3 illustrates
the band structures calculated by the DtN method (scat-
tered dots) and the PWE method (solid lines). The vertical
axis is the normalized frequency wa/2xcy. The horizon-
tal axis represents the edges of the irreducible Brillouin
zone. In the DtN method, the numerical tests show that
N = 6 ~ 10 can yield convergent results. Here we choose
N = 8, which implies that the DtN map is constructed
from a cylindrical wave expansion of 32 terms and the lin-
ear eigenvalue problem involves 32 x 32 matrices. In the
PWE method, 441 plane waves are involved [9]. From Fig-
ure 3 we observe that the results from the two methods are
almost identical except a slight difference when the wave
vector tends to the point M.

4.2. Au/Epoxy lattice

The above calculated phononic crystal has small acous-
tic mismatch. In this case the PWE method can give con-
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Figure 4. Band structures of the transverse modes in 2D phononic
crystals consisting of Au cylinders in the epoxy matrix with fill-
ing fraction f = 0.4, (a) the square lattice, and (b) the triangular
lattice. The scattered dots and solid lines are from the calcula-
tions of the DtN method and the PWE method (with 441 plane
waves), respectively. The shadowed regions define the complete
band gaps.

vergent results with fewer plane waves. To check the effi-
ciency of the DtN method, we next consider purely trans-
verse waves propagating in square lattice and triangular
lattices of aurum (Au) cylinders embedded in the epoxy
matrix. The material parameters are: py = 1.18 - 103 kg/m?
and co = 1.157 km/s for epoxy; and p; = 1.95 - 10* kg/m>
and ¢; = 1.239km/s for Au. The impedance (p,c;) ra-
tio of the Au and epoxy is 17.7. The filling fraction is
f = 0.4. Here we also chose N = 8 on each edge of
the unit cell. The band structures for the square and trian-
gular lattice are plotted in Figures 4a and 4b, respectively,
with comparison to the PWE method (where 441 plane
waves are used). From the figures we can observe two
complete band gaps in the shown frequency intervals. The
first band gap is larger than the second one and the width
of the first band gap in the square lattice is smaller than
that in the triangular lattice. Whether in the square lattice
or in the triangular lattice, the first band gaps computed by
the two methods are almost identical; but the second band
gap has a little difference. This, we believe, is due to the
poor convergence of the PWE method in higher frequen-
cies. To demonstrate this fact, we use more plane waves,
for example, 961 plane waves, in the PWE method and list
the band-gap regions computed by the DtN and PWE(with
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Table 1. Comparison of the bandgaps computed by two methods

for the Au/epoxy system. No.: Bandgap number

Li, Wang: Waves in two-dimensional phononic crystals

No. | PWE (441) | PWE (961) DIN

O 1 | [0.2450.792] | [0.240,0.789] | [0.235,0.785]
2 | [0.906,0.951] | [0.906,0.942] | [0.905,0.939]

Al 1 | [0231,0.877] | [0.229,0.875] | [0.224,0.872]
2 | [0.976,1.230] | [0.975,1.201] | [0.974,1.187]

Table III. Computing time of the two methods for the Au/epoxy
system (CPU time is in seconds).

PWE (441) PWE (961) DIN
O 270.84 2962.50 5.22
A 284.25 3017.37 25.43

441 and 961 plane waves) methods in Table I. We can find
the results from the PWE method with more (961) plane
waves are nearly identical to those of the DtN method.
This is similar to the results of the photonic crystals in
[16, 17]. The poor convergence and precision of the PWE
method for the phononic crystals with large acoustic mis-
match [14] are due to the Gibbs effect [25, 26]. The present
DtN method however shows good convergence, see Ta-
ble II which gives the calculated results with increasing
value of N.

We also compare the computing time of the two meth-
ods to obtain the whole band structures shown in Figures
4a and 4b, see Table III. To illustrate Figures 4a and 4b, we
have calculated 240 frequencies using the DtN method and
60 Bloch wave vectors using the PWE method. It is shown
that the computing cost of the present method is very low.

4.3. Water/Mercury lattice

Finally we consider acoustic waves in fluid/fluid phononic
crystals. The systems are composed of a square or trian-
gular lattice of water cylinders surrounded by the mer-
cury medium. The material parameters are: p; = 1.025 -
10° kg/m3, ¢ = 1531 m/s for water; and py = 13.6 -
10°kg/m?, ¢y = 1450m/s for mercury at 25°C. The
impedance (p;c;) ratio of the mercury and water is 12.6.
The filling fraction is f = 0.35. In calculation, we choose
on each edge of the unit cell and then obtain a linear
eigenvalue problem involving 24 x 24 or 72 x 72 matri-
ces. Figures 5a and 5b illustrate the band structures for the
square and triangular lattices respectively, which are ob-
tained by the present method and the PWE method with
441 plane waves. From the figure we can see that the re-
sults obtained by the PWE method lie slightly above those
obtained by the DtN method especially in higher frequen-
cies. This trend is more obvious for the triangular lattice.
This is because large acoustic mismatch between water
and mercury makes the convergence of the PWE calcu-
lation very slow. We have re-computed the results using
the PWE method by taking 961 and 1681 plane waves.
The obtained band-gap regions are listed in Table IV. It is
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Figure 5. Band structures of 2D phononic crystals with water
cylinders surrounded by mercury host, (a) the square lattice, and
(b) the triangular lattice. The filling fraction is f = 0.35. The
scattered dots and solid lines represent the results calculated by
the DtN method and the PW method (with 441 plane waves), re-
spectively. The shadowed regions define the complete band gaps.

seen that, with the increase of the number of plane waves
used in the PWE method, the results converge to those of
the DtN method. However more plane waves used implies
much more computing cost, see Table V where the com-
puting time of the two methods to obtain the whole band
structures are listed (we have calculated 280 frequencies
using the DtN method and 60 Bloch wave vectors using
the PWE method). It is shown that the computing time of
the present DtN method to obtain the results of high accu-
racy is extremely less.

5. Conclusions

In this paper, we have applied the Dirichlet-to-Neumann
method from solving the short range wave propagation
problems (photonic crystals) to compute the band struc-
tures of the long range acoustic waves propagating in
phononic crystals. Two-dimensional solid/solid and fluid/
fluid systems with either square or triangular lattice are
considered in the numerical examples. The results show
its some merits in comparison with the PWE method, es-
pecially, in the case of large acoustic mismatch. It gives
rise to a linear eigenvalue problem with relatively small
matrices in comparison with other methods such as PWE,
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Table II. Convergence of the method for Au/epoxy systems (the dimensionless frequency is 0.1). N = 2zk/a (I X).

lattice 4 5 6 7 8 9 10
square 0.1934 0.192 0.192 0.192 0.192 0.192 0.192
2885 25545 23341 28374 21331 21332 21331
triangular 0.190 0.190 0.190 0.190 0.190 0.190 0.190
40941 31852 31561 31968 31964 31949 31950

Table IV. Comparison of the bandgaps computed by two methods for the water/mercury system.

No. PWE (441) PWE (961) PWE (1681) DtN method
square 1 [0.269,0.729] [0.266,0.725] [0.264,0.723] [0.264,0.723]
2 [1.011,1.241] [1.006,1.223] [1.004,1.217] [0.998,1.210]

triangular 1 [0.269,0.863] [0.267,0.860] [0.266,0.859] [0.262,0.832]
2 [1.311,1.435] [1.303,1.428] [1.238,1.425] [1.225,1.358]

Table V. Computing time of the two methods for the wa-
ter/mercury system (CPU time is in seconds).
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