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Summary

The timbre of the pipa, a traditional plucked Chinese music instrument, is characterized by nuanced inharmonicity
resulting from peculiarities of regionally distinct string composition and construction. This paper investigates the
relationship between string physical construction and the resulting inharmonicity in the sounds produced by the
traditional silk and modern Beijing and Shanghai metallic strings. Inharmonicity occurs in string instruments
primary due to stiffness of the strings, and is commonly analyzed using Fletcher’s inharmonicity formulation
based on the Euler-Bernoulli stiff-string physical model. While this formulation accurately predicts partial shifts
observed in the solid-core steel Beijing strings throughout the audible frequency range, it fails to accurately
predict the partial shifts observed in the stranded-core steel Shanghai and traditional silk strings beyond about
8kHz. An alternate formulation of inharmonicity is developed based on the Timoshenko beam physical model,
which accounts for not only stiffness, but also rotary inertia and shear deformation within the string. Inharmonic
partials derived from this formulation are verified by comparing against spectra of pipa recordings, and it is
found that the Timoshenko-based formulation is capable of predicting the observed inharmonicity across all pipa
string types. The unusual inharmonicity of the silk and Shanghai strings above 8 kHz is explained by the shear
deformation properties of the string materials and construction, which limit the phase velocities supported by the
strings and hence limit the inharmonic frequency shifts of the upper partials. In the case of the solid-core steel
Beijing string, the shear deformation limit is beyond the audible frequency range, so the Euler-Bernoulli based
formulation is adequate to explain its inharmonicity. In the case of the stranded steel Shanghai and twisted silk
strings, whose physical shear moduli are 1-2 orders of magnitude smaller than that of the solid-core steel Beijing
string, the shear deformation influences inharmonicity within the audible frequency range. For these strings (and
generally for strings with relatively lower shear moduli), the Timoshenko-based formulation of inharmonicity
should be used.

PACS no. 43.40.Cw, 43.75.Gh

1. Introduction

The pipa, a four-stringed instrument resembling a lute
(Figure 1), has played an essential role in Chinese orches-
tra for hundred of years, reaching its peak in popularity
during the Sui and Tang dynasty (581-907 AD) where it
played a central role in yen-yiieh or court banquet music
[1]. The pipa provides the main melody in the Chinese Figure 1. Modern pipa.
orchestral ensemble as well as the Chinese silk chamber
ensemble. The traditional pipa strings are made of twisted
silk, but modern pipa strings are predominately made of
steel, with outer coverings of copper, nickel or nylon. The
change in string materials and construction has resulted in
profound changes in timbre. This effect is so great that dif-
ferences in pipa string construction between the two major
regions of manufacture, Shanghai and Beijing, have given

rise to different musical repertoire tailored to the charac-
teristics of each region’s strings.

A key aspect of the timbre differences is the degree of
inharmonicity in the strings. A moderate amount of in-
harmonicity creates a sense of warmth, but an excessive
amount of inharmonicity can result in a harsher metallic
sound [2]. As a common example, a grand piano has less
inharmonicity than an upright piano, and is generally re-

Received 18 January 2010, garded as producing a more pleasing sound [3]. In the case
accepted 12 January 2011. of the pipa, musicians tend to prefer the silk or Shanghai
© S. Hirzel Verlag - EAA 315
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strings over the Beijing strings, which have a more metal-
lic sound [4, 5]. Inharmonicity influences pitch perception
[6, 7], and has been extensively studied as an important
consideration for synthesis of many stringed instruments,
such as the kantele [8], harpsichord [9], guqin [10] and
guitar [11].

Physically, inharmonicity is caused by non-ideal me-
chanical properties of the string material and produces par-
tials which are non-integer multiples of the string’s fun-
damental frequency. Much of the analysis of string inhar-
monicity to date is based upon Fletcher’s formulation of
the Euler-Bernoulli string model [2], which accounts for
stiffness in the string. When applied to the solid-core Bei-
jing pipa strings, Fletcher’s formulation accurately pre-
dicts the inharmonicity throughout the audible spectrum.
However, when applied to the stranded Shanghai pipa
strings, Fletcher’s formulation matches the inharmonicity
only in the lower partials, and fails to accurately predict
the inharmonicity in higher partials beyond about 8 kHz.

The purpose of this paper is to explore the relationship
between string physical construction and the resulting in-
harmonicity and timbre differences in the sounds produced
by the silk, Beijing and Shanghai pipa strings. First, the
physical construction of the different pipa strings is exam-
ined. Second, Fletcher’s inharmonicity formulation of the
Euler-Bernoulli string model is reviewed. Finally, an alter-
nate inharmonicity formulation based on the Timoshenko
beam model is developed which better explains the inhar-
monicity of the higher partials of the Shanghai strings.

2. Structure of the pipa strings

Contemporary pipa strings are made in two distinct ways
depending on the place of manufacture, Shanghai or Bei-
jing. Each Shanghai pipa string is made of seven steel
strings wound together within a helical coil of covering
copper, except the A3 (221 Hz) string which is not cov-
ered with copper. Every Shanghai string is wound with an
outer surface of plastic. In contrast, the Beijing A3 string is
made of only one steel string. The remaining three Beijing
strings contain one steel string core, covered with nickel.
Contemporary repertoire is predominately played using ei-
ther all Shanghai strings, or a Beijing A3 string plus three
Shanghai strings due to the heavy metallic sound of the
other Beijing strings.

Microphotographs of Shanghai strings are shown in
Figures 2 and 3. These pictures were made using a Nikon
SMZ 1500 microscope and a Sony DSC S75 digital cam-
era. The pipa strings share a superficial similarity to the
well-studied piano strings, which typically consist of a ten-
sioned steel core wire, around which is wound a helical
coil of covering wire. In the case of the piano, the cover-
ing wire adds mass with only 5-7% increase in stiffness
[12]. As will be shown in the physical modeling section,
in the case of the pipa, the covering wire is a significant
contributor to stiffness and cannot be neglected.

The diameter of each steel strand is measured using
a Union Hisomet measuring microscope (£0.1um preci-
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Figure 2. Shanghai first string (A3 221 Hz) microphotograph.
Unlike the other three Shanghai strings, the first string is made
of seven steel strands wound together without a copper cover.

Jopper cover

Figure 3. Shanghai second string microphotograph cross-section
with plastic cover removed.

sion). The final strand radius r is calculated from the aver-
age of three measured steel strands for each type of string.
The outer and inner diameters of the copper covering wire
are also measured withe the same microscope, and the cor-
responding radii (a and b, respectively) are recorded. The
mass of each string is measured using a Mettler Toledo mi-
cro balance (model AB 204, £0.1mg precision), and the
mass per unit length py;, is recorded. A summary of string
parameters is given in Table I.

The effective moment of inertia of the seven-strand
core shown in Figure 4 can be computed by applying the
parallel-axis theorem to compute the moment of inertia
contribution of the off-axis strands. The moment of inertia
of a cross section of area A about the x axis is

I = Jysz. 1)

From the parallel-axis theorem, the moment of inertia
about the non-centroidal x axis is given by

I, = I+ Ad%, (2)

where A = zr? is the cross sectional area of one steel
strand and d, = rv/3 is the distance from the object cen-
troid to the axis. The cumulative moment of inertia for all
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Beijing A3 Shanghai A3 Shanghai E2 Shanghai D2 Shanghai A2

Measured parameters
Fundamental Frequency, fj [Hz] 221.0 221.0 166.7 147.3 110.5
String length, L [m] 0.734 0.734 0.734 0.734 0.734
Copper, outer radius, a [pum] - - 193.2 284.6 393.8
Copper, inner radius, b [pum] - - 142.5 151.5 180
Number of steel strands 1 7 7 7 7
Steel strand radius, r [pum] 124.5 39.8 47.4 50.5 60.4
Linear Mass Density, pj;, [g/m] 0.385 0.42 1.015 1.59 3.088
Material Properties
Young’s modulus, copper, Ecqpper [GPa] - - 100 100 100
Young’s modulus, steel, Ee; [GPa] 200 200 200 200 200
Shear modulus, steel, G ool 79.3 GPa 153.8 MPa 153.8 MPa 153.8 MPa 153.8MPa

(solid) (stranded) (stranded) (stranded) (stranded)
Calculated parameters
Moment of Inertia, Copper, Lopper ~ [kg/m?] - - 7.69 - 10716 4741071 1.81-1071
Moment of Inertia, Steel, I .. [kg/m?] - - 2.20-107'° 2.81-1071° 5.60-1071°
Tension, T’ [N] 40.5 442 60.1 74.4 81.3

Figure 4. Shanghai string construction, cross section.

steel strands is the sum of the three on-axis strand and four
off-axis strand moments of inertia,

Lgteer = 31—)( +41,. (3)

The copper cover is on-axis, so can be computed from the
cylindrical wire equation as

at — bt

. O

Icopper =r
where a and b are the outer and inner radii of the copper
cover, respectively.

The calculated moments of inertia computed for the
pipa strings are given at the bottom of Table 1. For the
larger three Shanghai strings, the copper covering wire is a
significant contributor to the overall moment of inertia of
the strings.
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3. Derivation of inharmonicity for the pipa
strings

3.1. Euler-Bernoulli stiff string formulation

The following equation describes the transverse motion of
strings, including the effects of bending stiffness.
oty

ElI—-T
ox*

2 2
2 <o, s)
0x or?

The first term is the contribution from stiffness; the sec-
ond term is the contribution from tension. In the equation,
y is the transverse string displacement; x is the position
along the string; ¢ is the time; pj;, is mass per unit length;
T is tension; E is Young’s modulus; I is the moment of
inertia. The steel alloy used in the pipa strings is common
stainless steel; the conventional values for Young’s mod-
ulus for stainless steel and copper (given in Table I) are
used for pipa string calculations.

Following the method of Fletcher er al. [2], the fre-
quency of stretched partials can be derived. The string is
simply supported at both ends, which corresponds to the
following boundary conditions:

0,0 =y(L,1) =0,
%y 0%y (©6)
—(0,1) = —(L,t) =0.
axz( ) 0x2( )
The general solution to this system is
n=1223.... 7

. RmX
y = Ae? sin —,
L

Substituting these into the string equation produces

<El<%>4+T<%>4 —p;inw,2,> y=0. (8
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Table II. Computed inharmonicity coefficients B from each of the Euler-Bernoulli models, compared to fitted inharmonicity coefficients

of recorded signal spectra between 0 and 5 kHz.

Solid 7-strand 7-strand steel core Measured
String steel core steel core plus copper from spectrum
Beijing A3 1.71-107° - - 1.50- 107
Shanghai A3 1.35.107 9.17-107° - 2.60-1073
Shanghai E2 1.97-1073 1.34-107° 3.69 - 107 2.60-1073
Shanghai D2 2.04-107 1.38-107° 1.31-10 2.40-107°
Shanghai A2 3.72-1073 252107 433.107 3.60-107°
Resonant frequencies occur at
2 4 or
2 nr nm _
pa)nzT(T) +E1(f) . ©) :
If T = 0’ E’ I Spectrum
= - - - Harmonic Partials
-80| — E-B Inharmonic Partials, B= 2.6x10°
EIl ([ n 0 1000 2000 3000 4000 5000
w, =1/ —| = | % n=1,273,...,
p \ L
(10) T
ElI (=n =
w; = — | - ,w2=4a)1,a)3=9a)2,.... E
p \L 5
=

If T > 0, equation (9) can be rewritten as
ne\2 (T EI /nm\2
= (Y (= 1—(—) 1
e O () (0 55)) v
r |T Elx?
—1/—1/1 2, 12
nLﬂp +<TL2>n (12)

Using the substitutions

Elxr? 1

w=27f,, BE——, £ —4/—= 13

w, =21, = 5305 (13)

where B is the inharmonicity coefficient and fj is the fun-

damental frequency of the string without stiffness, the fre-
quency of the n'™ partial is

fa=nfoV1+ Bn?,

The final equations (13) and (14) give the fundamental
frequency and inharmonic shift of upper partials in terms
of physical and material parameters.

Based on these equations and the measured physical
parameters (summarized in Table I), the effective inhar-
monicity coefficients for the commonly used Beijing and
Shanghai strings are given in Table II.

The spectrum of the A221 Shanghai string recording
is shown in Figure 5 (please see appendix for details on
the spectral analysis and method for extracting empiri-
cal inharmonic partials). The harmonics of the pipa sound
are not exact integral multiples of the fundamental fre-
quency. The string’s stiffness increases the frequencies of
the higher partials, which are noticeably higher than ideal
harmonic frequencies beyond about 5kHz. Also, as the

n>0. (14)

318

Document downloaded by @DAEL, 2026-05-09 14:37:54 - personal use only

5000 6000 7000 8000 9000 10000
Frequency [Hz]

Figure 5. Comparison of stiff-string inharmonicity versus the
spectrum of a Shanghai string recording (A3 f, = 221Hz).
Dashed vertical bars indicate positions of ideal harmonic over-
tones; solid vertical bars indicate positions of inharmonic par-
tials predicted by Fletcher’s formulation with B = 2.6 - 107>,
Predictions match the recorded spectrum through about 5kHz,
but diverge beyond 8 kHz.

value of inharmonicity coefficients increase, greater shifts
are seen in upper partial frequencies. The Euler-Bernoulli
model accurately predicts the frequencies of the lower
partials, but overestimates the frequencies of higher par-
tials of the Shanghai and Silk strings. Example of partial
frequency shifts for various approximations of B for the
Shanghai A3 string are shown in Figure 6.

For reference, a comparison of selected pipa string pa-
rameters with piano string data from [13] is given in Ta-
ble III. The cross section area (and therefore linear mass
density) of piano strings is roughly an order of magnitude
larger than that of pipa strings. Following the f; relation-
ship in equation (9) the tension necessary to tune the pi-
ano strings to the C3-C4 range is consequently an order of
magnitude larger than that of the pipa. Applying a cylin-
drical approximation for all strings,

_ EIr?

_ Ex A?
TL? I1=A2/4x L2 T

(15)

and considering the order of magnitude differences in
cross section area A and tension 7', the resulting inhar-
monicity B of the piano strings is likewise an order of
magnitude larger than that of the pipa strings.
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Table III. Comparison of pipa and piano strings. Piano values are based on data published by [13].

Figure 6. Partial frequencies f, divided by partial number n,
based on several possible inharmonicity coefficient values of
simplified models for the Shanghai A3 (221Hz) string. The
curve marked with asterisks shows the inharmonicity corre-
sponding to partials extracted from spectral analysis of a pipa
recording. Plot (a) shows the partials extracted from the full spec-
trum. Plot (b) is a detailed view of the marked rectangular region
from (a) which shows the lower partials (< 5 kHz) used to esti-
mate the coefficient of inharmonicity B.

3.2. Timoshenko Beam formulation, including shear
force and rotational motion

We reconsider the behavior of waves and vibrations on
the pipa strings assuming the string is composed of Tim-
oshenko beam elements, which include the effects of not
only stiffness (as in the Euler-Bernoulli model) but also
rotary inertia (as in the Rayleigh model) and shear de-
formation [14]. As shown in Figure 7, shear stress on the
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Frequency String cross-section Tension Inharm. Coef.
Strings [Hz] length [m] area A [mm?] [N] B
Piano C2 65 1.232 0.908 952.6 8.725-107°
Piano C3 131 1.187 0.908 687.1 1.3032-107*
Piano C4 262 0.649 0.825 747.0 33144 - 107
Shanghai A3 221 0.734 0.0348 442 2.60-107°
Beijing A3 221 0.734 0.0487 40.5 1.50 - 1073
245 VA Shear force
. Q=GAvr =GAY +w,)
~ *  Partials from spectrum _ Shear angle
L EB model; B= 2.6e-005 Estimated from spectrum 0-5kHz w H+AH V= (U +g“, ) >
> Vv EB model; B= 1.3e-005 solid steel approx i \ T o _,'IL—,T
g 240 EB model; B= 9.2e-006 7-strand steel . Bending” || _ D —
E —x— - Timoshenko Momen{M \\‘ 1 N (Parallel to X axis)
z M+ AM
2 >
g 2351 y ax
g : >
% 230 "
GC)
a% Figure 7. Forces and bending moments acting upon a differential
e element of the string. In the Timoshenko beam formulation, the
‘ﬁg v differential element is subject to shear deformation: the slope of
290 e ) ‘ ‘ ‘ ‘ the transverse displacement w, (dashed line through the center
@) 20 F rmonic Nmber 80 100 of thf: left and right‘faces) is no longer aligned to the slope of
bending ¥ (perpendicular to face), but forms a shear angle v =
2241 (¥ +w,) which results in a shear force V = GAv = GA(Y+w,)
~ *  Partials from spectrum parallel to the face
L 2235¢ EB model; B= 2.6e-005 Estimated from spectrum 0-5kHz :
o v - EB model; B= 1.3e-005 solid steel approx
Q | e EB model; B= 9.2e-006 7-strand steel
§ 223 —x— - Timoshenko
=z
§ 222.5¢ cross-section elements causes the section to no longer be
£ Ll perpendicular to the neutral axis. In this figure, ¥ is used
E> to measure the slope of the cross-section due to the effects
g 2157 * . of bending and v is the contribution due to shear deforma-
;{ 201} e et tion. The resulting slope of the centroidal axis w, (where
= * [-]1x indicates the partial derivative with respect to x) due
205y to bending shear is given by
220 ‘ ‘ ‘ ‘
by © 5 0 15 20
( Harmonic Number 07
Wy=—=v-Y. (16)
' X

The shear force at the cross-section is given in terms of the
shear strain as

V=GJ vdA = GAv. (17)
A

The action of this mechanical system is defined by the in-
tegral of the system’s Lagrange function

!
= [ L(¥, w, u)dx. (18)
0

By the principle of least action,

ST = 0. (19)
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This is satisfied if and only if the Euler-Lagrange equations
for the system hold

( (oL oL oL
-l=)- +— =0,
oV vy), oY
LY + 2Ly 20
owy /) . ow o (20)

<aL> LOL _
ou
\ B X

ou
For the Timoshenko beam, the action integral for the sys-
tem is

a 1 1 2
I = —EIY?> + —EA (| u, + =w?
[ [zEresr 34 (v 32)

1
+ EGA Y+ w’x)z] —pw — psu} dx. (21)

A

0.

This equation has five terms in units of energy: potential
energy due to elastic deformation, tension and shear defor-
mation, and kinetic energy due to translation and rotation.
Note that neglecting the shear deformation term yields the
Rayleigh model, and that neglecting both the shear defor-
mation and rotational kinetic energy term yields the Euler-
Bernoulli model.

Applying the Euler-Lagrange equations in each of the
coordinates ¥, w and u gives

¥ —(EIY,) +GAY+w,) =0, (22)
w: - {EA <u’x + %wi)
+GA(‘P+w’x)}—p=0, (23)

u: - {EA <u + %wﬁ) } —ps =0. (24)

The normal force can be defined as
A 1,
N2EA(u,+ W) (25)

and the total of normal force and shear force can be defined
as

H 2 Nw,+GAY +w,). (26)

The bending moment is

M
M =EIY, Y,=—. 27
xS V= @7)

Solving (26) for w

v H

— +_
GA
N

14—
+GA

Wy =

(28)
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For convenience we define

A1
A . 29
Y 1 ~ (29)
A

We summarize the key equations below

M,=yH+ Ny¥Y+p,=yH+ Ny¥ + pAY,
H, = —p=pAWw,

g oM (30)
' El

Wy = LH— y¥
T GA '

or rewriting in matrix form as

M 0 y Nyo\ /M pI¥
H 0 0 0O H pAW
v T[L o0 oof[w [T o G1
w/ 0 & —r w 0
The characteristic equation
0 y Ny—Ipo®> O
. 0 0 0 —Apw?
det | kil — ﬁ 0 0 0 =0, (32
Y
0 GA 4 0
gives the dispersion relation
K+ KTy Ay*po®  k*pw’®
N El EI E
Euler—\B(ernoulli Rayleigh
Kyow?  Tv2pa? 2 4
_Krpo” Tripe” ypel a3

G EIG ~ EG

'
Timoshenko

o

where k is the wavenumber, i = v—1 and I is the identity
matrix. Note that if rotary inertia (of the Rayleigh model)
and shear deformation (of the Timoshenko model) con-
tributions are neglected, the dispersion relation (33) re-
duces to equation (9) of the Euler-Bernoulli model (where
k=nr/Landy =1).
Using the following substitutions,

w=kv, E=cip, G=cp (34)
where c¢; and ¢, are the longitudinal and shear wave
speeds, respectively,

|E |G
c 24/=, 2=, (35)
p p

and solving equation (33) for k? gives

—c%Ty —Tv¥ 2 + Ac%vzyzp

K* = (36)

Ip (c% + vz) (—c% + vzy)
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Table IV. Predicted partials from ideal string f;, the Euler-Bernoulli stiff string frp and Timoshenko beam models f7 for the Shanghai
A3 string. The difference between the predicted partial for each model and the ideal harmonic is also given.

Ideal Euler-Bernoulli Timoshenko
Partial S1 [Hz] Sfep [HZ] Sep — fr [Hz] Jr [Hz] Sr— f1 [Hz]
1 221.0 221.0 +0.0 221.0 +0.0
2 442.0 442.0 +0.0 442.0 +0.0
3 663.0 663.0 +0.0 663.0 +0.0
4 884.0 884.1 +0.1 884.1 +0.1
5 1105.0 1105.1 +0.1 1105.1 +0.1
10 2210.0 2211.0 +1.0 2211.0 +1.0
20 4420.0 4428.1 +8.1 4428.8 +7.8
30 6630.0 6657.3 +27.3 6655.1 +25.1
40 8840.0 8905.6 +64.6 8896.3 +56.3
50 11050.0 11175.9 +125.9 11152.8 +102.8
The Timoshenko model phase velocity relationship can be
obtained by solving equation (36) for phase velocity v in .
terms of wavenumber k. g 20 /" Euler-Bernoulli Model
> 2 2 Z
Py =Ly 2 dar | Ty g 15
2 2y 2IkY 2Ipk? 8
+ [ — 4Iypk2(c§Ty + c%cglpkz) % 10
+ ( —Ty2 —Ac%yzp—cglpk2 § 05

2 2112 2 17!
— PIypk?) ] [Zik yp] . (37)
The corresponding Euler-Bernoulli phase velocity (vep)
relationship can be obtained in a similar manner, and is
given below.

T I
— + =k

iy (38)

v} (k) =
The positive phase velocities of equations (37) and (38)
are plotted in Figure 8. For large wavenumbers, the Euler-
Bernoulli model phase velocity increases without bound,
while the Timoshenko model phase velocity is limited by
shear deformation c;.
The frequency of the n™ inharmonic partial f, can be
obtained by solving equation (37) in terms of radial fre-
quency @

1
wi(k) = —— <ka2(Ey +G)+ Ty + GAYp

2Iyp?

+ |- 4Iyp*k*(EGIK* + GTy) (39)

+ (IpkX(Ey + GI) + Ty’ p + GAy*p)] ‘/2),

and using the relationship

0]

=1,23,....
2r "

In= (40)

k=tz

For the Shanghai A3 pipa string with physical param-
eters listed in Table I, the inharmonic partial shifts pre-
dicted by the Euler-Bernoulli and Timoshenko models can
be seen in Figures 9 and 10. Computed numeric values for
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~
2 Timoshenko Model

1 2 3 4
Normalized Wavenumber A/rg

Figure 8. Phase velocity relationships for Timoshenko (solid),
Rayleigh (dotted) and Euler-Bernoulli (dashed) string models.
Phase velocity is normalized to the longitudinal wave speed ¢,
and wavenumber is normalized to the radius of gyration r, =

T/A.

©
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Harmonic Ideal String
EB model; B= 2.6e-005 Estimated from spectrum
* - Timoshenko
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Figure 9. Partial shift due to inharmonicity for the Shanghai A3
(221 Hz) string, as predicted by different physical models.

selected predicted partials using both models are given in
Table IV.
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245
+ Partials from spectrum

—— EB model; B= 2.6e-005
240 Estimated from spectrum 0-5kHz
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(a) Harmonic Number
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—*= Timoshenko
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1751 —*= Timoshenko
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Figure 10. Comparison of Euler-Bernoulli, Timoshenko and
measured partial shifts for (a) Shanghai A3 (221 Hz) stranded-
core steel string, (b) Beijing A4 (221 Hz) solid-core steel string,
and (c) silk D3 (147.4 Hz) string.

For lower partials, the Timoshenko model agrees with
Fletcher’s formulation. For higher partials above about
8 kHz, the partial shift predicted by the two models di-
verge.

Unlike the Euler-Bernoulli formulation in the previous
section, the Timoshenko beam formulation has a bounded
phase velocity at high frequencies, which limits the fre-
quency shift of inharmonic partials at high frequencies.
Insight into the high-frequency dispersion behavior of the
Timoshenko model can be obtained by examining the lim-
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its of the wavenumber-phase velocity equation (36). At the
short wavelength limit k — oo, the phase velocity v ap-
proaches a limit dominated by shear deformation c;.

In the case of the pipa, the distinctive seven-stranded
core gives the Shanghai pipa strings a shear modulus G
which is two orders of magnitude smaller than that of typ-
ical solid-core strings (79.3 GPa for solid steel as in the
Beijing strings, 44.7GPa for solid copper, or 40.1 GPa for
solid brass, compared with 153.8 MPa for stranded steel
as in the Shanghai strings or 3GPa for silk). For the pipa
strings, the effect on inharmonicity becomes significant
within the range of hearing.

4. Conclusion

In this paper, the structure of pipa strings has been ana-
lyzed. The hypothesis which motivated this work is that
the pipa string structure is a main contributor to the pipa’s
characteristic inharmonicity and timbral sound. Owing to
its distinctive string structures, the calculation of pipa in-
harmonicity is investigated using physical models based
on both the conventional Euler-Bernoulli stiff string for-
mulation and Timoshenko beam formulation. From the
physical models developed in this paper, it is clear that the
inharmonicity-limiting effect of shear deformation is the
key difference between the more metallic Beijing strings
and the warmer silk and Shanghai strings.

Further, the analysis of the Timoshenko-based model
suggests the following guideline can be used for comput-
ing inharmonicity for a string: for solid core strings made
from steel, copper, bronze, or similar materials, Fletcher’s
formulation based upon the Euler-Bernoulli stiff-string
model is most likely sufficient to model the inharmonicity
of audible partials. However, for stranded core strings or
strings made with materials with small shear moduli (no-
tably silk at 3GPa, or nylon at 4.1GPa), high partials may
be audibly affected by the shear deformation phase veloc-
ity limit, so the Timoshenko-based formulation should be
used.

Appendix
Al. Spectral Analysis

In order to obtain the empirical inharmonic partials for
this investigation, performances of the Beijing and Shang-
hai plucked open strings were recorded at 16 bit resolu-
tion and 44100 Hz sampling frequency, and analyzed to
extract partial frequencies. The silk string recording was
obtained separately, and was sampled at 16 bit resolution
and 22050 Hz. Open strings were chosen instead of fretted
strings in order to minimize the influence of left hand fin-
gering technique, which could otherwise introduce pitch
drift or other unwanted artifacts.

The key components of the analysis are illustrated in
Figure Al. A short-time Fourier analysis approach was
used to compute a spectrogram of each recording (4096-
point Hanning window, zero-padded to 8192 points; frame
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Figure Al. Spectrogram of a Shanghai A3 (221Hz) string
recording, 0-5 kHz. The time domain waveform is projected onto
the right axis plane; the time interval marked between vertical
lines is chosen for the spectral analysis. The corresponding spec-
trum of the analyzed interval is projected onto the left axis plane.

overlap of 7936 points). A time interval beginning about
100ms after the peak intensity (as shown in the waveform
projected onto the right hand axis plane in Figure A1) was
chosen for the analysis to reduce the influence of pluck
transients on the spectrum. The analysis spectrum (pro-
jected onto the left hand axis plane in Figure A1) was con-
structed by taking the maxima of successive frames cover-
ing an interval of approximately 50ms, in order to recover
peaks which were otherwise obscured by beating. Finally,
a peak-picking algorithm was applied to calculate the cen-
ter frequencies of each prominent spectral peak in order to
estimate the frequency of each partial. The same procedure
was repeated for each recording.

The spectrum in Figure 5 shows two features which
required special consideration in the peak-picking algo-
rithm: a missing fundamental [15] and the presence of
phantom partials [16]. As can be seen in the spectrum
in Figure 5, a number of local spectral peaks occur away
from the expected partial frequencies. These are believed
to be phantom partials, which occur in many stringed in-
struments, such as the piano, guitar [16] and potentially
any other plucked or struck stringed instrument in which
significant coupling between string, bridge, and sound-
board/resonator exists[17, 18]. As a prominent example
from the top panel of Figure 5, the peak at approximately
3470 Hz (between the 15" and 16™ partials) is consistent
with even phantom partial, as it is double the frequency of
the eighth partial.

To accommodate these features, the peak-picking algo-
rithm was manually initialized to start searching for peaks
at low multiples of the expected fundamental frequency.
In order to handle phantom partials and spurious noise,
the peak picking algorithm followed a heuristic which
assumed the partials were approximately locally evenly
spaced, so established a search window for each succes-
sive partial computed from the average interval spacing
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of the previous n partials. In the case of multiple local
maxima within the search window, if the signal to noise
ratio in that region exceeded a predefined threshold, the
largest magnitude peak was selected. [16] notes that phan-
tom partials occasionally have larger magnitudes than typ-
ical inharmonic partials, which may explain some of the
spurious points generated by the algorithm and visible in
the plots, particularly at high frequencies where the sig-
nal approaches the noise floor. Final results were visually
checked using diagnostic plots similar to Figure 5.
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