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Summary
A study of scalar acoustic pseudopotentials and their connection to actual spherical scatterers is presented. The
pseudopotential concept and the governing scattering equations are established through an alternative energy
viewpoint from which the operator-based definition follows. Limiting formulas are derived for spherical acoustic
scatterers with subwavelength size and it is shown that pseudopotentials can approximate only certain scattering
types: impedance or soft impenetrable ones or penetrable ones having equal density but different compressibility
from the surrounding medium. The accuracy of the approximation is investigated numerically and mapped versus
the scatterer size and distance of the observation point. As an application, the infinite linear periodic array of small
spheres is considered and it is shown that the frequency dependence of a scatterer’s responsivity to the incident
field forbids the existence of traveling waves except in the cases of positive impedance scatterers or penetrable
scatterers having the same density but higher compressibility than the surrounding medium.

PACS no. 43.20.-f, 43.20.Fn

1. Introduction

In wave physics the pseudopotential is a mathematical
concept that serves to replace an actual scatterer of sub-
wavelength size by a point with the same macroscopic
scattering behavior. Its conception dates back to 1936 and
is due to E. Fermi who introduced a Dirac’s δ potential
into Schrödinger’s equation to model the scattering of a
neutron by a hydrogen nucleus. A concept similar to the
pseudopotential –termed pseudodipole– has also been in-
troduced for the case of Maxwell equations [1], to repre-
sent infinitesimal dipoles [2] that radiate under the influ-
ence of an external field and has been used for the analysis
of resonances in antenna arrays [1, 3]. On the other hand,
(scalar) pseudopotentials are appropriate to model acous-
tic (pressure) wave scattering by infinitesimal objects.

Perusing the literature it turns out that there exist very
few papers on the concept of pseudopotentials in electro-
magnetic or acoustic wave scattering. Among them, [1, 4]
are the most salient, yet very mathematical oriented. How-
ever, even though the term pseudopotential is hardly used,
wave phenomena connected with subwavelength sized ob-
jects, often referred to as point scattering, have always at-
tracted significant attention [5, 6, 7]. Apart from the phys-
ical importance, i.e. in scattering by particles [8], point
scattering has also been found to be a useful mathematical
tool, e.g. in the context of discrete-dipole-approximation
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methods, where a continuous scattering body is approxi-
mated by a cluster of discrete point scatterers [9, 10]. Fur-
thermore and particularly in the photonics field, consid-
erable effort has been targeted over the past decade at the
light transfer properties of chains of metallic nanoparticles
with diameters in the order of λ/10 [11, 12, 13], which re-
vives the classic antenna array problem and the pseudopo-
tential concept in the optical domain. The scattering prop-
erties of deep subwavelength (λ/200) artificial objects are
also under research for biomedical and other applications
[14, 15].

The purpose of this paper is to present a thorough and
tutorial treatment of scalar pseudopotenials in the context
of acoustic waves and clarify the connection with scat-
tering by actual subwavelength sized spheres. Instead of
the operator-based definition given in [1, 4] and aiming
for a deeper physical understanding, an alternative path is
followed by resorting to simple energy conservation argu-
ments. Specifically the paper is organized as follows: Ini-
tially (section 2) the concept of scalar acoustic pseudopo-
tentials is revisited through an energy perspective. Equat-
ing the radiated and incident powers leads to the basic
scattering equations for single and multiple pseudopoten-
tials revealing, at the same time, the locus of the complex
responsivity factor (the polarizability for pseudodipoles).
Based on these results, the equivalent definition as an addi-
tional operator to the Helmholtz wave equation is derived
heuristically with the aid of the radiation reaction field
concept. In section 3 we consider actual, finite-sized spher-
ical scatterers with hard, soft, impedance or penetrable
boundary conditions. We derive limiting formulas in the

364 © S. Hirzel Verlag · EAA

Document downloaded by  @DAEL, 2026-08-11 00:19:30 - personal use only



Chremmos, Fikioris: Note on acoustic pseudopotentials ACTA ACUSTICA UNITED WITH ACUSTICA
Vol. 97 (2011)

deep sub-wavelength size regime and deduce the boundary
conditions that allow one to approximate the scatterer by
a pseudopotential. The accuracy of the approximation is
investigated numerically versus the radius of the scatterer
and the proximity of the observation point. Finally, in sec-
tion 4 we revisit the infinite linear periodic array (ILPA)
of pseudopotentials and derive the dispersion equation of
Bloch modes. Using the results of section 3, we reach the
so far unreported conclusion that, due to the frequency de-
pendence of the responsivity factor, traveling waves in an
ILPA of small spherical scatterers do not exist except in
the case of a positive surface impedance or for penetrable
scatterers having the same density but being more com-
pressible than the surrounding medium.

2. Energy view of acoustic pseudopotentials

2.1. Energy conservation in scattering

To study the concept of scalar pseudopotentials, we con-
sider exp(jωt) time-harmonic acoustic waves produced in
an inviscid fluid by sources with spatial distribution f (r).
The resulting pressure and velocity fields pf , vf , satisfy
the linearized continuity and force (Euler’s) equations [16]

∇ · vf (r) = −jk0Z
−1
0 pf (r) + f (r), (1)

∇pf (r) = −jk0Z0vf (r), (2)

where k0 = ω/c0 is the acoustic wavenumber and Z0 =
ρ0c0 is the acoustic impedance with ρ0 being the equilib-
rium density and c0 the speed of sound in the fluid. The
source f (r) has units 1/s and is interpreted as the rate of
fractional volume change produced by the acoustic source
or, alternatively, as ρ−1

0 times the rate of virtual mass in-
jection per unit volume. Substitution of equation (2) into
equation (1) yields the inhomogeneous Helmholtz equa-
tion �∇2 + k2

0

�
pf (r) = −jk0Z0f (r), (3)

which has the well-known solution

pf (r) = jk0Z0

���
f (r�)G0(r, r�) dV �, (4)

where

G0(r, r�) =
e−jk0|r−r�|

4π|r − r�| (5)

is Green’s function and vectors r, r� are observation and
source points respectively. The total time-averaged power
radiated by the sources is given by the integral of power
intensity over an enclosing surface S [16]

Prad,f = 	
��

S

1
2
�e

�
pf (r)v∗f (r)

� · dS, (6)

where the asterisk stands for complex conjugation, �e{..}
for the real part and the surface element dS is directed

outwards. Using Gauss’s divergence theorem (Appendix
A1) this power can equivalently be written as

Prad,f =
1
2
�e

���
V (S)

pf (r�)f∗(r�) dV �, (7)

where V (S) is the volume enclosed by S. The latter equa-
tion states that the radiated power is produced by the pul-
sation of the sources against the pressure field pf at a rate
of f Hz and is consistent with energy conservation given
that the medium is lossless.

When a pseudopotential is introduced at the source-free
point rs, it acts as a secondary wave source with complex
amplitude A that is proportional to the incident pressure

A =
4π

k2
0Z0

τpf (rs), (8)

where 4π/(k2
0Z0) has been introduced to make the pro-

portionality (or responsivity) factor τ dimensionless. As a
result of radiation from the pseudopotential, the total pres-
sure and velocity fields are disturbed to the values

ptot(r) = pf (r) + ps(r), (9)

vtot(r) = vf (r) + vs(r), (10)

where the scattered fields satisfy analogous to (1), (2) dif-
ferential equations

∇ · vs(r) = −jk0Z
−1
0 ps(r) + Aδ(r − rs), (11)

∇ps(r) = −jk0Z0vs(r). (12)

Combining the latter, we obtain the inhomogeneous Helm-
holtz equation for the scattered pressure�∇2 + k2

0

�
ps(r) = −jk0Z0Aδ(r − rs), (13)

whose solution is proportional to Green’s function

ps(r) = jk0Z0AG0(r, rs). (14)

Now let us consider the integral expressing the time-
averaged total power flowing out of a surface that encloses
the pseudopotential but leaves the sources out,

PSs
= 	

��
Ss

1
2
�e

�
ptot(r)v∗tot(r)

� · dS. (15)

Since a pseudopotential is a passive and lossless scatterer
this integral must be exactly zero because energy is neither
created nor dissipated inside Ss. This approach was also
used in [10] for continuous dielectric media. Substituting
equations (9), (10) into equation (15) we obtain

PSs
= 0 =

1
2
�e	

��
Ss

�
pf (r)v∗f (r)

� · dS

+
1
2
�e	

��
Ss

�
ps(r)v∗s (r)

� · dS (16)

+
1
2
�e	

��
Ss

�
pf (r)v∗s (r) + ps(r)v∗f (r)

� · dS.
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The first integral is the power flowing out of Ss due to the
incident field and is exactly zero because its sources are
outside Ss and the medium is lossless. This is also rigor-
ously deduced if equation (7) is applied for any surface
inside which f (r) = 0. The second integral is the power
Prad,s radiated by the pseudopotential through its scattered
field. For a lossless medium, Prad,s is independent of the
shape of Ss thus it is convenient to assume a sphere cen-
tered at rs and use equations (12), (14) to find

Prad,s =
k2

0Z0

8π

��A��2
. (17)

The third integral expresses power flowing out of Ss due
to interaction between the incident and scattered fields. In
Appendix A2 this integral is shown to be expressed as

1
2
�e	

��
Ss

�
pf (r)v∗s (r) + ps(r)v∗f (r)

�
dS

=
1
2
�e

�
pf (rs)A∗�, (18)

which is substituted together with equation (17) into equa-
tion (16) to obtain

1
2
�e

� − pf (rs)A∗� = Prad,s =
k2

0Z0

8π

��A��2
. (19)

The latter is an elegant expression of energy conserva-
tion: the power radiated by the pseudopotential through
its scattered field is equal to the power offered by the in-
cident field to the pseudopotential which is expressed by
1/2�e{−pfA∗}. Notice that the minus sign in the latter
product is consistent with its definition as power absorbed
by the sourceAδ(r−rs), in comparison to the positive sign
in equation (7) which defines power offered by the source
f (r).

2.2. Radiation reaction field

Energy conservation imposes a constraint on the propor-
tionality factor τ, i.e. the responsivity of the pseudopoten-
tial to the incident field. Indeed by substituting equation
(8) into equation (19) we obtain��τ��2

= −�e{τ} ⇔ τ =
jα

1 − jα
, (20)

where α = − cot(ϕτ ), ϕτ being the argument of τ. There-
fore the locus of τ on the complex plane is the circle with
radius 1/2 centered at (−1/2, 0) while α can take any real
value. Moreover, equation (20) allows an interesting ex-
planation of the excitation of the pseudopotential. Intro-
ducing it into equation (8) we obtain

A = jα
4π

k2
0Z0



pf (r) + prr



, (21)

where

prr =
k2

0Z0

4π
A. (22)

It turns out that the pseudopotential amplitude A is propor-
tional and 90◦ out of phase to the sum of the incident field
and an additional field term prr which is proportional to
A and represents a self-interaction. From equations (17),
(22) we also find

1
2
�e

�
prrA

∗� = Prad,s, (23)

which implies that prr is the radiation reaction field of
the pseudopotential, i.e. the effective pressure field against
which the pseudopotential works at rate Aδ(r − rs) Hz to
produce the radiated power Prad,s. In that sense, equation
(21) can be interpreted as an alternative to equation (8),
showing that the radiation reaction field is part of the to-
tal field that excites the pseudopotential and to which the
pseudopotential responds with a pure imaginary propor-
tionality factor jα.

Through the concept of radiation reaction field one can
reach the operator-based definition of pseudopotentials
given in [1, 4]. Rewriting equation (22) as

prr =
� jk0Z0

4π
A
�� − jk0

�
=

� jk0Z0

4π
A
�

lim
Rs→0

�
∂

∂Rs
Rs

e−jk0Rs

Rs

�
,

where Rs = |r−rs|, and using equation (14), the radiation
reaction field is given in terms of the scattered field as

prr = lim
Rs→0

∂

∂Rs



Rsps(Rs)



. (24)

Substituting the latter into equation (21)

A = jα
4π

k2
0Z0

lim
Rs→0

∂

∂Rs



Rsptot(r)



, (25)

where ptot is the total pressure field of equation (9). If this
expression is introduced into the Helmholtz equation for
the total field, namely the sum of equations (3) and (13),
we obtain	

∇2 + k2
0 − δ(r − rs)

4πα
k0

∂

∂Rs
Rs

�
ptot(r)

= −jk0Z0f (r), (26)

which is exactly the operator given in equation (2.2) of [1],
noticing however the different notation in that our dimen-
sionless real α corresponds to k0α of [1].

2.3. Extension to multiple scattering

Now assume a set of N pseudopotential scatterers located
at the source-free points rn, n = 1, 2, . . . ,N and radiat-
ing with amplitudes An under the excitation of the fields
produced by the sources f but also under their mutual in-
teraction. Then in equation (8) the field which excites the
m-th pseudopotential must be augmented by the sum of the
fields radiated from the other pseudopotentials. Explicitly

Am

�
1 − jαm

�
+

4παm
k0

�
n �=m

AnG0(rm, rn)

=
j4παm
k2

0Z0
pf (r). (27)
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Repeating (27) for m = 1, 2, . . . ,N we obtain a N × N
system of coupled linear equations which are essentially
the Foldy-Lax multiple-scattering equations [17] of the in-
teracting objects. Notice that the subscript in the respon-
sivity factor αm indicates that the pseudopotentials are not
necessarily identical. In the absence of sources (pf = 0)
equation (26) is exactly the equation obtained in [1] for
arrays of pseudopotentials through an operator-based def-
inition of the pseudopotential, noting however that our −j
follows from the assumed exp(+jωt) time dependence. It
is also instructive to write the augmented Helmholtz equa-
tions satisfied by the total field in the presence of multiple
pseudopotentials. In analogy to equation (26) we have	

∇2 + k2
0 −

�
n

δ(r − rn)
4παn
k0

∂

∂Rn
Rn

�
ptot(r)

= −jk0Z0f (r), (28)

where Rn = |r − rn|.

3. Actual spherical scatterers

3.1. Impenetrable scatterers

Here we proceed to investigate the asymptotic equiva-
lence of small scatterers with pseudopotentials. Consider
an acoustically impenetrable spherical scatterer centered
at the origin (r = 0), having radius d and an impedance
(Robin) boundary condition on its surface�

k0Z0ptot +Zs
∂ptot

∂r

����
r=d

= 0, (29)

where jZs is the surface impedance which is assumed to
be imaginary so that the scatterer does not consume or pro-
duce power. Without loss of generality, the incident field
(pf ) is taken to be that of a point source with amplitude
F located at rf = (rf , θf , φf ), i.e. f (r) = Fδ(r − rf ).
Thus from equation (4) pf (r) = jk0Z0FG0(r, rf ). Not-
ing that G0(r, rf ) = −jk0h

(2)
0 (k0|r− rf |)/(4π), where h(2)

n

is the second-kind spherical Hankel function [18], pf can
be expanded in spherical waves by virtue of the addition
theorem for h(2)

0 [19]

pf (r) =
k2

0Z0F

4π
h

(2)
0

�|r − rf |
�

(30)

=
k2

0Z0F

4π

∞�
n=0

(2n + 1)h(2)
n

�
k0rf

�
jn
�
k0r

�
Pn(r̂ · r̂f ),

where jn is the spherical Bessel function, Pn is the Legen-
dre polynomial and r̂ = r/r, r̂f = rf/rf are unit vectors.
This formula holds for r < rf . Under the influence of the
incident field, the sphere produces a scattered field that can
be similarly expanded in outgoing spherical waves

ps(r) =
∞�
n=0

snh
(2)
n

�
k0r

�
Pn(r̂ · r̂f ). (31)

By applying the boundary condition (29) for the total field
on r = d and utilizing the orthogonality of Legendre poly-
nomials, the coefficients sn are found

sn = tn
k2

0Z0F

4π
(2n + 1)h(2)

n

�
k0rf

�
, (32)

where

tn =
jwn

1 − jwn
, (33)

wn = −Z0jn(k0d) +Zsj
�
n(k0d)

Z0yn(k0d) +Zsy
�
n(k0d)

is the scattering coefficient of the corresponding spherical
harmonic, yn is the spherical Neumann function, while the
prime denotes the first derivative with respect to the argu-
ment.

It is very interesting to notice the similarity of the ex-
pression for tn in equation (33) with that of τ in equa-
tion (20) and the consequent connection between wn and
α. This is a result of energy conservation: If the wave
jn(k0r)Pn(r̂ · r̂f ) is incident on the sphere, spherical sym-
metry and orthogonality of Legendre polynomials dictate
that the scattered wave will be tnh

(2)
n (k0r)Pn(r̂ · r̂f ). Since

the scatterer does not consume or produce power, the out-
ward power flow integral (equation 15) on r = d must be
zero. If this integral is performed analytically one obtains
for |tn|2 = −�e(tn), i.e. the condition of equation (20).

Letting the radius of the scatterer become arbitrarily
small compared to the wavelength (k0d → 0) and us-
ing the small-argument approximations of spherical Bessel
and Hankel functions [18], we find the limiting formulas
for wn

wn ∼
�

− n(k0d)2n+1

(n+1)(2n−1)!!(2n+1)!! , n ≥ 1,

−Z0
Zs

�
k0d

�2
, n = 0,

(34)

which are valid for (k0d) � |Zs|/Z0 � (k0d)−1. In the
special case of an acoustically soft (Zs = 0) or rigid (Zs =
∞) scatterer these become respectively

wn ∼ (k0d)2n+1

(2n − 1)!!(2n + 1)!!
, n ≥ 0, Zs = 0 (35)

(by definition (−1)!! = 0) and

wn ∼
�

− n(k0d)2n+1

(n+1)(2n−1)!!(2n+1)!! , n ≥ 1,
1
3

�
k0d

�3
, n = 0,

Zs = ∞. (36)

We now turn to the scattered field at a point of observa-
tion r which is at an arbitrary but finite distance from the
origin. From equation (31) and with the help of equations
(34), (35), (36), it is concluded that, in the limit of a small
scatterer, ps is expressed as a Taylor series for k0d. For an
impedance or a soft scatterer the prevalent term is n = 0
which is an isotropically scattered term. From equations
(31), (32) this zero-order approximation for the scattered
field is written

ps(r) ≈ j
4πt0
k0

pf (0)G0(r, 0), (37)
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where, by the first equality of equation (30), we have re-
placed k2

0Z0F h
(2)
0 (rf )/(4π) with pf (0), i.e. the incident

field at the center of the scatterer. Comparing equations
(14) and (37) and with the aid of equation (8) it turns out
that the field of equation (37) is identical with the field of a
pseudopotential with τ = t0 or, equivalently, with α = w0.

Summarizing, an infinitesimally small impedance or
soft acoustic scatterer behaves as a pseudopotential with
responsivity factor

α = w0 =
�

−Z0
Zs

�
k0d

�2
, Zs �= 0,

k0d, Zs = 0.
(38)

The above conclusion is not true for an acoustically
rigid (hard) scatterer. In that case, equation (36) shows that
the prevalent terms in the scattered field Taylor series are
n = 0, 1, both being proportional to (k0d)3. The scattered
field contains a comparable dipole term h

(2)
1 (k0r) cos(r̂ ·

r̂f ) in addition to the isotropic term h
(2)
0 (k0r) and there-

fore an infinitesimally small and acoustically rigid scat-
terer cannot be replaced by a pseudopotential.

3.2. Penetrable scatterers

Now we consider the case of an acoustically penetrable
sphere whose medium is characterized by density ρ1 and
acoustic speed c1. We also assume the incident field of
equation (30). By expanding the pressure inside the sphere
in nonsingular spherical waves

ptot(r) =
∞�
n=0

σnjn
�
k1r

�
Pn(r̂ · r̂f ), (39)

where k1 = ω/c1, applying the continuity boundary con-
ditions for pressure, ptot(d+) = ptot(d−), and normal veloc-
ity, ρ−1

0 p�tot(d
+) = ρ−1

1 p�tot(d
−), and eliminating coefficients

σn, we find that the coefficients of the scattered field are
again given by equation (32) where

tn =
jwn

1 − jwn
, (40)

wn = −Z0jn(k0d)j�n(k1d) −Z1jn(k1d)j�n(k0d)
Z0yn(k0d)j�n(k1d) −Z1jn(k1d)y�n(k0d)

,

which is the same with equation (32) with the impedance
Zs replaced by −Z1jn(k1d)/j�n(k1d), Z1 = ρ1c1 being
the acoustic impedance of the scatterer’s medium. Letting
k1d → 0, k0d → 0 the limiting formulas for wn are found

wn ∼

����������

n(ρ0−ρ1)(k0d)2n+1

[ρ0n+ρ1(n+1)](2n−1)!!(2n+1)!! , n ≥ 1, ρ0 �= ρ1,
(1−c2

0/c
2
1 )(k0d)2n+3

(2n+1)(2n+3)(2n−1)!!(2n+1)!! , n ≥ 1, ρ0 = ρ1,�
1 − κ1

κ0

�
(k0d)3

3 n = 0, κ0 �= κ1,�
1 − c2

0

c2
1

�
(k0d)5

45 n = 0, κ0 = κ1,

(41)

where κi = 1/(ρic2
i ), i = 0, 1, is the compressibility of

the corresponding medium (units of inverse pressure). The
formulas for n = 0 are valid for Z1/Z0 
 k0k1d

2. From
equations (40) follows that, in general, when ρ0 �= ρ1 and

κ0 �= κ1, the prevalent (k0d)3 powers are these of polar
harmonics n = 0, 1; thus the radiated field is not isotropic.
However, in the special case ρ0 = ρ1 and κ0 �= κ1, namely
when the scatterer has the same density but different com-
pressibility from the surrounding medium, the prevalent
cubic power is that of term n = 0 and thus the scatterer
is asymptotically equivalent to a pseudopotential. It is also
interesting to note that in the special case ρ0 �= ρ1 and
κ0 = κ1, the prevalent cubic power belongs to the term
n = 1 while the isotropic term is proportional to (k0d)5

and is negligible.

3.3. Accuracy of the pseudopotential model

In the above analysis, we let the radius of the sphere be-
come deep subwavelength in order to check the asymptotic
equivalence to a pseudopotential. The distance at which
the scattered field was observed was kept fixed and fi-
nite. However, in case of arrays (or lattices) of interact-
ing scatterers, the inter-element distance can also be very
small compared to the wavelength which may compromise
the validity of the pseudopotential approximation. Conse-
quently, the important question is raised about how close
two scatterers can be before the pseudopotential approxi-
mation becomes inaccurate. To answer it, we return to the
scattering problem and consider the scattered field at the
location of the source that produces it, i.e. their interaction
field within the zero order approximation. Setting r = rf
in equation (31) and combining it with equation (32) we
get

ps(rf ) =
k2

0Z0F

4π

∞�
n=0

tn(2n + 1)


h

(2)
n (k0Λ)


2
, (42)

where we have used Pn(1) = 1 and replaced rf by Λ, a
frequently used symbol for arrays’ inter-element spacing.
This series, which is convergent for any Λ > d, can be
used to check the accuracy of the pseudopotential approx-
imation: the scatterer will behave as a pseudopotential, i.e.
radiate isotropically, if the series can be replaced by its
leading (n = 0) term. The accuracy is quantified by the
criterion

C

����� t0


h

(2)
0 (k0Λ)


2 −�∞
n=0 tn(2n + 1)



h

(2)
n (k0Λ)


2�∞
n=0 tn(2n + 1)



h

(2)
n (k0Λ)


2
�����

< ε, (43)

where ε � 1, t0 is given by equation (32) and w0 is given
by the limiting formulas (37).
Figure 1 depicts the isolines of log10(C) versus log10(k0d),
log10(k0Λ) for small (k0d < 1) and acoustically soft
(Zs = 0) spheres. The region Λ > 2d corresponds to the
physical constraint for the distance between the centers of
two scatterers with radius d. It is seen that for given values
of k0d and C, there exists a minimum (k0Λ)min, such that
the accuracy is better than C for all k0Λ > (k0Λ)min. For
sufficiently small k0d, the relationship between (k0Λ)min
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Figure 1. Isolines of log10(C) (step 0.5), i.e. the accuracy of the
pseudopotential approximation, versus log10(k0d), log10(k0Λ)
for acoustically soft (Zs = 0) spheres with k0d < 1. The dot-
ted line corresponds to the physical constraint Λ = 2d.
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Figure 2. Isolines of log10(C) (step 0.2), versus log10(k0d),
log10(k0Λ) for impenetrable spheres with k0d < 1 and surface
impedance Zs = Z0. The dotted line corresponds to the physical
constraint Λ = 2d.

and k0d is approximately linear, as implied by the con-
stant unity slope of the isolines (the axes are scaled log-
arithmically). As k0d increases, the required (k0Λ)min in-
creases dramatically with the isoline becoming almost ver-
tical, implying that there exists a maximum (k0d)max, be-
yond which an accuracy C cannot be achieved no matter
how large k0Λ gets. Overall, the map proves the intuitively
expected fact that the pseudopotential approximation is ac-
curate at sufficiently large distances from sufficiently small
scatterers. For example, Figure 1 states that the accuracy
of the pseudopotential approximation is better than 1%
(C = 0.01) for soft spheres with size k0d < 0.12 and
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Figure 3. Isolines of log10(C) (step 0.2), versus log10(k0d),
log10(k0Λ) for penetrable spheres with k0d < 1, ρ1 = ρ0 and
a) c1 = 2c0, b) c1 = c0/2. The dotted line corresponds to the
physical constraint Λ = 2d.

at distances Λ > 10d, which can be remembered as a rule
of thumb.

An analogous map can be drawn for impedance spheres.
An example is shown in Figure 2 with Zs = Z0. Now the
slope of the isolines, for small k0d, is smaller than unity,
implying a fractional power dependence between (k0Λ)min

and k0d. A region of increased accuracy appears for mod-
erate k0d > 0.1 and k0Λ > 10. Roughly speaking, the
accuracy is better than 1% for k0d < 0.1 at distances
k0Λ > 8.5

�
k0d.

Finally Figure 3a shows the accuracy of the pseudopo-
tential approximation for penetrable spheres with the same
density with the surrounding medium (ρ0 = ρ1) but with
acoustic speed c1 = 2c0 (equivalently with 1/4 the com-
pressibility of the surrounding medium). Accuracy 1% re-
quires k0d < 0.12 and at distances Λ > 4.5d, which is
a larger range compared to Λ > 10d required for soft
spheres (Figure 1). The inverse case c1 = c0/2 is shown
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in Figure 3b and is quite similar with roughly the same
condition for 1% accuracy. Despite the similarity, the two
cases are very different when the spheres are arranged in
an ILPA, as we will see in the next Section.

4. Infinite linear periodic arrays

The dispersion equation of modes of a pseudopotentials
ILPA has been derived in [1]. Here we revisit the subject
and conclude in the existence or nonexistence of travel-
ing waves in ILPAs of small spheres that are approximable
by pseudopotentials. The problem is interesting as a fun-
damental one in the context of studies of acoustic wave
propagation in periodic media [20, 21] (and references
therein), [22].

Modes propagating along a linear Λ-periodic array of
identical (αn = α for all n) pseudopotentials satisfy the
Bloch (or Floquet) condition which is expressed in terms
of the pseudopotential amplitudes

An = A0e−jnKΛ, (44)

where K is the Bloch wavevector and A0 is the complex
amplitude of the n = 0 element. Substituting into equation
(27) with suppressed incident field, we obtain the neces-
sary condition for nonzero A0,

1 − jα +
α

k0Λ

�
n�=0

e−j(|n|k0Λ+nKΛ)

|n| = 0. (45)

Splitting the sum into two sums, one for the negative and
one for the positive values of n, the condition becomes

1 − jα +
α

k0Λ

�
T ∗

�
k0Λ −KΛ

2π

�
(46)

+T ∗
�
k0Λ +KΛ

2π

��
= 0,

where

T (x) =
∞�
n=1

e j2πnx

n
(47)

= − ln


2| sin(πx)


 − jπ
�
x − 
x� − 1

2

�
is the trigonometric series, whose formula is found in the
Appendix of [3]. Use of the property T (−x) = T ∗(x) has
also been made. Substituting equation (47) into (46) the
condition is further simplified to

1 − α

k0Λ
ln


2| cos(KΛ) − cos(k0Λ)|
 (48)

− j
πα

k0Λ

�
1 +

�k0Λ −KΛ
2π

�
+
�k0Λ +KΛ

2π

�
= 0.

As is also obvious from equation (45), this complex equa-
tion is even and 2π-periodic with respect to KΛ, implying
that it is adequate to search for its solution in the interval
0 ≤ KΛ ≤ π, namely the positive half of the first Brillouin
zone. Within this zone, the imaginary part of equation (48)

is zero for allKΛ > k0λ and, under this constraint, the real
part is zero for

KΛ = cos−1
	
cos(k0Λ) − 1

2
ek0Λ/α

�
, (49)

which is the analytical dispersion equation of the Bloch
modes. This equation with a varying but frequency inde-
pendent α was plotted in [22] for an ILPA of electroacous-
tic transducers. Notice the difference in notation in that our
α is − tanψe, ψe being the phase of the transducer’s scat-
tering coefficient.

We now assume an ILPA of small and acoustically soft
spheres with a ratio Λ/d that assures an acceptable accu-
racy for the pseudopotential approximation. After substi-
tuting α ≈ k0d from equation (38) into equation (49), the
exponential factor becomes the constant ( 1/2)eΛ/d > 3.694
(Λ > 2d) and equation (49) has no real solution for KΛ.
Therefore, as a result of the linear dependence of α with
frequency, there are no traveling waves in an ILPA of small
and soft spheres. This should be collated with [22] where
there is a real KΛ curve for any value of the frequency-
independent ψe.

The case of impedance spheres is quite different. Substi-
tuting α ≈ −(Z0/Zs)(k0d)2 from equation (38) into equa-
tion (49) we obtain

KΛ = cos−1
�

cos(k0Λ) − 1
2

exp
�
− ZsΛ

Z0d

1
k0d

��
. (50)

From the validity range of equations (34), we have
|Zs|/Z0 
 k0d. Therefore, for Zs > 0, the exponential
factor in equation (49) is very small and the solution be-
comes very close to free-space propagation KΛ ≈ k0Λ
and particularly for decreasing k0d. On the other hand, for
Zs < 0 the exponential factor is very large and there exists
no solution.

Finally consider the case of penetrable spheres hav-
ing the same density with the surrounding medium. From
equation (41) and for ρ0 = ρ1 we have α = (1 −
c2
0/c

2
1)(k0d)3/3 and the dispersion equation (49) becomes

KΛ = (51)

cos−1
�

cos(k0Λ) − 1
2

exp
�

3(Λ/d)3

(1 − c2
0/c

2
1)

1
(k0Λ)2

��
.

For c1 > c0 the exponential term is always greater than
0.5e6 ≈ 202 and equation (51) has no real solution. Con-
trary, for c1 < c0 this term is smaller than 1/2 and there al-
ways exists a solution. Within the range of 1% accuracy of
the pseudopotential approximation this solution is always
very close toKΛ ≈ k0Λ. Here one should notice that, even
when c0 is sufficiently greater than c1, the required k0Λ to
assure the 1% accuracy is smaller; thus KΛ cannot deviate
significantly from the free-space line KΛ = k0Λ, within
the pseudopotential approximation.

In conclusion we have shown that, within the subwave-
length size regime of the pseudopotential approximation,
traveling waves are supported only by an ILPA of impen-
etrable spheres with a positive surface impedance or by
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penetrable spheres with the same density but higher com-
pressibility (lower acoustic speed) than the surrounding
medium. Most importantly, our conclusions emphasize the
fact that the frequency dependence of factor α can render
the dispersion equation (49) unsolvable.

5. Conclusion

The pseudopotential concept has been revisited through a
physical energy-based approach. Combining the linear re-
sponse of the pseudopotential amplitude to the incident
field and energy arguments, we have derived the equa-
tions of interaction between pseudopotentials and veri-
fied its classic operator-based definition. Acoustic scatter-
ing by penetrable and impenetrable spheres was treated
and it was shown analytically that only soft, impedance
or penetrable spheres with the density of their surround-
ing behave asymptotically as pseudopotentials and with a
responsivity that scales linearly, quadratically or cubicly
with frequency, respectively. The problem of an ILPA of
pseudopotentials was briefly revisited and the important
conclusion was reached that the frequency dependence of
the responsivity factor forbids the existence of traveling
waves, except in the case of a positive surface impedance
spheres or penetrable spheres with the same density but
higher compressibility compared to the surrounding fluid.

The deep understanding of acoustic phenomena related
to small scatterers and their periodic arrays is an asset for
the analysis of more complicated systems involving acous-
tic or elastic waves in fluids or solids. The extention to
elastic waves in solids is a more difficult analytical task
due to the vector character of the medium vibrations and
the coexistence of longitudinal and transverse waves. The
current scientific trend points towards complex periodic
media, termed phononic crystals [23], that exhibit a num-
ber of fascinating features, such as large bandgaps [24],
strong dispersion [25], negative refraction [26], sound fo-
cusing [27] and others.
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Appendix

A1. Proof of equation (7)

Using Gauss’s divergence theorem, equation (6) is written

Prad,f =
1
2
�e

���
V (S)

∇ · 
pf (r�)v∗f (r�)


dV �

=
1
2
�e

���
V (S)



v∗f (r�) · ∇pf (r�) + pf (r�)∇ · v∗f (r�)



dV �,

where V (S) is the volume enclosed by surface S. Sub-
stitution of ∇ · vf and ∇pf from equations (1) and (2),
respectively, yields equation (7).

A2. Proof of equation (18)

Using Gauss’s divergence theorem we have

1
2
�e

���
V (Ss)

∇ · 
pf (r)v∗s (r) + ps(r)v∗f (r)


dV �

=
1
2
�e

���
V (Ss)



v∗f (r�) · ∇pf (r�) + v∗f (r�) · ∇ps(r�)

+ pf (r�)∇ · v∗s (r�)) + ps(r�)∇ · v∗f (r�)


dV �,

where V (Ss) is the volume enclosed by Ss. The sum of the
first two terms inside the integral has a zero real part be-
cause, as seen from equations (2), (12), ∇pf (r�), ∇ps(r�)
are 90◦ out of phase with vf , vs, respectively. For the last
two terms ∇ · vf (r�), ∇ · vs(r�) are substituted from equa-
tions (1),(11), respectively, to obtain the imaginary term
jk0Z

−1
0 (pfp∗s +psp

∗
f ) plus pfA∗δ(.), since f = 0 in V (Ss).

After taking the real part we obtain equation (18).
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