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Summary

An analytical model is developed that describes the behavior of a dome-shaped piezoelectric loudspeaker. The
loudspeaker consists of a PVDF circular membrane coupled with a rear cylindrical cavity. The dome shape is

obtained by means of a static differential pressure held between the two faces of the membrane. The theoretical

description of the transducer’s behavior is conducted in two steps. In the first step, the static behavior of the

membrane is studied in order to obtain the profile of the membrane when submitted to a static differential pressure.
In the second step, the dynamic behavior of the membrane is studied. Finally, the theoretical results obtained are
compared with experiments in order to evaluate the accuracy of the model.

PACS no. 43.25.Lj, 43.38.-p, 43.75.Tv

1. Introduction

Acoustic transducers using curved clamped piezoelectric
polymer films have been studied over the last few decades
for different applications, such as earphones [1, 2], tele-
phone transducers [3, 4] and [5], audio tweeters [6], ul-
trasonic sensors [7] or transducers for active noise control
[8]. More recently, piezoelectric polymer films have been
used to design air-borne parametric arrays.

A parametric array is a transducer which exploits a
non linear interaction between two high frequency sound
waves in order to generate a narrow beam of low frequency
sound [9]. This kind of transducer has been studied ex-
tensively for underwater applications since the mid 60’s
[10, 11, 12, 13, 14, 15]. Applications in air propagation
are more recent [16, 17]. Most parametric arrays specif-
ically designed for air-borne applications consist of a set
of piezolectric transducers made of piezoceramic, or mak-
ing use of piezo-plastic membrane [18, 19]. In the lat-
ter, the parametric array is classically formed by a set of
dome-shaped elementary transducers. The dome-shape is
obtained by means of a static differential pressure held be-
tween the two faces of a clamped circular membrane. In
order to properly design such a parametric array, a precise
modeling of each elementary transducer is required.

Theoretical models of the behaviour of curved clamped
piezoelectric polymer films are already available in liter-
ature [1, 4, 5]. However, these analytical models usually
assume drastic approximations. Some of them [1, 4] as-
sume quasi-static approximation which would imply eval-
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uating a posteriori the inertial factor in order to describe
approximately the behavior of the system around its first
resonance frequency. Others assume in vacuo approxima-
tion [5] which does not take into account the effect of the
acoustic load on the behavior of the system.

Therefore, the aim of the study presented here is to de-
velop an analytical model avoiding these approximations.
This model aims at precisely describing the behavior of
a dome-shaped piezoelectric elementary transducer over a
large frequency range, including explicitly the effect of the
acoustic load.

In this paper, the theoretical description of the trans-
ducer’s behavior is conducted in two steps. In the first step,
the static behavior of the membrane is studied in order to
obtained the profile of the membrane when submitted to
a static differential pressure between its two faces. From
this static study, the mechanical parameters used for the
dynamical study can be estimated. In the second step, the
dynamical behavior of the membrane is studied. In partic-
ular, the efficiency is derived. Finally, the theoretical re-
sults obtained are compared with experiments in order to
evaluate the accuracy of the model.

2. Dome-shaped transducer under study

The transducer under study is schematically depicted in
Figure 1. It is a dome-shaped loudspeaker made of a PVDF
bioriented film metallised on each side. The film is char-
acterized by its thickness A, its Young modulus E,,, its
Poisson’s ratio v, its density p,, and the piezoelectric co-
efficient d; assumed to be identical for both principal lon-
gitudinal directions (d3 = d3; = d3,). The back side of
the membrane is coupled with a rear cylindrical cavity of

© S. Hirzel Verlag - EAA
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radius a and depth /.. The loudspeaker is mounted on an
infinite screen. The front side of the membrane radiates in
a half space. The membrane is initially a flat circular mem-
brane of radius a clamped at its periphery. The dome shape
described by static displacement w, (positive for negative
7) is obtained by means of a static differential pressure
P = Py—P,,, held between the two faces of the membrane,
with Py the atmospheric static pressure and P,,, the actual
static pressure in the rear cavity. In practice, the static pres-
sure inside the cavity is lower than the atmospheric pres-
sure, maintained by using a vacuum pump connected to the
rear cavity. When supplying an oscillating electric voltage
U between its two faces, the piezoelectric membrane ex-
periences an oscillating mechanical strain responsible for
its radial elongation. With the membrane being clamped at
its periphery, the radial elongation turns into a oscillating
transverse displacement w, (positive for positive z) lead-
ing to an acoustic radiation.

3. Analytical description of the transducer
behavior

As mentioned in the introduction, the analytical descrip-
tion of the transducer behavior is conducted in two steps.
Firstly, a classical model for the static deflection of the
membrane is presented in section 3.1. Then, a new model
describing the dynamical response of the membrane sub-
mitted to an oscillating voltage is presented in section 3.2.

3.1. Static profile of the membrane

In this paper, the study of the static displacement of a cir-
cular membrane under static differential pressure is based
on the description given by Abram [1]. In this description,
the simplifying approximation of a spherical dome shape
is considered, with the central displacement of the film
ws(0) assumed to be small compared to the radius a of the
initially flat circular membrane (w;(0)/a < 1). This ap-
proximation allows one to express the strain .S in the film
and the mechanical tension T}, as a function of the central
displacement of the film

wy(0)?
= +C, 1
v (D
and
Pd?
Ty, = ———, 2
4w, (0) 2)

where the coefficient C takes into account the condition of
the diaphragm before applying static differential pressure.
In the case of a perfect diaphragm (no slackness or ten-
sion), the coefficient C is equal to zero. Then, writing the
mechanical equilibrium equation

_ 1-v,

S =
hwEp

T, 3)
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PVDF film

) cavity _|

Figure 1. Schematic cross sectional view of the PVDF transducer
mounted in a infinite screen.

allows one to derive the following expression for the cen-
tral displacement of the membrane,

5| Pa
w(0) =a 2Emh(1 - vm)A “4)

As the membrane displacement is assumed to be a spheri-
cal dome, the radius of curvature R is written

s 0 2 2

2wy (0)
For small maximum displacement w;(0) compared with
the film radius a,w;(0)/a < 1, this expression can be sim-
plified as

a2

R = .
2wy (0)

(6)

Then, using this simplified expression in equation (2), the
following simplified expression for the tension at rest T,
is obtained [5],

RP

Ty =—. 7
> @)
Assuming a large radius of curvature R compared with the
radius a leads to the following simplified expression for

the static radial profile of the dome-shaped membrane

we(r) = w(0) [1 — <£)z] . (8)

3.2. Dynamic behavior of the membrane

3.2.1. Literature review

The dynamic behaviour of a dome shape loudspeaker has
already been studied by Davies et al.[4] and Garner ef al.
[5].

Davies considers that both faces of the PVDF loud-
speaker radiate into a closed cavity, such as an earphone.
He assumes that the membrane inertia effects are neglected
and estimates the loudspeaker sensitivity in the cavity
at low frequency (below the membrane resonance). This
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model cannot be applied to the device under study in this
paper, firstly because the inertia effects of the membrane
have to be taken into account in order to describe the cou-
pling with the cavity beyond the first membrane resonance
frequency, and secondly, because the loudspeaker under
study radiates in free space.

Garner considers a PVDF dome mounted on a compli-
ant plastic foam on one side and radiating in a half free
space thanks to a baffle on the other side. He shows that
the membrane dynamic displacement w,(r) is the solution
of the following equation,

[1 __(R) ]aartd [1 _%<_> ]% ©)

1/r\2 r 2dsU E,
2 3

1 _<_>] “ R ’
+k’"r[ to\R) I ERTT, T,

k2 = w22, (10)

with u,, the film surface density. Assuming the radius of
curvature R much higher than the radius a, equation (9)
becomes a Bessel’s equation

_ 24U E,
or? r or RT,,

(1)
1—-v,

where the right hand term depends on both the film tension
at rest T,, and the radius of curvature R. However, terms
which take into account the coupling with the front and
back acoustic loads are not written, leading to a model of
a loudspeaker in vacuo. Therefore, this model cannot be
applied to the device under study here.

Thus, an improved model, allowing the prediction of
the dynamic displacement of the membrane w, as a func-
tion of the electric voltage U, has to be developed. This
model takes into account the coupling between the mem-
brane and the front (radiation impedance) and rear (cavity
impedance) acoustic loads.

3.2.2. Improved model

Equation of motion for the membrane The set of equa-
tions governing the velocity vy = jww, of the circular
membrane clamped at its periphery is

{ Tu(A + k2)va(r) = jo(pe(r.0) = p;i(r,0) + Py), 12)
va(a) =

where Py is the equivalent pressure due to the electric volt-
age written as [5]
Py = 2Ud—3E’" (13)
R(1 -v,)
Equation (12) is derived directly from equation (11) for
the dynamic displacement when taking into account the
acoustic pressure p; inside the rear cavity and the acoustic
pressure p, on the front side of the membrane.
Equation (12) can be simplified assuming that the pres-
sure p, results from the product of the radiation impedance
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Z, and the membrane velocity, p, = Z,v,, which enables
to consider a modified wavenumber K given by [20]

=kp, = j0Ze/Tn. (14)
With this assumption, equation (12) becomes

{ Tu(A+ K?va(r) = jo(Py = pi(r.0). s

vy(a) =0

Assuming that there is no source inside the rear cavity, the
acoustic pressure p;(r, 0) on the rear side of the membrane
(z = 0) is given by the Green’s formula,

pi(r,0) = —jpwJJ G(r,0;r9, 0)va(ro) dSo,  (16)
S

where p is the air density and where the Green’s function
G(r, z; 1o, z0) satisfies the following boundary conditions
(21]

On,G(F, 7)) =0,2=0, 7)
OnG(F, 7o) = 0,2 = —1, (18)
00, G(F,70) =0,r = a. (19)

For any point in the cavity, this Green’s function can be
written [21]

Cos (kzov(z - lc)) 1
kv sin (kzo,1c) ﬂaZJOZ(}/oV)
. JO(kWOVr)JO(kWO\/VO)» (20)

G(r, 2310, 20) = 2 -

where Jj is the Bessel function of the first kind of order
zero, where k0, = y0,/a, with yg, the (v+1)"" zero of first
derivative of Bessel function Jy and where k., is defined

by kzov = k2 — k2, (Appendix Al).
On the rear side of the membrane (z = 0), it yields
1 Jo(kwou ) Jo(Kwoy
G(r,0;r0.0) = —— 0(kwovr)Jo(kwovro) o

Sm £ Koy tan (ko L) I3 (70,)
where S, = wa’.
Finally, the equation governing the velocity of the mem-
brane can be written

Tou(A + K?)vy(r)
+pw? [ [ G(r,0:r0,0)vy(ro) dSo = jwPy, (22)
vq(a) = 0.
Solutions The solution of equation (22) is written as the

sum of two terms,

_ Jo(Kr)
vd(r) = Vd [1 — m] (23)
+ Z Uv [JO(kWOVr) - JO(kWOVa)] ,
v#0

in which V; and U, are unknown coefficients. The first
term on the right hand side of equation (23) represents the
membrane velocity when taking into account the front ra-
diation impedance [5] using the modified wavenumber K
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(see equation 14). The second term represents the effect of
the back cavity.

Using equation (23) in equation (22) leads to (see more
details in Appendix Al)

K*Vy+ ) U, [(K? = kg ) o(kwour) = K*Jo(Kuova)|
v#0
B ? w”p v 2J1(Ka)
T, ka0 tan(kzool |74\ T Kado(Ka)
- Uy Jo(kwovfa)]
V'#0
_ _p JO(kWOVr) (24)
Tm V0 kzOv tan (kzOvlc)
2xVyKalJ(Ka) v | = jo Py
Su(K2=k2o ) Jo(Ka)Jokwova) | Tu

Because this equation has to be verified for all r, equation
(24) can be splitted into two equations,

KV, = Y UK Jo(kyova) =

v#£0
jo Py ®*p 25)
Tm kazOO tan(kzOOIC)
2J1(Ka)
Vill - ——— ) — U, Jo(kywoy ,
l a < KaJo(Ka) 2;3 olkwova)
and
> UK = kg ) o(kuour) =
v#0
_P JO(kWOVr) (26)
T, kzOv tan(kzOvL)

v#0

U 22V KaJ(Ka)
" S(K2 = k) do(Ka)o(kuoa)
This set of two equations with the two unknowns ¥V, and

U, can easily be solved. Then, expression (23) of the
membrane velocity can be written (Appendix Al)

va(r) = ©X))
Py 1= 158 + X0 2 (Jolkworr) = Jo(kuoya))
T K? = K§ = 3,4 bo'ge Jo(kuoua)

where K is given in Appendix Al (equation A39).
The analytical expression of the pressure radiated by the
PVDF loudspeaker is then given by the Rayleigh integral

p(2) =jwﬂﬂ va(ro)Gr(z, ro) dSo, (28)
N

where Gg(z,r9) = e 7*/(2zd) with d = /2% + r2. Due
to revolution symmetry, the radiated pressure can finally
be written

—jkd

p(2) = jCOﬂJ' va(ro) ro dro. (29)

a

Document downloaded by @DAEL, 2026-11-08 06:32:04 - personal use only

ACTA ACUSTICA UNITED WITH ACUSTICA
Vol. 97 (2011)

Table 1. PVDF transducer geometrical and physical parameters.

Parameter Supplier value | Used value
Membrane radius a [cm] 4
Rear cavity length /. [cm] 2

film thickness A, [um] 25
Young modulus E,, [GPa] 14

Poisson’s ratio v,, 0.3-0.5

Mechanical

parameter E,, /(1—v,) [GPa] 1.43-8 5.9
Piezoelectric

coeefficient d [pC/N] 3-5 5

Figure 2. Experimental prototype. (a) ring clamping the mem-
brane onto the back cavity. (b) PVDF membrane. (c) Back cav-

ity.

4. Comparison with experiments

The experimental study presented in this section is con-
ducted in two steps. Firstly, the static behaviour of the film
is studied when submitted to a static pressure difference
between its two faces. Then, the radiated acoustic pressure
is measured and compared with theoretical predictions.

4.1. Experimental setup

The experimental prototype used for this study is shown in
Figure 2. It is a loudspeaker made of a PVDF film clamped
onto a back cavity with radius a and depth /.. Through
an opening in the cavity wall, a vacuum pump is used to
maintain, inside the cavity, a static pressure lower than the
atmospheric one. The numerical values of geometrical and
physical parameters of this prototype are summarized in
Table I.

4.2. Static measurements

Firstly, the static displacement w, of the membrane is mea-
sured as a function of the radial coordinate r for a given
static pressure difference P between the two faces of the
membrane. The pressure difference is measured using a
U-shaped tube filled with water. The membrane displace-
ment is measured using a comparator. Experimental results
are reported in Figure (3) for a static pressure difference
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—o— Experiment
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Figure 3. View of the static displacement w,(r) of a PVDF film.
Comparison between measurement results and Abram’s model
for the two sets of parameters (E,, = 1 GPa, v, =0.3 and E,, =
4 GPa, v,, = 0.5). The membrane radius is 4 cm and the static
pressure is 50 mbar.

P = 50 mb. The theoretical result obtained with Abram’s
model (Equation 3.1) for the same static displacement of
the membrane centre w,(0) is also shown in Figure (3).
Obviously, the experimental profile departs from a spher-
ical one, especially near the boundary (r = a), where the
derivative of the profile goes toward zero for the experi-
mental case. Nevertheless, Abram’s model is considered
accurate enough to be used in this study. So, the radius
of curvature R and the mechanical tension at rest 7T}, can
be deduced from experimental static displacement w,(0),
using equations (6) and (7) respectively.

In other respects, the film parameters are not known pre-
cisely and the supplier information shows a great variance
(see table I). So, in order to estimate the numerical value of
the mechanical parameter lf—’cm, the static displacement of
the membrane centre is measured for different static pres-
sure differences p. As shown in Figure 4, the pressure P
is proportional to w,(0)3, as predicted by equation 4. A
least mean square minimization method is used in order to
estimate the numerical value of parameter 11—5@, from ex-
perimental results. The value obtained with this method is
given in Table I.

4.3. Radiated pressure measurements

Once the membrane is submitted to a static pressure difer-
ence, an electric voltage is supplied to the loudspeaker and
the radiated pressure is measured.

The loudspeaker is mounted on a normalized IEC 268-5
baffle (1350mm x 1650 mm) and placed in a full ane-
choic chamber. The electric voltage is supplied to the loud-
speaker through a voltage amplifier TREK PZD350. The
radiated pressure is measured using a microphone (Briiel
& Kjaer 4939), located at 1 m in front of the loudspeaker
on-axis.

Figures 5 and 6 show the radiated acoustic pressure
measured at 1 m for an electric voltage of 1V, for a static
pressure difference P = 50mb and P = 100 mb respec-
tively. In the low frequency range, the measured pres-
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Figure 4. View of w,(0)? as a function of static pressure P for a
film with a thickness of 25 ym. The membrane radius is 4 cm and
the maximum static pressure is 50 mbar.
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On axis radiated pressure @ 1 m for 1V (dB SPL)
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Figure 5. Radiated pressure for Py = 50 mb. Comparison be-
tween measurement and analytical model using the parameters
given in Table L.
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On axis radiated pressure @ 1 m for 1 V (dB SPL)
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Figure 6. Radiated pressure for Ay = 100 mb. Comparison be-
tween measurement and analytical model using the parameters
given in Table L.

sure responses are high-pass filter, as expected for loud-
speaker radiating in free space, with first resonance fre-
quency around 1.8 kHz for 50 mbar and 2 kHz for 100
mbar. Beyond this first resonance frequency, the measured
responses show marked antiresonances due to radial mem-
brane modes.
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Figure 7. Effect of the number of modes on the predicted acoustic
response of the PVDF loudspeaker.

The theoretical radiated pressure is also shown on these
figures. The radiated pressure is calculated thanks to the
Rayleigh integral (equation 29), where the membrane ve-
locity is given by equation (27) taking into account 9
modes (v = 0 to 8). The membrane velocity is calculated
assuming that the radiation impedance is Z, = pc, where
c is the speed of sound. This assumption seems to be rea-
sonable since the relation k,a > 1 (which corresponds
roughly to f > 1500Hz, k, = 2z f /¢ being the wavenum-
ber) is verified for the frequency range used for the exper-
iment. The calculated pressure fits the measured one up to
the first antiresonance. The model predicts relatively well
the loudspeaker efficiency for low frequencies.

In order to understand the effect of the cavity on the
loudspeaker response in the low frequency region, we
present in Figure 7 a comparison between the experimen-
tal pressure response and the predicted response calculated
when using 1 to 2 modes only (v =0 to 1).

Figure 7 shows that mode 0 which represents the effect
of the acoustic compliance of the back cavity, and mode
1 (y,v = 3.83) need to be taken into account at least in
order to predict the acoustic response up to the first an-
tiresonance.

When taking into account enough modes, the model ob-
tains a good fit between the measured and calculated an-
tiresonance frequencies for those greater than the first res-
onance frequency. Nevertheless, the model underestimates
the high frequency efficiency (above first antiresonance).

5. Conclusion

A PVDF dome shaped loudspeaker has been studied, made
of a PVDF membrane coupled with a back cavity in which
a static pressure creates the dome shape.

An analytical model of the membrane movement has
been developed taking into account the coupling with the
air. This coupling is described at the front of the membrane
using an equivalent radiation impedance. At the back of
the membrane, the coupling with the back cavity is ex-
pressed using a Green’s function based on cavity modes.
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This model assumes that the circumferential modes are ne-
glected. It leads to an expression of the membrane velocity
both as a function of the excitation voltage applied on the
two faces of the membrane and as a function of the mem-
brane and cavity parameters. The pressure radiated by the
loudspeaker on-axis is expressed analytically as a function
of the membrane velocity, assuming that the loudspeaker
is mounted on an infinite baffle.

A prototype has been studied using static and dynamic
measurements. Static measurements allow to deduce the
mechanical parameters of the film by comparing the mea-
sured and calculated static displacement at the center of
the membrane. Dynamic measurements performed in a
full anechoic chamber using the loudspeaker mounted on a
normalized IEC 268-5 baffle allow us to know the radiated
acoustic pressure.

Comparisons between measured and calculated radiated
pressure for two static pressures (50 mb and 100 mb) show
good agreement for frequencies lower than the first an-
tiresonance frequency of the radiated pressure. This an-
tiresonance is due to the first radial mode of the membrane
coupled with the cavity. Beyond the first antiresonance, the
model can predict the higher antiresonance frequencies,
but overestimates the efficiency of the loudspeaker.

For further work, it would be interesting to improve the
model by taking into account the effect of circumferen-
tial modes in the membrane and cavity. Nevertheless, the
analytical model given in this paper can be applied to pre-
dict the carrier frequency of a parametric array using dome
shape PVDF loudspeakers assuming that the the carrier
frequency equals the first resonance frequency of the loud-
speaker.

Appendix

Al. Integral formulation for modeling the
membrane-cavity coupling

This appendix presents the equations used for solving the
problem presented in section 3.2.2 using the integral ap-
proach as proposed in [21].

Al.l. Membrane displacement

The expression of the membrane velocity v, is given by

A va(r) + K2vy(r) = JTE (Py = pi(r,0)). (Al

m

The acoustic pressure p; inside the cavity is given by the
Green’s formulation

pi(F) = JJ[ G(7, o) f(fo) dV (A2)
D

+ [J |G (F. 70)0n, p(F0) = P(70)0,, G (F, )] dSo.
N

Knowing there is no source inside the cavity, equation
(A2) can be written

pi(F) = JI G (7, 70)0n, p(i) dsSo, (A3)
S
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using a Green’s function which satisfies boundary condi-
tions

O, G(F, 7p) =0, z2=0, (A4)

00, G(F, 1) =0, z=-I, (A5)

0, G(F, 70) =0, r=a. (A6)
Knowing that

On,P(F0) = —jkapcva(ip), (A7)

where p is the air density, c is the speed of sound in air, and
k, = @/cis the wave number in air. The pressure acting on
the rear side of the membrane inside the cavity is written
for7=(r,0,z=0)

pi(r.0,0) = (A8)

- jpa) J J G(r, 9, O; ro, 90, O)Vd(ro, 90) dSo.
S

Then, equation (A1) can be written
A va(r, 0) + K*vy(r, 0) (A9)

2 .
il ” G(r.0,0: ro, 0, 0)va(ro, 00) Sy = 22 P, .
T ) s T,

Al1.2. Cavity Green’s function

The Green’s function of the cylindrical cavity with radius

a and length /. is written as a the sum of the eigenfunctions

of the cylinder [21]
G(r,0,z;r0,00, 20) =

DD gz 20w, (o, 0)w, (. 6),

uv t=c,s

(A10)

where the eigenfunctions are for t = ¢ (for cosuf) and
t = s (for sinu0)

W (r,0) = cos u0J (k). (A11)

au0uy

W, (r,0) = $in u0J, (Kyy,r). (A12)

uOuv
kv are the eigenvalues satisfying the boundary condi-
tions

ey = 22, (A13)
a
where y,, represents the (v+ 1)™ zero of the first derivative
of the Bessel function J,,. We assume in this work that only
the first azimutal mode is considered (4 = 0). Using this
assumption, the eigenfunctions are written

JO(kavr)» (A14)

W, (r.0) =
ov aobo,

v, (r,0) = 0.

The normalisation coefficients a, et b,, are given by (for
u=0)

2 _
a; = 2x

(A15)

(A16)

by = ?JO(yOV) (A17)
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Neglecting the viscothermal losses, coefficients g,,(z, zo)
are written for z < zo (with zo = 0)

Ccos (kz;w(z —1))

, Al8
kousin(kyule) ( )

guv(Z; 20) = —

where

k2, = ki -k,

Zuv wuv*

(A19)

The Green’s function (equation A10) of the cavity can
then be written, for 4 = 0,

(A20)

Jo(kwour)Jo(kywovro),

G(r,z;ro. 20) =
Z _cos (kzov(z = 1)) 1
- kzOVSin(kzOvlc) 7[(12-]3()/0\/)

and the Green’s function used in the expression (A8) of the
internal pressure acting on the rear side of the membrane
is given by

G(r,0;r9,0) =
b Jo(kwovr) Jo(kwovro)
S’" v kzOv tan (kzO\/lc)J()z(YOv)

(A21)

where S, = wa>.

A1.3. The Solution to the problem

The membrane velocity v, is written as the sum of two
terms. First term is given by Garner et al. [5] and corre-
sponds to the membrane velocity in vacuo. Second term
takes into account the coupling with the back cavity. The
velocity is then written as

_ J()(Kr)
va(r) = Vy [1 - Jo(Ka)] (A22)
+ z Uv [JO(kWOVr) - JO(kava)] ,
v#0

where V; and U, are two unknown coefficients that have
to be determined.

Using the above expression of v,(r) in equation (Al)
leads to the following expression,

K+ Y U, [(K* = ko ) olkwour) = K2 Jo(kyoua)|

wOv
v#0
jo
=T (Py —pi(r,0)). (A23)
where
JT—‘:pxr, 0) = (A24)
a)zTi ” G(r,0,0: ro, 6o, 0)va(ro, 6) dSo,
m S
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leading to
jo w? Jo(kwout)
pi(r.0) =~ ——
m m=m kzOv tan (kzO\/lc)Jo(YO\/)
: [Vd -2 vaJo(kWovfa)] Li(v) (A25)
V#0
_ a)zp JO(kw()vr)
ST v kzOvtan(kzovlc)Jg(}/Ov)
Vi
<= I U, v, V)|,
l ORI v)]
Vi#0
with
ILi(v) = Jo(kwovro) dSo, (A26)
J s
L(v) = Jo(kwovro) Jo(Krop) dSo, (A27)
Jls
Lv,V) = Jo(kwovro) Jo(kwovro) dSo.  (A28)
Js

The integrals I, I, and I5 are calculated as follows taking
into account different cases

na® ifv=20
L(v)=4 ., . (A29)
m.ll(kwova) =0 ifv ;é 0,
a7, (Ka) if v=0,
wa*J; (kyo,a) ifv#0
L(v) = and k,q, = K, (A30)
22 J((Ka)Jo(kyoua) if v # 0
o and kyo, # K,
0 if v=0,
Ly, v)=10 ifv#V, (A31)
ﬂazJOZ(kwova) ifv=yv.
Finally, equation (A23) can be written
K*Vy+ Y U, [(K? = kg ) o(kwour) = K> Jo(Kuova)|
v#0
_ ja) w? o°p 1
fut T ko0 tan(kgole)
2Ji(Ka)
- Uv’J kw v
l KaJo(Ka)> 2;6 0o a)]
2
w~p JO(kWOVr)
_— ) (A32)
T V#ZO kzOv tan (kzOvl )
22V Kad(Ka) A
S(K? - ko) Jo(Ka)Jo(kyoya)
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Because this equation has to be verified for all r, equation
(A32) can be split into the following two equations,

K>V, = Y Uk Jo(kwova) =

v#0
. P 2
1070 P (A33)
T Tk ;00 tan(k00lc)
2J1(Ka)
Vil - —— ) - U, Jo(kyoy ,
l a < KaJo(Ka)> 27:5 olkwo “)]
and
> U kp, = koo ) Jo(Kkyour) =
v#0
’ Jo(kwoy
@°p o(kwovr) (A34)
T, V0 ko tan(ko, L)
U _ 27V Kal(Ka)
L Su(K2 = K20 Jo(Ka)Jo(Kyoya)
Using the notation
a, = (A35)
2w*pK J,(Ka)
akazOV tan(kzOvlc)(I(2 WOV)JO(Ka)JO(kWO\/a)
and
B = K2— K2 — @’p (A36)
Y wov Tink oy tan(ko,1.) '
equation (A35) leads to
a,
U, =—V,. (A37)
By
Equation (A34) can be written
Va(K* = KJ) <+ Z Vadotkwo,@bo, (A38)
T v;eo
with
2J1(K
Ké I 24i(Ka) . (A39)
kazOO tan(kzoolc) KaJy(Ka)

By using relations (A37) and (A38) in equation (27) that
gives v4(r) , the membrane velocity can be written

va(r) = (A40)
Py 1= P52 + %o % (Jolkuour) = Jo(kwo,a))
T K? = K§ = X0 B3 Jo(kwova)
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