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Summary

Ambisonics with height is a three-dimensional sound field reproduction technique for spherical loudspeaker ar-
rangements surrounding the reproduction area. It employs spherical harmonics up to a given order to expand
incident sound fields with a limited angular resolution. The expansion coefficients describe the spatial sound
scene. For reproduction, these coefficients are decoded to a set of surrounding loudspeakers. Common decoding
approaches either sample the spherical harmonic excitation at the loudspeaker positions or match the excitation
modes of a continuous sound field to those of the loudspeakers. For well-designed spherical loudspeaker arrays,
both decoding approaches achieve good perceptual localization of virtual sound sources. However, both ap-
proaches perform unsatisfactorily with non-uniformly arranged arrays. Sounds from directions with only sparse
loudspeaker coverage appear with altered loudness levels. This distracting effect results from variations in the
decoded energy. The present article demonstrates an improved decoding technique, which preserves the decoded
energy. Using available objective estimators, the localization qualities of these energy-preserving decoders are

shown to lie between both common decoding approaches.

PACS no. 43.60.Gk, 43.60.Md, 43.60.Sx, 43.38.Tj

1. Introduction

Several techniques exist to reproduce three-dimensional
sound fields with surrounding loudspeaker arrays. These
techniques can be categorized into physical reproduction
approaches and hearing-related model approaches. Physi-
cal reproduction approaches, as higher-order Ambisonics
(HOA) and wave field synthesis (WFES) [1], aim at holo-
phonic reconstruction of wave fields. In contrast, hearing-
related models, as vector base amplitude panning (VBAP)
[2], rely on a psychoacoustical phenomenon known as
phantom source. It denominates the impression of one
single sound event localized between loudspeakers. To
evoke this impression, suitable weights are employed to
distribute an audio signal to a multichannel loudspeaker
arrangement; rules for these weights are called panning
functions.

The present article focuses on Ambisonics, which is
based on an expansion of incident sound fields to spher-
ical harmonics up to a given order, whereby the angular
resolution is limited. As Ambisonics was primarily lim-
ited to first order, cf. [3, 4], it was extended to higher-
order systems (HOA) with increased spatial resolution, cf.
[5, 6,7, 8,9, 10]. The excitation of a spatial sound scene
is described by coefficients of the spherical harmonics
expansion. These coefficients are the Ambisonic signals,
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and an idealized excitation with a spherical continuum of
surrounding sound sources is approximated by decoding
the Ambisonic signals to a surrounding loudspeaker ar-
ray. There are two common approaches for designing Am-
bisonic decoders. One approach is to sample the spheri-
cal harmonic excitation at the loudspeaker positions. The
other most frequently discussed decoder design approach
is known as mode-matching [6], which aims at matching
the spherical harmonic modes excited by the loudspeaker
signals with the modes of the Ambisonic sound field de-
composition.

Ambisonics is usually regarded as a physical reproduc-
tion approach that achieves three-dimensional holophonic
sound reproduction. However, the size of the area free of
reproduction errors is limited. In practice, for high fre-
quencies this error-free sweet area can be much smaller
than a single listener’s head [7, 10, 11]. Therefore it seems
that three-dimensional holophony for larger auditoria is
an overambitious aim. Interestingly, the perceived local-
ization and sound coloration outside the sweet area is re-
ported as reasonable [12, 13, 14], despite holophonic re-
production errors. Taking these psychoacoustical consid-
erations into account, the interpretation of Ambisonics in
terms of a panning function proves useful for larger audi-
toria.

In general, a panning function should provide good
auditory properties of phantom sources, independent of
the panning direction. These properties are a stable and
adequate localization, constant perceived source width,
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Figure 1. The IEM-CUBE is a concert room providing a 24-
channel hemispherical Ambisonic system for 50 listeners.

and constant perceived loudness. After the introduction
of Ambisonics by Gerzon et al. in the 1970s [15, 3, 4],
these properties were usually improved by manual fine-
tuning of the decoder. To avoid the “black art” [16] of
manual optimization, several publications proposed objec-
tive measures to estimate the perceived localization, cf.
[16, 17, 18], and objectives for its optimization, cf. also
[19]. With the advent of HOA, optimized mode-matching
decoders were proposed, e.g. by Daniel et al. [5], to avoid
large mislocalization towards proximal loudspeakers at
off-center listening positions.

Phantom sources with constant perceived loudness in-
dependent of the panning direction are achieved for uni-
formly arranged loudspeaker arrays with both decod-
ing approaches, sampling and mode-matching. However,
when decoding to non-uniform arrangements, phantom
sources exhibit altered loudness levels for panning direc-
tions pointing to regions of sparse loudspeaker coverage.

Because loudness alteration is very distracting, the pre-
sent article addresses this problem. As in other panning
approaches, the objective energy measure is proposed to
gain control of the perceived loudness. Meeting the ex-
pectation of a constant loudness, an improved decoding
technique is presented that preserves the decoded energy.
The resulting objective localization estimators are shown
to lie between the results of the mode-matching and the
sampling decoder, using this new technique.

Notice that this article focuses on a purely technical
concept of the objective localization measures, which were
originally intended to provide an estimation of the per-
ceived localization. Accordingly, the objective localization
measures are employed for the comparison of the map-
ping properties regarding common decoding approaches
and the newly developed energy-preserving decoder.

Non-uniform loudspeaker arrangements covering only
a part of a sphere, e.g. hemispherical arrays, need to be
treated differently to achieve similar results. Nevertheless,
even for such incomplete arrangements, energy preserva-
tion is shown to be feasible using a set of alternative basis
functions.

This article is organized as follows. Section two reviews
the Ambisonic related theory and the advantages and limi-
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tations of holophonic HOA rendering, especially regarding
the accessible region of accurate synthesis. Section three
presents a pragmatic view to Ambisonics with height, re-
viewing it as an amplitude-panning technique for small to
large-scale auditoria, e.g. the IEM-CUBE shown in Fig-
ure 1. Section four reviews the vector measures known
from Ambisonics literature and introduces estimators for
the directional error, the decoded energy, and the energy
spread. Section five takes up the idea of employing energy-
preserving matrices to retain loudness, as introduced by
Gerzon [17]. Based on such matrices, a new decoder de-
sign technique is proposed. Section six presents a new set
of basis functions that allows for energy-preserving decod-
ing on incomplete arrangements, e.g. a hemisphere.

2. Holophonic decoding

Ambisonics can be regarded as the discretization of a
spherical distribution of sources at a given radius rp
driven by the angular amplitude distribution f (), cf.
[20]. Within this article, we define the Cartesian direction
vector as

0= [cos(q)) sin(?), sin(¢) sin(d), cos(z?)] T

with @ and 9 being the azimuth and zenith angle, respec-
tively.

2.1. Continuous surrounding sources

Ambisonics is based on the nonhomogeneous Helmholtz
equation with the continuous excitation f(0) on a sphere
with radius rp, cf. [11, 21],
o(r—ryp)
2 —
(A+ k%) p=—f(6) —5—. ey

L

where A is the Laplacian, p is the sound pressure, 6(+) is

the Dirac delta distribution, and k is the wave number.
The homogeneous solution to equation (1), i.e.

(A+k*)p = 0, within a source-free spherical volume

Q={xeR:|x| <r.}is

p=2, Y bunnlkr)Y,"(0), @)

n=0 m=—n

where j,(kr) are the spherical Bessel functions, Y,"(0) are
the real-valued spherical harmonics (SHs), illustrated in
Figure 2, and b,,, are the SH spectral coefficients. The real-
valued SHs are defined as

Y7(0) = NI PI" (cos 0) {C,Os(md’) form 20,
sin(m¢) form <0,

where P,l,m| denotes the associated Legendre function, and

N,l,m| is the scalar energy-normalization of the SHs. Any

sound field within € that is generated by sources located

outside €, i.e. any incident sound field, can be expressed

in the form of equation (2).
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The particular solution of equation (1) is obtained by
variation of parameters, cf. [11], and it becomes

p=Y Y =ik dun hakri) julkr) YO),  (3)

n=0 m=—n

where h,(krp) are the spherical Hankel functions and
¢nm are the SH spectral coefficients of f(6) obtained
by integral transformation on the unit sphere S%, ¢, =
JSZ f(0)Y,(0)dO. Comparing equation (2) and (3) re-
veals that any incident sound field within € can be gen-
erated by choosing f(0) such that

i bum

Pom = T kr)”

For notational simplicity, the double sum in equation
(3) can be expressed as a weighted scalar product of two
column vectors'

p = —ik y(0)" diag{j(kr)} diag{h(kr.)} ¢. (4)

with
@ = [doo. . Dum. - 1",
y©) = [Y2©0). - . ¥"©O). -]
Jlkr) o= Lotkr), -+ jutkr), -+, julkr), 1T,
2n+1
h(kr) = [ho(kr), -, hy(kr),--- , h,(kr),--- 1%
Y

The SH spectrum in vector-matrix notation becomes

¢ = JSZ f(0)y(0)de. )

This spectrum is considered as the infinite set of Am-

bisonic signals defined in the frequency or time domain.
Synthetic sound scenes are traditionally composed of

virtual point sources. A point source driven by the signal

! A single sum 21;0 a; by ¢; equates to a'diag (b} c.
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s and located at O, on a sphere with radius ry, is described
as an angular Dirac delta distribution

f5(0) = 56(0 - 0,). (6)

Inserting equation (6) into equation (5), the Ambisonic
representation ¢, of this point source yields

¢, =s J52 6(0 - 0,) y(0)do = s y(6). (N

This step is usually referred to as encoding. For sources
located at a different radius r; > rr, Ambisonic signals are
converted by filtering, cf [22],

b, = sdiag{h(kr.)} " diag{ h,(kr,)} y(6,).

This indirectly proves that the spectrum ¢ can represent
any incident sound field within the spherical volume Q.

2.2. Discrete surrounding sources

Real-world Ambisonic playback facilities use loudspeak-
ers at discrete locations {6, },=;. 1, which are controlled by
the corresponding driving signals g;. In this article, loud-
speakers are modeled as point sources, i.e., their directivity
is neglected. According to equation (6), the angular exci-
tation of the facility corresponds to the superposition of all
loudspeakers

L
@)= 50-6) 2. ®)

=1

or equivalently in the spherical harmonics domain, cf.
equation (7),

L
$= yo)a. ©)
=1

For notational simplicity, the above equation can be ex-
pressed in matrix-vector form

$=Yg (10)
with

T
g:=lg...a].
Y ;= [y6)..... y(6L)].

The signals g driving the loudspeakers are determined
from the given Ambisonic signals ¢ by a decoder ma-
trix D,

g=D¢. (1n)

The decoding matrix D forces the discrete angular excita-
tion of the playback facility () to approximate the sound
field of any continuous excitation f(6). The design of this
matrix constitutes the decoding problem.

A perfect reconstruction of f(0) by f(0) can be ex-
pressed as matching the modal source strengths or equiva-
lently the Ambisonic signals ¢ = ¢. This is referred to as
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mode-matching in literature, e.g. [6]. The mode-matching
problem can only be solved for a finite number of Am-
bisonic signals. Thus a maximum order n < N is as-
sumed, which implies angular band-limitedness of the tar-
get sound field, i.e. an ideally limited angular resolution.
The finite order versions of the vectors y(6), ¢, and the
matrix Y are denoted as ¢y, yy, and Yn € RX*L_ obtain-
ing the finite size K = (N + 1)?. Theoretically, finite order
mode-matching also demands an angularly band-limited
playback facility ¢ = ¢y. Insertion of equation (10) into
equation (11) shows that mode-matching is equivalent to

YNDpa =1. (12)

This equation is most conveniently solved starting with the
compact singular value decomposition (SVD)

Yy=08V", (13)

where § = diag($y, ..., SMm) € RMM contains singular
values in decreasing order §; > §, > --- > $§v, and
U € R®M and ¥V e RMM are matrices with orthogo-
nal columns. For the compact SVD, M is defined such that
Sm is greater than zero, and M < min{L, K}. With this
decomposition, the mode-matching decoder becomes

Dy =VS 0" (14)

The above solution is exact for M = K, thus at least K
loudspeakers need to be arranged such that Yy is of full
rank, i.e., it has K non-zero singular values.

In practice, non-uniform or incomplete loudspeaker ar-
rangements can cause very small but non-zero singular
values. In this case, the calculation of D,,, is numeri-
cally problematic and yields loud playback signals. Rea-
sonable mode-matching with such a numerically rank de-
ficient [23] matrix Yy requires suitable regularization, re-
sulting in an approximate match YD, = I.

Tikhonov regularization, e.g. Dy, = Yﬁ(YNYﬁ +
AI™!, has been applied, cf [10]. A more versatile means
of regularization is the truncated singular value decompo-
sition (TSVD). In contrast to the compact SVD, M is de-
fined such that §y;/8; > a, with the truncation parameter
a € [0, 1]. Choosing a or M accordingly, the decoder in
equation (14) is calculated using only the numerically rel-
evant singular values of the SVD.

As shown in [23] for applying Tikhonov’s method with
identity matrix, a regularization parameter A can always be
found such that its solution is close to the TSVD solution
for a certain truncation parameter a. The TSVD method
is more useful for theoretical considerations as it is much
simpler to analyze than Tikhonov’s method [23, p.109].

2.3. Finite order and spatial aliasing

Successful decoding reproduces the lower-order compo-
nents n < N of the Ambisonic signals ¢y. Holophony can
be obtained for, but is not limited to, sound fields of limited
order: j,(kr) vanishes for small arguments kr and for high
orders n, and one recognizes the vanishing higher-order
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components in equation (3) within small radii r < ryy N-
In the sweet area around the origin, i.e. within r < ryux N,
any incident sound field can be represented exactly by the
lower-order components, cf . [7, 10, 11, 21].

The sound field produced by loudspeaker arrays does,
in general, not only consist of lower-order components
¢ # gIA)N. In fact, the attempt to control these compo-
nents produces higher-order components as well. Thus,
the reasonable prerequisite of an ideally limited resolution
is not accurate. Nevertheless, the known shape of j,(kr)
suppresses uncontrolled components inside the sweet area
[11]. The mismatch outside this area is referred to as spa-
tial aliasing.

As arule of thumb, the frequency-dependent size of the
holophonic sweet area is estimated by rp. v /4 &~ N/6,
cf. [7].

In practice, the ideal of an Ambisonic with height facil-
ity for audio playback within the entire audible frequency
range is not achievable with reasonable hardware effort.
Currently used loudspeaker facilities, as known to the au-
thors, are capable of decoding signals of orders 1 < N <'5;
a loudspeaker facility for decoding Ambisonic up to orders
N=9 is currently under construction at IRCAM. Thus, for
the upper frequency bands, the sweet area can be estimated
to be much smaller than a single listener’s head. Neverthe-
less, Ambisonic playback is frequently applied to mid and
large scale concert venues. Most, if not all, listeners are sit-
uated outside the sweet area since it can only be increased
by increasing the reproduction order. In other words, holo-
phonic errors are present across nearly the whole listening
area.

Interestingly enough, however, studies [24] indicate a
useful perceived localization, even outside the sweet area,
despite the inevitable spatial aliasing. Using more than
a critical number of loudspeakers for a given order sup-
presses spatial aliasing in an area larger than the sweet
area. Unexpectedly, the increased playback effort seems
to have a negative influence on localization and col-
oration in this aliasing free area around the sweet area, cf
[12, 25, 13]. To underline the fact that the reduction of spa-
tial aliasing without increasing the order is counterproduc-
tive, the authors propose the expression friendly aliasing.

3. Amplitude panning

Amplitude panning distributes an audio signal s(¢) to sev-
eral loudspeakers using weights g(t) = w s(f). Applying
suitable the weights w creates the impression of a single
sound source that is perceived from a certain direction. In
psychoacoustics this effect is called phantom source and
the direction of this phantom source is controlled by the
weights w.

For a single sound source, Ambisonics can be inter-
preted as a continuous amplitude panning function, cf. Fig-
ure 3, that is evaluated at each loudspeaker

4
g={m@fm@n. (15)
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As in Malham’s work [26], this concept is used to obtain a
decoder by sampling

4z

Dy, = T Yl (16)

or in the decomposed form Dy, = (4x/L) VS ﬁT. Both
mode-matching, cf. equation (14), and sampling decoders,
cf. equation (16), seem to work fine, at least for uniform
loudspeaker arrangements, for which the singular values
of Yy do not largely differ from y/L/4z. Listeners have
reported convincing localization accuracy and sound qual-
ity even outside the sweet area. This raises the question:
Does it have to be “clean” holophony, or does a simple
interpretation as a panning-law serve our needs?

Regarding Ambisonics as a panning technique hence
relaxes the mode-matching conditions towards spherical
panning. Several works with a similar concept can be
found in literature, cf. [27, 28, 29, 30].

Providing listeners with a convincing impression of
phantom sources requires, independent of the panning di-
rection,

e a constant perceived loudness,

e a stable and adequate localization, and

e a constant perceived source width.

The best solution for a large audience might already be
simpler, aiming at shaping a reasonable gain pattern for the
playback signal on the loudspeaker facility. Malham states
in [26] that psychoacoustic optimization of decoders is not
productive for large listening areas: “Designing decoders
for large areas, such as concert halls, requires a design
strategy aimed at achieving even power distribution.”

4. Objective quality criteria

In classical literature about Ambisonics, practical mea-
sures to evaluate decoders can be found. Gerzon, cf. [16],
proposes the superposition of the linear and squared loud-
speaker signals to measure the playback magnitude,

L L
P = Zgl, E= Z gl a7
=1 =1

Moreover, to measure the directional concentration of the
playback on the loudspeaker facility, the centroids of the
amplitude and its square are proposed

L
N 21:181 0,
ry = —m—,
P

L
n 21:1 |gI|291
re = ————.
E

(18)
19)

These centroids are weighted sums of each loudspeaker
direction vector @; multiplied by its partial contribution,
e.g. the partial squared signal |g;|>/ E. The vectors Fy, 7,
representing both centroids, point into the directions where
the playback signals or their squares, respectively, appear
strongest on the loudspeaker arrangement. Their lengths
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Figure 3. Angular amplitude-distribution for a virtual point-
source of the order N = 5 plotted as balloon diagram (a) without
and (b) with max-rg smoothing.

measure the directional concentration of panning on the
playback facility.

For a single active loudspeaker, the centroids coincides
with the position on the unit sphere, i.e., its length reaches
a maximum ||@,|| = 1, whereas for a uniform spherical
distribution of loudspeakers driven with equal amplitude
signals the centroids point at the origin, ||F)|| — 0 and
Igl ~0.

The quantities P and 7} are based on the superposition
with fixed phase relations and thus are only considered rel-
evant within the sweet area for low frequencies.

The quantities £ and 7 are called energy and energy
vector as the squared signals are proportional to the energy
radiated by the loudspeakers when the interaction of their
signals in the sound field is negligible.

Classical Ambisonic literature uses the measures £ and
P to estimate the perceived loudness, and it proposes the
length of Fg or 7y to estimate the perceived source width
[16, 31], which is currently under investigation [32]. Nev-
ertheless, the attributes of perceived localization should be
accurately estimated using binaural localization models,
on which [33] gives an overview. For the estimation of the
source width in VBAP [34, 35], simple binaural models
have already been applied. Although the detailed informa-
tion these models aim to provide (direction, width) for dif-
ferent listening positions and head orientations is impor-
tant, in general, they do not directly yield a simple quality
measure for the evaluation of Ambisonic decoders.

As the development of such a measure lies outside the
scope of this article, technical measures are used to objec-
tively describe the technical quality of decoding.

4.1. Avoiding mislocalization

A virtual point source located at (6, r) is represented by
the Ambisonic signals ¢, (0;) = yn(0;) s, cf. equation
(7). The corresponding angular distribution is a rotation-
ally symmetric sinc-like function that exhibits some dis-
tracting side lobes, the largest one opposing the main lobe,
cf. Figure 3a. For listeners outside the sweet area, these
side lobes may increase the localization errors and the per-
ceived source width.

Side lobes can be successfully diminished by angular
smoothing, which is accomplished with a spherical con-
volution [36] that attenuates the higher-order components.
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¢ &
(a) “ (b)

Figure 4. Estimated directional mapping errors in degrees with
(a) mode-matching and (b) sampling decoders (speakers re-
moved).

Arranging the order weights a, in a vector ay according to
the scheme of equation (4), the smoothed function results
in

P,n(05) = diag{an} yn(0,) s (20)

and yields the decoded loudspeaker driving signals

g = Ddiag{an} yn(6,)s. 1)

The angularly smoothed version (max-rg) of the ampli-

tude distribution in Figure 3a is depicted in Figure 3b.
Literature on Ambisonics mainly discusses two types of

weighting functions [5, 26],

o [n-phase decoding: full side lobe suppression, and
broadest main lobe [26, 8],

o max-rg decoding: best ||Fg||-rated angular energy con-
centration [5],

and frequency-dependent combinations thereof. For first-

order (N = 1) decoding, also the unweighted narrowest-

amplitude shape max-ry was included. When applying

one single weighting function in combination with higher-

order Ambisonics, max-rg weighting is preferred in recent

literature [13, 24].

4.2. Directional error

Assuming the phase shifts of all arriving signals are equal,
the linear vector measure ) is easy to calculate using
equation (18). This assumption is meaningful for the cen-
tral position, where the direction of 7} indicates the di-
rection a signal is mapped to, cf. [16]. For higher-order
decoders 7y might not always be insightful, as it is biased
towards the components of the first order.

In contrast, the energy vector measure 7 g does not con-
tain phase information, cf. [16]. Therefore, it reflects map-
ping directions for locations around the sweet area, where
propagation losses in the arriving loudspeakers signals do

42
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not largely differ, but phase relations are regarded as di-
verse and position-dependent. The difference of mapping
directions due to the change of perspective are not re-
flected in this measure. Still, the evaluation of 7 g from the
central position is considered sufficient, as the change of
perspective is natural and is not considered an error. Using
both measures, the directional deviation is indicated by

Ozf'y

€y = arccos ——, (22)
I7v Il
Ozf'E

€p = arccos ——. (23)
IFEll

To illustrate the objective quality criteria, we use in the
following an example of a slightly non-uniform loud-
speaker arrangement. This example is based on the uni-
form layout of 41 loudspeakers, using equal area par-
titioning [37]. Both directional errors would stay small
for this entirely uniform arrangement. Hence, to simulate
slight non-uniformity, one loudspeaker was removed for
the analysis of different decoder designs. Despite this is
still benign compared to non-uniformity of real facilities,
it is a starting point to demonstrate the application of the
objective quality criteria.

Figures 4a and 4b show the estimated deviation angles
ég and éy over a variable panning direction 6; for the
above described non-uniform layout using mode-matching
and sampling decoding, respectively. Figure 4a shows that
mode-matching precisely matches the 7y vector to the
panning direction. The sampling decoder produces big er-
rors near the removed speaker for both directional devia-
tion estimators, cf. Figure 4b.

4.3. Energy spread

The directional concentration of the playback signals on
the loudspeaker arrangement is measured with the length
of the vector 7, which is valid outside the sweet area for
diverse, position-dependent phase relations of the incident
loudspeaker signals g. Similar to [31], the measure ||Fg||
can be mapped to an angular spread by

6 = 2arccos ||[Fg|| . (24)

In the discrete case, the angular spread measure 6 varies
except for some particular loudspeaker arrays, whereas its
continuous counterpart o is constant. In the ideal contin-
uous case, the invariance follows from the analytic expres-
sion [8, p. 312]

2 Zl,j:o na,a,_
2520(211 +1) a%y

e.g. for N = 5 and max-rg the angular spread measure
o ~42°.

The bottom row of Figure 5 shows an evaluation of the
spread measure 6 as a function of the panning direction.
The results for the uniform 41 loudspeaker arrangement
using a mode-matching and a sampling decoder are de-
picted in Figure 5a and Figure 5b, respectively. Regarding
6k, both decoders perform reasonably well.

Irell = (25)
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o [B]

Figure 5. Energy and energy spread measures £/E and &5 plotted as a function of the panning direction on the unit sphere. Different
decoders with N = 5 and max-rg weighting are evaluated for a uniform 41 loudspeaker layout using equal area partitioning [37]: (a)
Mode-matching and (b) sampling for all speakers. The loudspeaker in the middle is removed in the diagrams: (c) mode-matching, and

(d) sampling.

Figures 5c and 5d show the results for the slightly non-
uniform layout with one speaker removed before design-
ing the decoders. In contrast to the uniform layout, both
decoders yield an increase of the spread in the vicinity of
the gap, as a natural consequence of the missing speaker.
The increase is observed to a lesser extent for the sampling
decoder.

44. Energy

The energy E from equation (17) is a common mea-
sure in amplitude panning and already provides a fair es-
timate of the average loudness for interference with di-
verse, position-dependent phase relations. It is not appli-
cable at low frequencies, e.g. < 200Hz, for which the
sweet area encloses several listeners. The given evalua-
tion is considered sufficiently accurate when neglecting
the low-frequency range.

The measure of an ideal (continuous) Ambisonic play-
back equals [g2 |£(0)]* d6 = ||¢||?, due to Parseval’s the-
orem. It is easy to find from equation (20) that this is inde-
pendent of the panning direction 6, [8, p. 312] and yields

2 N
E= ¢ = % Y@en+1a. 26)
n=0

Normalizing £ by the measure of the virtual source E
yields a relative measure that represents energy alterations
of the decoder, exclusively. Equivalently, this normaliza-
tion is expressed by normalizing the Ambisonic signals

¢S,N

T
E/E:hDTDﬁ 27)

LA [N

The range of energy alterations for a decoder is defined as
the interval Enj, < E < Ej.x. For mode-matching and
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sampling decoders, the range of the alterations can be de-
termined from the singular values of Y. For the mode-
matching decoder, cf. equation (14), the matrix product
for calculating £/ E yields

D! D=08"0". (28)

Similarly for the sampling decoder, cf. equation (16) and
equation (13), this matrix is

2
4 A A2 A
DI D, = (%) 080" (29)

As U is orthogonal, both decoders only achieve a small
range of energy alterations if the range of singular values
is small. This is the case for uniform loudspeaker layouts,
where §; - 1/ L/4r. Regarding energy alterations, decod-
ing to non-uniform layouts reveals the different behavior
of mode-matching and sampling decoders. For the sam-
pling decoder, small singular values lead to an attenuation
of the decoded energy, i.e., the lower bound En is de-
creased.

In contrast, the inversion of the singular values in the
mode-matching decoder leads to an increase of the de-
coded energy, i.e. an increase of the upper bound Epyyy.

The top row of Figure 5 shows an evaluation of the en-
ergy measure £/ E as a function of the panning direction.
Figures 5a and 5b depict the results for the exemplary uni-
form layout using a mode-matching and sampling decoder,
respectively. As expected, both decoders achieve a small
range of energy alterations for the uniform layout. The re-
sults for the slightly non-uniform layout (missing speaker
example) are depicted in Figures Sc and 5d. The mode-
matching decoder exhibits an energy increase in the vicin-
ity of the gap, whereas the sampling decoder yields a loss
of energy there. As argued above, this behavior is deter-
mined by the singular values of Y.
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5. Energy-preserving decoder

For varying panning directions, mode-matching and sam-
pling decoders cannot provide a constant energy under
slight non-uniformity. As shown in equations (28) and
(29), the range of energy alterations depends on the sin-
gular values of Y, only. Consequently, in this section a
new energy-preserving decoder is presented, which does
not contain energy scaling factors, i.e., the singular values
have been removed,

Do, =VU". (30)

As the columns of U and V are orthogonal, this decoder
yields

D! D=1, (31)

and thus no energy alteration, cf. equation (27). This al-
ways works regardless of the particular loudspeaker place-
ment as long as their number equals at least the number of
the spherical harmonics L < K.

Yet for good decoding, energy-preservation alone is not
sufficient. The directional mapping of the decoder must
also produce reasonable results. For this reason, the mea-
sures for energy spread and the directional errors have
been introduced above, which provide rational indicators
of the directional mapping related quantities.

As predicted, energy-preserving decoding perfectly pro-
duces a constant measure E/E for the slightly non-
uniform example with the gap as shown in Figure 6.
The estimated directional mapping error €g seems to be
slightly better than for the other decoders, whereas éy
seems to lie between the other decoding variants, cf. Fig-
ure 4. The energy spread 6 does not much differ from
other decoders. In general, these direction and spread re-
lated measures indicate that energy-preserving decoding
produces a useful angular mapping of Ambisonic signals.

6. Hemispherical decoding

Energy-preserving decoding is possible if there are at least
as many loudspeakers as there are Ambisonic signals, i.e.
spherical harmonics. Thus an arrangement of L = (N +
1)? loudspeakers on the hemisphere allows for energy-
preserving playback of the maximum order N. However,
it appears costly to use the same number of loudspeakers
for a hemispherical setup as required for a full sphere setup
with unchanged resolution N. One could naively argue that
about the half of the loudspeakers should be sufficient for
the hemisphere. This raises the question, what happens if
L < (N + 1), i.e., there are fewer loudspeakers than Am-
bisonic signals?

Figure 7 shows the result for energy measure and di-
rectional mapping error for the energy preserving decoder
using such a setup. This exemplary setup contains 25 loud-
speakers on the upper hemisphere, which are a subset of
the previous example setup, from which one loudspeaker
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Figure 6. Energy-preserving decoder (removed speaker); (a) es-
timated directional mapping errors ég and €y, (b) energy and
spread estimators £ /E and 6.

Figure 7. Energy-preserving decoding with N = 5 and a subset
of 25 loudspeakers on the hemisphere; (a) estimated directional
mapping errors & and &y, (b) energy and spread estimators £ /E
and 6.

is removed to introduce a slight non-uniformity. As a con-
sequence of L < (N + 1)2, the decoded energy is not pre-
served for all directions, cf. £/E in Figure 7. In particu-
lar, the energy is not preserved for regions poorly covered
by speakers; in this example, these are the southern hemi-
sphere and the region around the missing speaker. As the
southern hemisphere is not considered for playback, the
energy loss for virtual sources placed there is usually no
problem, whereas around the missing speaker it is disturb-
ing.

In equation (13), the compact singular value decompo-
sition (SVD) was introduced. To investigate the energy
loss of the decoder with L < (N + 1)2, the full SVD of
Y is more telling,

A

Yx = [0.04] m 3

including the full unitary decomposition matrix [ﬁ ﬁo].

The matrix Uy = [Go,1, @02, . .., 09 k—r] contains the left
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null vectors, satisfying ﬁgiYN = (; therefore f]o is called
the null space of Y. The energy preserving decoder, cf.
equation (30), can be equivalently expressed in terms of
the full SVD,

AT
D, =V [I.0] lZT] . (32)
0

Inserting this into equation (27) makes obvious that an en-
ergy loss occurs if the Ambisonic signal vector lies (at
least partly) within the null space, i.e. 4’?1\1[70 # 0. In
the example above, this is true for panning directions on
the southern hemisphere as well as around the missing
speaker.

As mentioned earlier, a hemispherical loudspeaker ar-
rangement is usually intended for source directions on one
hemisphere only, on which the energy alteration should
be minimal. In contrast, energy loss for sources located
at the complementary hemisphere is acceptable. As the
null space causes the energy loss, it should be designed
as to solely affect sources on the complementary (south-
ern) hemisphere. As shown below, this is best achieved by
the design of a new set of continuous basis functions that
exhibits an energy concentration on the target hemisphere.

6.1. New basis functions

The energy of a continuous panning function is evaluated
by

E=g] [sz In(O)yx ()7 0 g,

As the spherical harmonics are orthonormal functions on
S [ yn(O)yn(0)Td6 = I the energy E = ||yl is
unity for any normalized ¢y.

In contrast, the energy of a normalized ¢y on the hemi-
sphere, or any other continuously connected part of the
sphere S? c S?, is not constant as the following integral is
not the identity matrix

J~ Yn(O) yn(0)1d6 = G. (33)
Sz

In general, this matrix has to be determined by numerical
integration on the sphere, cf. [38]. The properties of G' can
be investigated using its eigendecomposition

G = U diag {s)°U", (34)

where U € R®*X is the orthogonal matrix of eigenvectors
and s is a vector containing the square roots of the accord-
ing eigenvalues. Multiplication of equation (33) from both

sides with U and its transpose, respectively, yields
J UTyn(0) yx(0)TU d6 = diag {s}°. (35)
52

This reveals that a new orthonormal set of basis functions
can be found on S?

v(0) = Uy, (6), (36)
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Figure 8. Balloon plots of the new basis functions for N = 5.
Magnitude and sign are mapped to radius and gray value, respec-
tively.

whose energies s? on S$? are sorted in descending order.

The new basis functions are equivalent to the spherical har-
monics by their inverse relation yy(0) = U v(0).

In contrast to the spherical harmonics, the number of
new basis functions can be reduced by choosing only those
v;(0) with sufficiently large energy s,.z/s% >p,0<p<1.
This is most conveniently done by defining an accordingly
reduced matrix U € R¥*X" with K’ < K. The reduced set
of new basis functions is not fully equivalent to the spher-
ical harmonics as U does not provide an exact inverse re-
lation U UT # I anymore. Nevertheless, only those func-
tions having much energy outside S? have been discarded.
Hence, applying the incomplete reconstruction to a sig-
nal U U" ¢ mainly suppresses spatial components out-
side §2, however not sharply. Practically, attenuation near
the border of the target hemisphere can be avoided by en-
larging the integration domain S? in equation (33).

Figure 8 shows a new set of basis functions for the hemi-
sphere for N = 5. This set of K" = 24 functions is obtained
by choosing S? = {(¢.,d) € S?*|9 < 110°} and g = 0.75
and ensures a vanishing energy alteration, cf. Figure 9a,
for an encoded point source, cf. equation (6). The new
functions might to some extent look arbitrary. Therefore, it
is convenient to re-group the functions for a more obvious
relation to the spherical harmonics, cf. [39, 40]. Figure 8
shows the new set of basis functions after re-grouping.

6.2. Energy-preserving decoding on the hemisphere

In order to apply the new set of basis functions to Am-
bisonic decoding, the Ambisonic signals ¢y and the modal
representation Yy of the playback facility are re-encoded
into the new orthonormal basis v(0). According to equa-
tion (36), this yields U ¢y and U Yy, respectively. With
one more singular value decomposition of the new mode
matrix

U'yy=USV"

and the re-encoded Ambisonic signals, the energy-preser-
ving decoder, cf. equation (30), on S? yields

Doy =VU U, (37)
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Figure 9. Evaluation of panning with N =
5 basis and decoding for hemispherical
Ambisonics. Energy and spread estima-
tors £/E and 6 are plotted depending
on the panning directions of the upper
hemisphere (flattened image): (a) new
basis with # = 0.75; (b) decoder equa-
tion (30), (c) decoder equation (37) for
the IEM-CUBE.

Table I. Loudspeaker coordinates of the IEM-CUBE,; its center lies at x, y = 0 and z = 1.34m.

loudspeaker 1 2 3 4 5 6 7 8 9 10 11 12
X [m] 4.64 4.60 4.11 1.57 -1.29 -4.38 -4.64 -4.33 -1.07 1.82 4.48 471
y [m] 0.00 2.02 4.60 5.03 5.55 3.87 0.02 -3.86 -5.53 -4.94 -4.46 -1.85
z [m] 1.34 1.38 1.40 1.41 1.41 1.36 1.37 1.35 1.40 1.38 1.39 1.39
loudspeaker 13 14 15 16 17 18 19 20 21 22 23 24
x [m] 423 1.81 -2.19 -3.62 -3.6 -2.06 1.93 422 1.37 -1.25 -1.27 1.40
y [m] 1.77 4.44 4.87 1.48 -1.58 -4.78 -4.21 -1.77 1.46 1.32 -1.34 -1.33
z [m] 3.83 3.94 4.17 3.48 3.49 4.16 3.85 3.77 4.42 4.15 4.14 4.39

Figure 9b shows the energy and energy spread measure for
decoding as defined in equation (30) applied to the loud-
speaker arrangement of the IEM-CUBE, Table I. Clearly,
a noticeable drop of energy appears for virtual sources po-
sitioned at the zenith of the playback facility, the center
in the diagram of Figure 9b. The achievable improvement
involving the new basis functions, cf. equation (37), is
demonstrated in Figure 9c. Therein, the energy alteration
stays below 1dB at the expense of a larger energy spread
for virtual sources near the zenith.

7. Conclusions

We have presented a new decoding method that preserves
the energy of the Ambisonic signals over the entire an-
gular domain. By omitting the singular values of the de-
coding problem, loudness variations of sources with vary-
ing directions can be avoided in Ambisonic decoding. This
type of decoding always works as soon as there are enough
loudspeakers; it is always feasible and by nature numeri-
cally stable.

In addition, basis functions adapted to Ambisonics on
the hemisphere or other fractions of the sphere have been
introduced. These functions are designed in the continuous
domain such that they allow for energy-preservation on the
desired fraction of the sphere. As the number of functions
is smaller than a complete SH set, the angular resolution
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for energy preserving decoders can be retained for a given
loudspeaker spacing.

As other panning approaches, the new decoder finally
creates a signal of well-controlled loudness by enforcing
a normalized energy output. This consideration is based
on the assumption of slightly stochastic interference of the
loudspeaker signals in space. On top of that, a better con-
trol of the source width is expected, as the underlying spa-
tial resolution is ideally limited using Ambisonics.

In terms of the objective estimators of energy and en-
ergy spread, the result of the new approach performs com-
parably well. Based on an informal listening session in
the IEM-CUBE, these estimators seem to be meaningful.
However, the proof of their perceptual significance by lis-
tening experiments is pending and topic of a current PhD
project.
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