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Summary
This paper presents a numerical model based on the Method of Fundamental Solutions (MFS) for the compu-
tational analysis of acoustic horns. The model is here presented in detail for 2D and axisymmetric problems,
and it is based on the use of two sub-regions, one of them containing the acoustic horn itself, and the other
simulating a semi-infinite space with perfectly reflecting boundary. The proposed model is tested against well
established methodologies, such as the BEM and the FEM, and it is shown to provide accurate results. Besides its
numerical verification, application examples concerning the evaluation of horn directivity are shown, including
non-trivial geometrical configurations. Comparison with experimental measurements of the horn directivity at
different frequencies reveals a very good match between theoretical and laboratorial results, and thus indicates
that the proposed approach can be an interesting tool in the analysis of acoustic horns.

PACS no. 43.38.Ja

1. Introduction

Acoustic horns are interface devices connected to the front
face of a direct or indirect radiation loudspeaker. They
play two important roles in acoustics systems. Firstly, they
are used as directional control devices since they allow
guiding the airborne acoustic energy into particular di-
rections, thus they might be considered waveguides. Sec-
ondly, horns act as impedance matching devices, similar to
the electrical transformers, increasing radiating system’s
efficiency [1].

The fundamentals of acoustic horns were widely de-
veloped by Euler, Lord Rayleigh and Webster. Webster
was the first to introduce the concepts of specific acous-
tic impedance and the analogous acoustic impedance, both
extensively used concepts in acoustics analysis. This au-
thor established what is known as Webster’s horn equa-
tion, and its applicability was discussed by Putland in [2],
concluding that indeed it governs acoustic propagation if
the pressure field can be defined as a function of a single
geometric parameter; however, these fields are restricted
to those cases in which the level surfaces correspond to
planes, concentric cylinders and spheres. It is worth men-
tioning that, in spite of the nowadays acceptance of the
name “Webster’s horn equation”, Eisner [3], in his excel-
lent review paper, cited mainly Bernoulli and Lagrange for
the derivation of the horn equation, claiming that most of
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the mathematical treatments and derivations were known
more than 150 years before Webster’s work.

Based on the works carried out by Webster (1919) and
Salmon (1946), the audio engineering community has de-
signed different types of horns analyzing their cut-off fre-
quency and proper size. D. Keele [4] has developed a fre-
quency dependent constant directivity device, achieved by
joining an exponential or hyperbolic throat segment, for
driver loading, with two conical mouth segments, for di-
rectivity control.

At present, according to the need to design horn sys-
tems capable of improving efficiency and directional char-
acteristics, a variety of numerical methods have been ap-
plied to simulate and optimize different types of geome-
tries and configurations. Among those methodologies, the
three most widely employed numerical techniques are the
Boundary Element Method (BEM), the Finite Difference
Method (FDM) and the Finite Element Method (FEM).

Morita et al. [5] and Beltran [6] used the Finite Element
Analysis (FEA) to model axisymmetric horns. Within the
analysis, Morita et al. used a radiation boundary condition,
corresponding to an analytical integral equation defined
over the mouth of the horn, that assumes that the horn is
mounted in an infinite baffle. This approach reduced the
numerical complexity of the system, taking into account
the effect of the variation of the acoustic particle velocity
across the mouth of the horn being modelled. Beltran used
a non-reflective boundary condition on a spherical surface
around the horn’s mouth, requiring meshing the outside
region in front of the horn. He also modeled the mechano-
acoustic interaction of the compression driver diaphragm
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coupled to the horn throat, for different material properties,
showing the usefulness and advantages of a FEA approach
to the design of the complete radiating system.

Hodgson and Underwood [7] used a BEM scheme to
compute the throat impedance and the far field pressure,
demonstrating good agreement with experimental data;
they also analyzed the correlation between the impedance
peaks and the far field pressure response peaks. Noreland
et al. [8] and Udawalpola et al. [9] applied a gradient-
based optimization algorithm to improve the transmission
properties of a variable mouth acoustic horn, by comput-
ing the reflection spectra using FEM and BEM method-
ologies. These authors remarked the advantages of using a
BEM model, since it is not necessary to remesh or mod-
ify the volume mesh within the optimization processes. In
the other hand, Makarski [10] proposed a computational
tool based on the BEM and modal decomposition, with its
focus on the professional development of horn loudspeak-
ers, in which the electroacoustic transducer and the horn
are treated separately.

Morgans [11] describes an optimization method, ap-
plied using FEM, BEM and a BEM variant (named
Source-Superposition technique), for the design of con-
stant beamwidth horn loaded loudspeakers. Using the
Transmission Matrix Method, Lampton [12] and Patrick
[13] established a numerical approach, which consists
of discretizing complex geometry of electroacoustic sys-
tems using small cascade-elements network. Each acous-
tic component can be described by a pair of pressure and
volume velocity ports at the input and output of the ele-
ment, being these related by a 2x2 matrix. Adopting the
Transmission Matrix approach, McLean et al. [14] studied
the throat impedance characteristics of constant directivity
horns, showing a good agreement between experimental
and computed results.

Mostly in the last decade, a different class of numerical
methods has been progressively developed. Those meth-
ods are usually so called meshless methods, as they re-
quire neither domain nor boundary discretization. Many
techniques can be incorporated in this group, such as
the MLPG-Meshless-Local-Petrov-Galerkin [15], Kansa’s
Method [16, 17] or the Method of Fundamental Solutions
(MFS).The latter technique is, in fact, a boundary-only
technique, in which the pressure field within a given do-
main is obtained using a linear combination of the effects
of virtual sources located outside this domain. In this pro-
cess, boundary conditions are enforced only at a limited
number of boundary points, giving rise to a linear sys-
tem of equations whose unknowns are the amplitudes of
the virtual sources. As in the BEM, the MFS also requires
the prior knowledge of the fundamental solutions, but its
mathematical formulation and computational implemen-
tation are considerably simpler. Reference papers by Fair-
weather and Karageorghis [18], Fairweather et al. [19] and
Golberg and Chen [20] describe the MFS and some of its
possible applications.

It is important to note that, despite the simple conceptual
basis of the method, many of the published works dealing

with the MFS indicate that it can provide very accurate
solutions to different types of physical problems, includ-
ing those related to acoustics and wave propagation, to
the case of heat and mass transfer or to the structural be-
haviour of solid structures. When compared with classical
techniques, such as the FEM and the FDM, one can easily
understand that it can be very efficient, namely because the
MFS only requires the definition of discrete points along
the boundaries, while the FEM or the FDM require a com-
plete discretization of the domain to allow a solution to be
obtained; from this point of view, the MFS can be seen
as an interesting analysis tool. Although the more clas-
sical BEM also requires only boundary discretization, it
should be noted that the formulation of the MFS does not
require any integrations along the boundary (the BEM re-
quires the evaluation of singular or even hyper-singular
integrals), and thus it can also be more efficient than the
BEM from a computational point of view. It may also be
mentioned that the source-superposition technique used by
Morgans [11], which uses a discretization scheme similar
to the BEM and then computes the solution combining the
effects of monopoles and dipoles centred on each bound-
ary element, has some similarities with theMFS. However,
that technique still requires a more intricate mathematical
treatment, including the calculation of surface integrals.

Although different studies have been published on the
use of the technique in acoustics, they are mostly restricted
to solving the Helmholtz equation in problems involving
two-dimensional domains. Alves and Valtchev [21] com-
pared the plane waves method and the MFS for acoustic
wave scattering. Godinho et al. [22] studied the accuracy
of the MFS in the analysis of 2D acoustic and heat transfer
problems, concluding that the method is very accurate for
the study of smooth geometrical configurations. Later, the
same authors (Godinho et al. [23]) implemented the MFS
together with domain decomposition techniques to simu-
late wave propagation around thin elements and cracks.
Little is published concerning the MFS application to ei-
ther axisymmetric or 3D acoustic problems, in particular
concerning more complex problems with connected sub-
domains. António et al. [24] simulated the sound propa-
gation within a closed space, using a MFS formulation. In
that work, the authors used a single-domain formulation,
and concluded that the accuracy of the method depends
on the number and location of the virtual sources. Very
recently, Godinho et al. [25] also addressed the 3D evalu-
ation of the pressure field in two 3D enclosures connected
by an opening using the MFS, describing the geometry by
means of two coupled subdomains. Interestingly, to the au-
thors’ knowledge the application of the MFS to the study
of axisymmetric engineering problems has not yet been
reported in the literature.

The purpose of this work is thus to present an efficient
and accurate numerical model to solve problems related
with acoustic horn analysis considering 2D and axisym-
metric geometries using the Method of Fundamental So-
lutions. The proposed model can be seen as a different
approach when compared with existing published works,
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with fundamental advantages related to its meshing sim-
plicity and lower computational cost.

The structure of this paper is as follows: in section 2 the
mathematical formulation of the governing equations in
sound propagation is briefly outlined, indicating the fun-
damental solutions for pressure and particle velocity (both
for the 2D, 3D and axisymmetric cases), and formulating
the Method of Fundamental Solutions (MFS) in the fre-
quency domain, for simple and multiple subdomains; in
section 3, a MFS model is described for the analysis of a
radiating acoustic horn embedded in a rigid infinite screen;
section 4 presents a verification of the MFS model, by
comparing an important transmission characteristic of the
acoustic horns, the throat impedance, for 2D and axisym-
metric configurations against reference BEM and FEM re-
sults; in section 5, a comparison of the sound directiv-
ity computed using the MFS and the FEM for two horn
configurations is presented; finally, section 6 addresses the
main conclusions of this paper.

2. General mathematical formulation

2.1. Governing equations

The propagation of sound within a homogeneous acoustic
space can be mathematically represented in the frequency
domain by the Helmholtz differential equation,

∇2p + k2p = 0, (1)

where

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

in the case of a 3D problem, and

∇2 =
∂2

∂x2
+

∂2

∂y2

for the 2D case; p is the acoustic pressure, k = ω/c the
wave number, ω = 2πf the angular frequency, f the fre-
quency and c the sound propagation velocity within the
acoustic medium.

2.2. Fundamental solutions

For the 3D case, assuming a point source placed within
the propagation domain, at point x0 with coordinates
(x0, y0, z0), it is possible to establish fundamental solu-
tions, G for the sound pressure and H for the particle ve-
locity at a point x with coordinates (x, y, z), which can be
written respectively as

G3D(x,x0, k) =
1
r
e−ikr, (2)

H3D(x,x0, k,  n) =
1

−iρω
−ikr − 1

r2
e−ikr ∂r

∂ n
. (3)

If a 2D configuration is analyzed, assuming a line source
placed within this propagation domain, at point x0 with

coordinates (x0, y0), the corresponding fundamental solu-
tions become

G2D(x,x0, k) = − i
4
H

(2)
0 (kr), (4)

H2D(x,x0, k,  n) =
k

−4ρω
H

(2)
1 (kr)

∂r

∂ n
. (5)

For both cases, r corresponds to the distance between
the source point and the domain point, given in 3D by
r =

�
(x − x0)2 + (y − y0)2 + (z − z0)2 and in 2D by

r =
�

(x − x0)2 + (y − y0)2;  n represents the direction
along which the particle velocity is calculated and ρ the
medium density.

A special case can be considered when an axisymmetric
problem is analyzed, for which it is also possible to estab-
lish a fundamental solution. For that case, assuming that
the source is also axisymmetric (e.g. a circular ring) and
with its centre over the x axis, the required fundamental
solutions become

GAxi(x,x0, k) =
	 2π

0

1
r(θ)

e−ikr(θ)dθ, (6)

HAxi(x,x0, k,  n) =
1

−iρω

	 2π

0

−ikr(θ) − 1
r2(θ)

· e−ikr(θ) ∂r(θ)
∂ n

dθ. (7)

Equations (6) and (7) correspond, in practice, to the in-
tegration of a 3D source, given by equations (2) and (3),
along the circle centred on the x axis and passing through
(x0, y0, 0), being

r(θ) =
�

y2 + y2
0 − 2yy0 cos θ + (x − x0)2.

Therefore, it becomes obvious that if (x0, y0, 0), and
(x, y, 0) coincide, then r(0) = 0, and hence a singularity
occurs in the integrands of equations (6) and (7). How-
ever, if the source and receiver points are apart, then those
integrals become non-singular, and can be easily approxi-
mated using standard numerical integration techniques.

All the above mentioned solutions can be extended to
allow accounting for the presence of rigid vertical or hori-
zontal planes by means of the image-source method. Con-
sidering the 2D problem, if an infinite rigid plane is located
at x = 0 or at y = 0 (e.g. a symmetric problemwith respect
to x = 0 or to y = 0), the pressure field can be computed
as

G2D
sym(x,x0, k) = − i

4
H

(2)
0 (kr) − i

4
H

(2)
0 (kr1), (8)

with r1 =
�

(x ± x0)2 + y ∓ y0)2 (where the sign of
the first and second terms of the square root depend on
whether symmetry is considered with respect to x = 0 or
to y = 0).

Additionally, if a horizontal rigid plane is considered at
y = 0, then the fundamental solution becomes

G2D
quater(x,x0, k) = − i

4
H

(2)
0 (kr) −

3�
j=1

i
4
H

(2)
0 (krj), (9)

918

Document downloaded by  @DAEL, 2026-05-27 17:11:28 - personal use only



Godinho et al.: Analysis of acoustic horns ACTA ACUSTICA UNITED WITH ACUSTICA
Vol. 98 (2012)

with

r1 =
�

(x + x0)2 + (y − y0)2,

r2 =
�

(x + x0)2 + (y + y0)2,

r3 =
�

(x − x0)2 + (y + y0)2.

Similarly, the concept of image-sources can be applied to
3D and axisymmetric problems. Since the present paper
deals mostly with the latter, it is important to define the
corresponding solution. Considering, for that case, a rigid
vertical plane located at x = 0, the fundamental solution
can be written as

GAxi
sym(x,x0, k) =

	 2π

0


e−ikr(θ)

r(θ)
+

e−ikr1(θ)

r1(θ)

�
dθ, (10)

where r1(θ) =
�

y2 + y2
0 − 2yy0 cos θ + (x + x0)2.

2.3. The Method of Fundamental Solutions (MFS)

The MFS is a boundary method, in which the solution is
approximated as a linear combination of the relevant fun-
damental solutions of the analysed problem. To formulate
the method, consider a generic problem governed by equa-
tion (1), with a boundary Γ = Γ1 ∪ Γ2 subject to Dirichlet
(in Γ1) and Neumann (in Γ2) boundary conditions

p = pK , in Γ1, (11)

− 1
iρω

∂

∂ n
p = vK , in Γ2, (12)

where  n represents the normal direction to the boundary.
To obtain a solution for this problem (either in 2D, 3D or

axisymmetric conditions), it becomes necessary to simul-
taneously satisfy equations (1), (11) and (12), which usu-
ally is not a trivial task. However, the fundamental solu-
tions presented previously automatically satisfy equation
(1) for each specific type of problem, although they do
not directly satisfy equations (11) and (12). Let us now
consider a set of NS source points distributed outside the
analysis domain, and assume that the pressure field at a
point x can be represented as a linear combination of the
effects of the NS sources positioned outside the domain,
at xj , such that

p(x, k) =
NS�
j=1

QjG(x,xj, k), (13)

Qj being the unknown amplitude of each source.
For the described case, and given this representation,

let us also define a set of NC collocation points dis-
tributed along Γ. Forcing the required boundary conditions
of equations (11) and (12) at each of the NC collocation
points, two sets of equations can now be written as

NS�
j=1

QjG(xi,xj, k) = pK,i for each xi in Γ1, (14)

NS�
j=1

QjH (xi,xj, k,  n) = vK,i for each xi in Γ2, (15)

with pK,i and vK,i being the prescribed pressure or veloci-
ties at collocation point i.

Establishing those equations, a system with NC equa-
tions andNS unknowns can be written and solved in order
to obtain the Qj amplitudes. If NS = NC, then this sys-
tem is a linear equation system, which can be solved us-
ing standard techniques. However, some published works
(see for example [18]) suggest that the problem may also
be transformed into a minimization problem, by using
NS < NC. For that case, the functional
NC1�
i=1

�
p(xi, k) − pK,i


2
+

NC�
i=NC1+1

�
v(xi, k,  ni) − vK,i


2
(16)

must be minimized, being NC1 the number of colloca-
tion points in Γ1, p(xi, k) and v(xi, k,  ni) the approximated
solutions (in terms of pressure and normal velocity) at
collocation point i. To perform this minimization, a least
squares solver may be used. However, due to the good re-
sults obtained in previous works for 2D and 3D problems,
we will not make use of this option in this paper.

2.4. MFS with multiple domains

The MFS formulation presented previously can be easily
extended to allow the analysis of connected subdomains.
An example of such application can be found in Godinho
et al. [25] for the case of two interconnected 3D closed
spaces. If we consider a system with two separate subdo-
mains, Ω1 and Ω2, connected by an interface Γc, then the
pressure field within the two sub-domains can be repre-
sented by two separate sets of virtual sources (with NS1
and NS2 sources, respectively), and can be written as

p(x, k)Ω1 =
NS1�
j=1

QjG(x,x1,j, k) for x in Ω1, (17)

p(x, k)Ω2 =
NS2�
j=1

PjG(x,x2,j, k) for x in Ω2. (18)

Along the common boundary Γc, continuity conditions
must be enforced, and can be written as

p(x, k)Ω1 = p(x, k)Ω2 , (19)

v(x, k,  n)Ω1 = v(x, k,  n)Ω2 . (20)

3. The MFS for the analysis of an emitting
horn embedded in a rigid infinite screen

To apply the MFS to the analysis of an emitting horn, em-
bedded within a rigid screen of infinite extent, consider
the configuration schematically represented in Figure 1a.
In that figure, at x = L a rigid surface is considered, simu-
lating an infinite rigid screen. To analyze this system using
the MFS, a model with two sub-domains is considered, as
described in Figure 1b, in which sub-domain Ω1 incorpo-
rates the geometry of the horn, while sub-domainΩ2 simu-
lates the semi-infinite space and the rigid screen. The com-
mon interface, along which continuity of pressure and par-
ticle velocity must be imposed, is designated as Γc, while
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Horn throat
Horn mouth

L

x

y

1

2

ΓcΓ1

NS1 virtual

sources

NS2 virtual

sources

Γv

(a)

(b)

Figure 1. a) Schematic representation of the problem geometry;
b) Distribution of virtual sources and collocation points in the
MFS model with two sub-domains.

Γ1 and Γv correspond to surfaces along which the normal
velocity is prescribed. To simulate the horn problem, null
velocities are prescribed in Γ1, while a unit velocity is pre-
scribed in the vibrating surface Γv .

When a 2D geometry is to be analyzed, the problem
can be stated considering that y = 0 is a symmetry axis,
and thus the fundamental solutions defined in equations
(8) and (9) can be used. For that purpose, for sub-domain
Ω1 and considering that symmetry axis, the fundamental
solution given by equation (8) is considered, and for sub-
domain Ω2 the Green’s function given in equation (9) for
a quarter space is considered in order to simulate the rigid
screen. Thus, for this 2D case, the pressure field in both
spaces will be defined by the equations

p(x, k)Ω1 =
NS1�
j=1

QjG
2D
sym(x,x1,j, k) (21)

for x in Ω1,

p(x, k)Ω2 =
NS2�
j=1

PjG
2D
quater(x,x2,j, k) (22)

for x in Ω2.

To obtain the unknownsQj and Pj an equation system can
be defined by imposing the relevant boundary conditions.
So, in order to illustrate the implementation of the MFS for
the analysis of the emitting horn represented in Figure 1,
the construction of the equation system is now described.
Therefore, considerNv points where a unit velocity is pre-
scribed along the vibrating surface/boundary Γv (xi,Γv

be-
ing the ith point) and N1 points along the rigid bound-
ary Γ1 where a null velocity is enforced (xi,Γ1 being the

ith point); moreover, a number NBC of points (xi,Γc
be-

ing the ith point) are used to define the common interface
Γc between sub-domains Ω1 and Ω2, and to impose conti-
nuity of pressure and particle velocity. Outside each sub-
domain, NS1 and NS2 virtual sources are used to define
the correspondent sound fields (xi,j being the ith source of
subdomain j). For this case, the resulting equation system,
in the presence of a vibrating boundary within sub-domain
1, can be defined as Ax = B with

A =

H2D
sym(x1,Γv

,x1,1, k,  n) · · · H2D
sym(x1,Γv

,xNS1,1, k,  n)
...

...
H2D

sym(xNv ,Γv
,x1,1, k,  n) · · · H2D

sym(xNv ,Γv
,xNS1,1, k,  n)

H2D
sym(x1,Γ1 ,x1,1, k,  n) · · · H2D

sym(x1,Γ1 ,xNS1,1, k,  n)
...

...
H2D

sym(xN1,Γ1 ,x1,1, k,  n) · · · H2D
sym(xN1,Γ1 ,xNS1,1, k,  n)

H2D
sym(x1,Γc

,x1,1, k,  n) · · · H2D
sym(x1,Γc

,xNS1,1, k,  n)
...

...
H2D

sym(xNBC,Γc
,x1,1, k,  n) · · ·H2D

sym(xNBC,Γc
,xNS1,1, k,  n)

G2D
sym(x1,Γc

,x1,1, k) · · · G2D
sym(x1,Γc

,xNS1,1, k)
...

...
G2D

sym(xNBC,Γc
,x1,1, k) · · · G2D

sym(xNBC,Γc
,xNS1,1, k)

0 · · ·
...
0 · · ·
0 · · ·
...
0 · · ·

−H2D
quarter(x1,Γc

,x1,2, k,  n) · · ·
...

−H2D
quarter(xNBC,Γv

,x1,2, k,  n) · · ·
−G2D

quarter(x1,Γc
,x1,2, k) · · ·

...
−G2D

quarter(xNBC,Γc
,x1,2, k) · · ·

· · · 0
...

· · · 0
· · · 0

...
· · · 0
· · · −H2D

quarter(x1,Γc
,xNS2,2, k,  n)
...

· · · −H2D
quarter(xNBC,Γv

,xNS2,2, k,  n)
· · · −G2D

quarter(x1,Γc
,xNS2,2, k)

...
· · · −G2D

quarter(xNBC,Γc
,xNS2,2, k)



,

x =
�
Q1 · · · QNS1 P1 · · · PNS2

�T
,

B =
�
1 · · · 1 0 · · · 0 0 · · · 0 0 · · · 0

�T
. (23)
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Discretized rigid surface of the model
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Infinite rigid surfaces

Figure 2. a) MFS model of the tube with one vibrating end and
two connected subregions; b) Nodal points of the BEM model
with a single region.

If an axisymmetric configuration is considered, the cor-
responding fundamental solutions to be used are those of
equations (6) and (10), and the pressure field is then de-
fined by

p(x, k)Ω1 =
NS1�
j=1

QjG
Axi(x,x1,j, k) (24)

for x in Ω1,

p(x, k)Ω2 =
NS2�
j=1

PjG
Axi
sym(x,x2,j, k) (25)

for x in Ω2.

In this axisymmetric case, the equation system Ax = B,
needed to calculate the unknown amplitudes Qj and Pj ,
can be established by enforcing the appropriate boundary
conditions in an analogous way to that illustrated in equa-
tion (23) and making use of the adequate fundamental so-
lutions

A =

HAxi(x1,Γv
,x1,1, k,  n) · · · HAxi(x1,Γv

,xNS1,1, k,  n)
...

...
HAxi(xNv ,Γv

,x1,1, k,  n) · · · HAxi(xNv ,Γv
,xNS1,1, k,  n)

HAxi(x1,Γ1 ,x1,1, k,  n) · · · HAxi(x1,Γ1 ,xNS1,1, k,  n)
...

...
HAxi(xN1,Γ1 ,x1,1, k,  n) · · · HAxi(xN1,Γ1 ,xNS1,1, k,  n)
HAxi(x1,Γc

,x1,1, k,  n) · · · HAxi(x1,Γc
,xNS1,1, k,  n)

...
...

HAxi(xNBC,Γc
,x1,1, k,  n) · · ·HAxi(xNBC,Γc

,xNS1,1, k,  n)
GAxi(x1,Γc

,x1,1, k) · · · GAxi(x1,Γc
,xNS1,1, k)

...
...

GAxi(xNBC,Γc
,x1,1, k) · · · GAxi(xNBC,Γc

,xNS1,1, k)

0 · · ·
...
0 · · ·
0 · · ·
...
0 · · ·

−HAxi
sym(x1,Γc

,x1,2, k,  n) · · ·
...

−HAxi
sym(xNBC,Γv

,x1,2, k,  n) · · ·
−GAxi

sym(x1,Γc
,x1,2, k) · · ·

...
−GAxi

sym(xNBC,Γc
,x1,2, k) · · ·

· · · 0
...

· · · 0
· · · 0

...
· · · 0
· · · −HAxi

sym(x1,Γc
,xNS2,2, k,  n)
...

· · · −HAxi
sym(xNBC,Γc

,xNS2,2, k,  n)
· · · −GAxi

sym(x1,Γc
,xNS2,2, k)
...

· · · −GAxi
sym(xNBC,Γc

,xNS2,2, k)



,

x =
�
Q1 · · · QNS1 P1 · · · PNS2

�T
,

B =
�
1 · · · 1 0 · · · 0 0 · · · 0 0 · · · 0

�T
. (26)

In the present paper, the authors only address the 2D and
axially symmetric cases; it should be mentioned that other
authors also proposed solution strategies for this type of
problems, although adopting different methodologies such
as in the papers by Pagneux et al. [26], Amir et al. [27] and
Hélie [28]. It should also be stated that the extension of the
method presented herein to full 3D problems should not
pose significant difficulties, either from the mathematical
or from the implementation points of view; previous works
by António et al. [24] and Godinho et al. [25] indicate that
the MFS may be applied in such cases with good results.
This extension requires additional derivations of equations
(2) and (3), but is beyond the scope of the present work.
Additionally, as with other numerical methods, complex
and large-scale 3D problems will increase significantly the
needed computational resources.

4. Verification of the MFS model

To verify the correctness of the MFS algorithm, two sets of
verifications will be performed. In the first set, the method
is verified against a BEM solution for the 2D case; then,
for the axisymmetric case, a comparison with commercial
FEM software is performed.

To analyze the behaviour of the 2D MFS model, the
system defined as depicted in Figure 2 is considered, in
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which a straight tube with one vibrating end is embedded
within a rigid screen. For the presented case, the width of
the tube is 0.0254m, and its length is 0.2m. Due to sym-
metry considerations, only half of the model needs to be
discretized. Different discretizations and positions of the
virtual sources have been tested for the MFS model (Fig-
ure 2a), and results were compared with those provided by
a standard BEM model in which the maximum length of
each boundary element was 0.005m. It is worth noting that
the BEM model made use of a single-domain region, and
for that case the rigid screen was discretized in the vicinity
of the tube opening using a flange length Lf = 0.1m (see
Figure 2b). Fundamental solutions for a quarter space are
used to reduce the discretization and to ensure that no spu-
rious transmissions occur through the back of the model.

Figure 3a depicts the results computed by the BEM
and MFS when the average spacing between collocation
points is 0.005m and the virtual sources are located at a
distance of 0.02m from the boundary. The displayed re-
sults correspond to the normalized acoustic impedance at
x = 0.05m, and there is an excellent agreement between
the BEM and MFS responses. It should be mentioned that,
for the MFS model, the calculation of the impedance is
performed as

Z(x, k) =
p(x, k)
v(x, k,  n)

=

�NS1
j=1 QjG

2D
sym(x,x1,j, k)�NS1

j=1 QjH
2D
sym(x,x1,j, k,  n)

(27)

for each collocation point located at x = 0.05m, and then
taking the average value of all collocation points placed in
that position. However, it is interesting to note that spu-
rious behaviours can be observed at specific frequencies
when a standard BEM model is used. In this situation, a
special numerical treatment is necessary applying, for ex-
ample, the CHIEF method (see [29]). In the present ex-
ample, the application of this method with just one point
greatly attenuated the contribution of the identified spu-
rious eigenfrequencies. Indeed, for the MFS, no such be-
haviour was identified at any frequency, and thus no spe-
cial numerical treatment was required for the computed
result.

Although a good match between results was registered,
it is important to state that the proposed MFS model also
performed faster than the single domain BEM model,
while still accounting accurately for the presence of the
infinite screen. The computational time and the memory
requirements of both implementations were measured on
the same computer, for different situations and assuming
the excitation frequency of 5 kHz; a non-dimensional (rel-
ative) CPU time was computed as the ratio between the
CPU time of each BEM model and the CPU time of the
MFS model. The tested MFS model corresponds to the
one described above, while for the BEM model, different
lengths of the flange that simulates the infinite screen (Lf
in Figure 2b) were tested. Table I describes the results of
this test. As can be seen, for the BEM model, increasing
the flange size (and thus allowing for a more accurate de-
scription of the infinite screen) leads to an increase in both
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Figure 3. Normalized acoustic impedance calculated for the case
of the 2D tube with one vibrating end: a) Results for the BEM
(model in Figure 2b) and MFS (model in Figure 2a) when the av-
erage spacing between collocation points is 0.005m and the vir-
tual sources are located at a distance of 0.02m from the bound-
ary; b) Convergence of the MFS (model in Figure 2a) response
for two frequencies when the spacing between boundary points
is successively decreased.

the CPU time and the required memory. However, even
for the smallest value of Lf (0.1m), the measured CPU
time was almost 20 times that registered for the proposed
MFS model; the same occurs in what concerns memory
usage, with the proposed model requiring around 8 times
less memory than the smallest BEM model tested here.

The convergence of the MFS was analysed for this ex-
ample using, as a reference for this test, a BEM response
computed using an element size of 0.002m and Lf = 2.0m
(to better reproduce the rigid infinite screen). Results were
computed for different average spacings between bound-
ary points, and the average relative discrepancy to the
reference solution computed exactly at the horn throat
(|pMFS−pBEM|/|pBEM|where pMFS and pBEM are the acous-
tic pressures computed using the MFS and BEM, respec-
tivelly) is depicted in Figure 3b for frequencies of 1000Hz
and of 5000Hz. Indeed, it is clear that the results con-
verge to the reference solution when smaller spacings are
adopted, indicating a good behaviour of the method. One
should note, however, that the reference solution is also
computed numerically, and thus the presented discrepancy
is not an exact estimation of the error.

To further scrutinize the MFS model, tests were also
conducted for a more refined discretization, with an av-
erage spacing between points of 0.0025m, and consider-
ing distances of 0.04m and 0.005m between the virtual
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Table I. Computational performance of the MFS versus BEM models.

BEM (1 CHIEF point) MFS
Lf = 1.0m Lf = 0.5m Lf = 0.3m Lf = 0.1m

Relative CPU time 71.6 37.1 26.4 17.8 1.0
Number of elements or points 290 190 150 110 51
Memory (kB) 1000 564 354 192 22
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Figure 4. Normalized acoustic impedance calculated for the case
of the 2D tube with one vibrating end (see Figure 2a for the ge-
ometry) using the MFS with an average spacing between collo-
cation points of 0.0025m and virtual sources located at a dis-
tance D.
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Figure 5. Axisymmetric problem: a) Scheme of the MFS model
configuration; b) Computed results in terms of absolute normal-
ized impedance at the horn throat.

sources and the boundary. Figure 4 illustrates the corre-
sponding results and, once again, the computed curves co-
incide.

It should be mentioned that a suitable choice of the dis-
tance of the virtual sources to the contour must be made
to obtain reliable accurate results. Indeed, it is known that,
for the MFS, if the virtual sources are placed very close to
the boundary, the proximity of a singularity of the approxi-
mating functions (fundamental solutions) to the boundary
of the model tends to lead to unreliable results, and thus
very small distances should be avoided.

To verify the accuracy of the MFS when analysing ax-
isymmetric problems, an exponential horn geometry with
a throat diameter of 0.0254m and a mouth diameter of
0.200m is considered; considering the throat to be posi-
tioned at x = 0.05m, the geometry of the horn can be
defined as y = 0.0127e10.3178(x−0.05). The geometry of the
corresponding MFS model is depicted in Figure 5a, con-
sidering the average spacing between collocation points to
be 0.01m. In Figure 5b the results provided by the MFS
model are compared with the results computed using the
FEM software, making use of a finite element mesh de-
fined for the upper frequency (5000Hz), assuming 20 ele-
ments per wavelength. To account for the infinite propaga-
tion domain, a spherical Perfectly Matched Layer (PML)
of order 2 is used in the finite element model. In that figure,
absolute impedance values, normalized with respect to the
reference impedance of air, computed at the horn throat,
are displayed for the two methods. As in the previous case,
a very good match between the predictions of both numer-
ical models can be observed, indicating a good behaviour
of the MFS model. Although not shown, several tests were
performed for more refined point distributions and varying
distances between virtual sources and the boundary reveal
a good stability of the MFS with respect to those parame-
ters.

5. Calculation of horn directivity

To illustrate the practical applicability of the proposed
method, the behaviour of two axisymmetric horn geome-
tries is analyzed next. An important parameter with re-
gard to the acoustic behaviour of horns is their directiv-
ity, which indicates the decay of the radiated sound level
at a certain distance with respect to the incidence angle of
sound waves coming from the horn. This parameter is gen-
erally measured in an anechoic chamber, simulating free
field conditions, and mounting the horn embedded in a
rigid flat screen. The model defined here directly accounts
for the presence of this screen and for the far field radiation
conditions, and so it can be directly used for the evaluation
of this parameter.
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The first tested model corresponds to the exponential
horn geometry used in the second verification example of
the previous section. For this case, the directivity is calcu-
lated by evaluating the sound pressure over a number of re-
ceivers distributed in a semi-circular manner, at a distance
of 1.0m from the centre of the horn’s mouth (see Fig-
ure 6a). The horn directivity was evaluated for frequencies
of 500Hz, 2000Hz and 8000Hz, and is displayed in Fig-
ure 6b. The presented results reveal that, for all frequen-
cies, a progressive decay of the sound pressure level oc-
curs as the angle at which the receiver is placed increases.
For lower frequencies, this decay is small, reaching values
around 1 dB for 500Hz. As the frequency increases, the
decay becomes more pronounced, and can reach values as
high as 23 dB for the frequency of 8 kHz. It is also inter-
esting to note that the directivity curves are very smooth
for the lower frequencies, while higher frequencies ex-
hibit a more pronounced oscillatory behaviour due to their
smaller wavelength. To check these results, the same sys-
tem was modelled using the finite element software. The
corresponding results are plotted in Figure 6b. As shown
in the verification section, the agreement with the MFS
computed results is very good. However, it should be men-
tioned that, in order to obtain accurate results, the FEM
mesh used in this analysis was defined using around 12
elements per wavelength for a frequency of 8 kHz, and
thus a very large number of elements and nodes had to be
used (around 5 · 105 degrees of freedom); by contrast, for
the MFS, a constant number of 92 points uniformly dis-
tributed along the boundaries and interfaces of the model
was enough to allow very good results to be obtained. For
this reason, the MFS model allowed a very fast computa-
tion when compared with the corresponding finite element
software.

In a second test, the optimized axisymmetric acoustic
horn design proposed in the works of Noreland et al. [8]
and Udawalpola et al. [9] was considered. The proposed
shape of the horn was obtained numerically by these au-
thors with the aim of having optimal radiation efficiency
at frequencies in the range 1.6–9.05 kHz, while satisfying
a convexity constraint on the flare. The geometry of this
horn is schematically displayed in Figure 7, exhibiting a
throat radius of 0.0193m, a mouth radius of 0.1500m, and
a length of 0.1615m (note the curvature at the edges of the
mouth of the horn).

The horn was modelled using the proposed axisymmet-
ric MFS model, distributing a number of boundary points
to discretize its rigid surface. It is worth remarking that the
optimized horn exhibits a complex geometry, with signifi-
cant curvature variations along its boundary, thus requiring
a large number of points to correctly define its shape. As
in other numerical methods (such as the BEM), the ge-
ometry may be defined making use of a fixed number of
points per wavelength, allowing to use a smaller number
of points for lower frequencies, and a higher number for
higher frequencies. However, in some cases, this criterion
may not be sufficient to allow a correct definition of the
boundary shape. In the present case, due to the continuous
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Figure 6. Model of an axisymmetric exponential horn: a) Geom-
etry of the application example; b) Computed directivity results.
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Figure 7. Geometry of the optimized axisymmetric horn pro-
posed by Noreland et al. [8].

variation of the horn’s curvature, in order to ensure a cor-
rect definition of the geometry a total of 113 points were
used to build the MFS model for all frequencies, corre-
sponding to approximately 10 boundary points per wave-
length for the higher frequency. As in the previous exam-
ple, beyond the mouth of the horn, an infinite rigid screen
is considered and incorporated in the model by means of
the virtual sources technique. Figure 8 depicts the direc-
tivity results computed for frequencies of 500Hz, 2000Hz
and 8000Hz, using both the MFS model and the finite el-
ement software. For the latter, and as in the previous case,
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Figure 8. Comparison of directivity results calculated using FEM
and using the proposedMFSmodel, for the geometry represented
in Figure 7.

a)

b)

Figure 9. Validation of the numerical model using laboratory
measurements: a) horn tested in the laboratory; b) measured and
computed directivity results (using the geometry of Figure 7).

the field was discretized making use of a fine mesh, with at
least 15 elements per wavelength for a frequency of 8 kHz
(8 · 105 degrees of freedom). As shown in the directiv-
ity plots, an excellent agreement exists between both solu-
tions, although with a much lower computational effort in
the case of the MFS. It can be noted, in that plot, that the
optimized horn exhibits more regular curves, without any
observable oscillations along the angular range.

It should be noted that although the two methods have
led to very similar results, the calculation performed us-
ing the MFS for each frequency was, on average, around
11 times faster than the equivalent calculation using a fi-
nite element code; this expressive difference could be even
more pronounced taking into account that the finite ele-
ment package is a highly optimized commercial software,
while the MFS implementation was performed in Matlab,
and thus it is not an optimized compiled code. Addition-
ally, due to the very small number of points required to
define the geometry, the system matrix formed in the MFS
led to a RAM memory usage of less than 0.4MB, while
the finite element analysis, requiring a very large number
of nodes, led to a memory usage of around 500MB for the
same problem (one should note that since the finite ele-
ment code used here corresponds to a commercial pack-
age, it was not possible to accurately assess the memory
used by the application for the calculation itself; so the
value presented here was estimated based on the memory
usage reported by the operating system during the calcula-
tion).

To validate the numerical results shown in Figure 8, the
directivity of the horn was measured in laboratory, mount-
ing the horn in a large rigid screen, simulating the theoret-
ical infinite rigid surface of the model. The directivity was
measured in anechoic conditions, at a distance of 1m from
the mouth of the horn, as described in [30]. In order to ob-
tain the directivity pattern, sound pressure level was regis-
tered using a measurement system, and performing sound
pressure level evaluations at angular intervals of 5◦. In Fig-
ure 9a, a photography of the horn tested in the laboratory
is depicted. Figure 9b exhibits a comparison of results for
frequencies of 1 kHz, 4 kHz, 8 kHz and 10 kHz. The re-
sults illustrated in that figure clearly allow concluding that
the agreement between numerical results and experimental
data is good, although existing some differences between
both sets. For the lower frequencies, of 1 kHz and 4 kHz,
the trend of the numerical and experimental results is sim-
ilar, but differences of around 1 dB can be seen even at
receivers placed at lower angles. For higher frequencies, a
good agreement can be observed for receivers placed at an-
gles up to 60◦, without significant deviations between the
experimental and numerical results. It is only beyond this
angle, for which the decay is over 20 dB, that significant
differences (above 1 dB) are registered; these larger differ-
ences can be attributed to limitations of the experimental
setup used for the directivity measurements.

6. Final remarks

In the present paper a numerical model based on the
Method of Fundamental Solutions was proposed for the
analysis of 2D and axisymmetric acoustic horn systems.
The proposed model is based on the use of two sub-
regions, one of them containing the rigid horn, and the
other corresponding to a semi-infinite space. The joint use
of these two sub-regions, connected by imposing the nec-
essary continuity of acoustic pressure and normal particle
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velocities, allows simulating the case of an acoustic horn
embedded within a rigid screen, a scenario that is frequent
in laboratory analysis of such devices.

The model was verified against classic 2D Boundary El-
ement and 3D axisymmetric Finite Element models, and
an excellent agreement was found to occur. It must be
mentioned that, for the tested cases, the MFS was found
to be a very efficient method, requiring only a small num-
ber of boundary points to define the proposed horn sys-
tems. Indeed, the proposed approach can reduce the re-
quired effort both in terms of pre-processing and of com-
putational requirements for the solution of the problems.
Indeed, since it doesn’t require any discretization of the
propagation medium, only the boundaries need to be de-
fined, which is a straightforward task in the model prepa-
ration stage; additionally, by only discretizing the bound-
aries, the final dimension of the problem is much smaller,
and thus less demanding from a computational point of
view. It is also worth noting that, when compared with the
BEM for a 2D problem, the MFS revealed no influence of
the well-known spurious eigenfrequencies effect that pol-
lutes the BEM results at some frequencies.

The model was finally applied to study the behaviour of
two horn geometries in terms of directivity at different fre-
quencies. For those cases, an excellent agreement with the
finite element software was observed. Comparison with
experimental results obtained for an optimized non-trivial
shape horn also revealed a very good agreement, indicat-
ing that the method performs well and can be a valuable
analysis tool.
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