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Summary
Viscothermal longitudinal wave propagation in incompressible viscous liquid with non-uniform shear flow con-
fined by rigid pipeline wall of constant temperature is mathematically formulated, which is a set of coupled
fourth-order nonlinear differential equations. Based on Bessel-Fourier theory, a general solution in the form of
Bessel-Fourier sequences, which are orthogonal and complete in Lebesgue Space, is proposed to transform the
fourth-order nonlinear differential equations to a set of homogeneous linear algebraic equations. Then acoustic
wave number can be solved using the existence condition of non-trivial solution to the homogeneous linear alge-
braic equations, leading to the vanishment of the corresponding determinant which can be numerically calculated
by various iteration methods. Based on the proposed scheme, phase velocity and attenuation of viscothermal
longitudinal wave is numerically analysed in shear flow. In the end, measurement performance of ultrasonic flow
meter based on wave propagation is investigated.
PACS no. 43.20.Bi, 43.20.Mv, 43.28.Py, 43.35.Ud, 47.35.Rs, 43.35.Yb

1. Introduction

Ultrasonic longitudinal wave propagation in thermal-vis-
cous fluid is receiving considerable attention in recent
years. One early model of sound propagation in circular
tubes is the classical Kirchhoff equation [1] from 1868
that includes the effect of viscosity as well as heat conduc-
tion. Kirchhoff himself derived the complete solution of
the problem from the basic equations in the form of a very
complicated transcendental equation in the case of station-
ary fluid flow. More than 50 years later an approximate
solution to a simplified version of Kirchhoff’s equation
was found by Zwikker and Kosten [2] for circular geome-
try. Research efforts by several consecutive authors can be
found in [3, 4, 5, 6, 7, 8, 9].

However, none of the early work treated the effect of
non-uniform shear flow. On the assumption that the radial
wave velocity has negligible influence upon the axial wave
propagation, Peat [10] firstly gave an approximate solu-
tion using a variational principle, and later analyzed the
wave motion in the presence of temperature graident [11].
Based on the simplified model proposed by Peat, Jeong
and IH [12] presented a numerical solution in the form
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of Runge-Kutta and shooting method. Astley and Cum-
mings [13] showed a discretization numerical calculation
strategy based on the finite element method with nine-
noded isoparametric mesh. For analytical solution, while
IH, Park and Kim [14] provided an analytical solution in
terms of Confluent Hypergeometric function, Dokumaci
[15, 16] introduced a quasi-analytical solution for uniform
shear flow in circular pipeline, and then a solution in the
form of double Fourier Sine series [17] for non-uniform
shear flow in rectangular waveguide. Willatzen [18] con-
sidered the phase shift and attenuation of acoustic wave
in moving fluid using Frobenius power series expansion
method. Based on the work of Peat, Cummings and Doku-
maci [19], Knutsson and Abom [20, 21] considered the ef-
fect of turbulent damping [22] using Weighted Residuals
method proposed by Eversman [23, 24, 25, 26].

The common assumption of the above mentioned con-
tributions is that acoustic radial velocity is much smaller
than the axial component, and radial changes are much
larger than axial variations. As a result, the radial com-
ponent of the particle velocity is neglected [21]. How-
ever, it has been investigated that inclusion of the radial
component of the acoustic velocity within the analysis has
an observable effect upon the wave propagation [12, 27].
Through power series expansion, Peat and Kirby [27] gave
an approximate solution for wave propagation including
the effect of radial velocity, but the gradient of acoustic
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pressure in the radial direction is assumed be zero and the
dissipation function is simplified [28, 29, 30]. By express-
ing the velocity field as a combination of scalar and rota-
tional potentials, Elvira-Segura [31] and later Baik, Jiang
and Leighton [32] showed a general analytical solution for
circular waveguide and Sorokin [33, 34] for rectangular
waveguide. Unfortunately, these solutions are only for sta-
tionary flow and the state of fluid is assumed to be isen-
tropic. In the previous work [35], present authors investi-
gated isentropic longitudinal wave propagation in uniform
shear flow.

On the other hand, little is known on the wave prop-
agation in the thermal-viscous liquid fluid with complex
flow profile. In the framework of inviscid fluid, Willatzen
[36, 37] gave an analysis of wave propagation includ-
ing temperature gradient, and then investigated the influ-
ence of temperature gradient on ultrasonic flow measure-
ment [38, 39, 40, 41, 42] in laminar flow. However, in
Willatzen’s work [36, 37], the dynamics of temperature
is not considered, the governing equation of wave propa-
gation is only valid for low Mach inviscid fluid flow, and
then wave propagation in turbulent flow is not addressed.

Based on the previous research [35, 43], viscothermal
longitudinal wave propagation [8, 44, 45, 46, 47, 48, 49,
50, 51, 52, 53, 54, 55] in rigid cylindrical pipeline in the
presence of non-uniform shear flow is deduced using the
potential theory [8, 44, 45, 46, 47, 48, 49], leading to a set
of coupled fourth-order nonlinear differential equations.
Using Bessel-Fourier Theory [56, 57, 58, 59, 60, 61, 62,
63, 64, 65, 66, 67, 68, 69, 70, 71, 72], a general solu-
tion in the form of Bessel-Fourier sequence, which is or-
thogonal and complete in Lebesgue Space, is proposed to
transform the coupled fourth-order nonlinear differential
equations to homogeneous linear algebraic equations. As
a result, the problem is converted to the problem of non-
trivial solution existence of homogeneous linear equations,
resulting in the vanishment of corresponding determinant
[73, 74, 75, 76]. Based on the established method, longi-
tudinal wave propagation in laminar and turbulent flow is
analyzed. Finally, parametric analysis of ultrasonic flow
meter performance [35, 36, 37] is investigated in laminar
and turbulent flow. The layout of the paper is as follows. In
section 2, viscothermal longitudinal wave propagation in
non-uniform shear liquid flow confined by rigid cylindrical
pipeline is mathematically deduced from the incompress-
ible N-S equation, the continuity equation, the equation of
state, and the energy equation, and then a general solution
based on the Bessel-Fourier theory is presented. Section
3 gives a comprehensive parametric analysis of viscother-
mal longitudinal wave propagation in shear flow. Mean-
while, measurement performance of ultrasonic flow meter
based on wave propagation is discussed. The last section
concludes the paper.

2. Theory of viscothermal longitudinal
wave propagation

In this section, viscothermal longitudinal wave propaga-
tion in incompressible homogeneous viscous liquid fluid

r z0v r( )
R

wallTRigid wall

Figure 1. Waveguide with cylindrical coordinate system. R is the
radius of the rigid pipeline with constant temperature Twall, and
v0(r) is the shear flow profile.

confined by rigid cylindrical pipeline is mathematically
formulated as shown in Figure 1, then a novel solution
based on Bessel-Fourier theory is proposed.

2.1. Mathematical formulation

The governing equation of viscothermal longitudinal wave
propagation in incompressible thermal-viscous fluid are
[28, 29]
conservation of mass,

∂ρ

∂t
+ ∇ · ρv = 0, (1)

conservation of momentum,

∂v

∂t
+ v · ∇ v = −∇p

ρ
+

η

ρ
∇2v, (2)

conservation of energy without external heat source,

ρT
∂s

∂t
+ v · ∇ s = κth∇2T +

η

2

3

ij=1

∂vi

∂xj
+

∂vj

∂xi

2
,(3)

where ρ, p, T , s, and v = [v1, v2, v3] denote fluid den-
sity, pressure, temperature, entropy, and velocity, η and κth

are the shear viscosity and thermal conductivity which are
assumed to be constant in this paper. From the work of
Blokhintzev [77], s can be expressed as a function of p
and ρ,

∂s

∂t
=

cp

T

∂T

∂t
− β

ρ

∂p

∂t
, ∇s =

cp

T
∇T − β

ρ
∇p, (4)

where β is the coefficient of volume thermal expansion
and cp is the constant-pressure heat capacity per unit mass.
Substituting equation (4) into (3) gives [30]

∂T

∂t
+ v · ∇ T =

κth

ρcp
∇2T +

βT

ρcp

∂p

∂t
+ v · ∇ p

+
η

2ρcp

3

ij=1

∂vi

∂xj
+

∂vj

∂xi

2
, (5)

as shown by White [30], the condition βT = 1 holds in
perfect gas which is assumed in the analysis of viscother-
mal wave propagation in the literature [10, 78]. However,
β is usually smaller than 1/T and may even be negative
in liquid, for imperfect gas, β can be considerably larger
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than 1/T at high pressure. To get a general mathemati-
cal formulation, the general equation of thermodynamics
is adopted in this paper.

When the incompressible fluid experiences a small-
amplitude disturbance, its ambient physical variables (de-
noted by a subscript zero) are modified to

v = v0 + v�, p = p0 + p�, ρ = ρ0 + ρ�,

T = T0 + T �, ρ0 = const. (6)

Substituting equation (6) into equations (1), (2), and (5)
gives the dynamics of viscothermal wave propagation in
incompressible fluid

∂ρ�

∂t
+ v0 · ∇ ρ� + ρ0∇ · v� = 0,

∂v�

∂t
+ v� · ∇ v0 + v0 · ∇ v� =

− ∇p�

ρ0
+

η

ρ0
∇2v� − ρ�

ρ2
0

− ∇p0 + η∇2v0 ,

∂T �

∂t
+ v� · ∇ T0 + v0 · ∇ T � =

− κth

ρ0cp
∇2T � +

βT0

ρcp

∂p�

∂t
+ v0 · ∇ p� (7)

+
β(v0 · ∇)p0

ρ0cp
T �

+
η

ρ0cp

3

ij=1

∂v0i

∂xi
+

∂v0j

∂xi

∂v�i
∂xi

+
∂v�j
∂xi

− ρ�

ρ2
0cp

κth∇2T0 + βT0 v0 · ∇ p0

+
η

2

3

ij=1

∂v0i

∂xi
+

∂v0j

∂xi

2
,

and the steady flow is governed by

∇ · ρ0v0 = 0,

v0 · ∇ v0 = −∇p0

ρ0
+

η

ρ0
∇2v0, (8)

v0 · ∇ T0 = − κth

ρ0cp
∇2T0 +

βT0

ρcp
v0 · ∇ p0

+
η

2ρ0cp

3

ij=1

∂v0i

∂xi
+

∂v0j

∂xi

2
.

Assume the flow is taken to be axially symmetric, several
special flow cases [79], such as axial shear flow, solid body
swirl, and free vortex swirl, exist for steady flow. In the
literature, the axial shear flow, i.e., v0 = [0, 0, v0(r)] as
shown in Figure 1, has been examined by many authors
and is used for validation of the present paper. Substitution
into equation (8) gives

v0 · ∇ v0 = −∇p0

ρ0
+

η

ρ0
∇2v0 = 0,

v0 · ∇ T0 =
κth

ρ0cp
∇2T0 +

βT0

ρcp
v0 · ∇ p0 (9)

+
η

ρ0cp

dv0(r)
dr

2
, T0 r=R

= Twall,

where Twall is the temperature near the wall as shown in
Figure 1. From the first equation of equation (9), it can be
inferred

∇p0 = η∇2v0. (10)

Insertion of equation (10) into the second equation of
equation (9) gives

v0 · ∇ T0 =
κth

ρ0cp
∇2T0 +

βT0

ρcp

ηv0(r)
r

d
dr

r
dv0(r)

dr

+
η

ρ0cp

dv0(r)
dr

2
, T0 r=R

= Twall. (11)

Substitution of equations (8) and (9) into equation (7)
yields

∂ρ�

∂t
+ v0 · ∇ ρ� + ρ0∇ · v� = 0,

∂v�

∂t
+ v� · ∇ v0 + v0 · ∇ v� = −∇p�

ρ0
+

η

ρ0
∇2v�,

∂T �

∂t
+ v� · ∇ T0 + v0 · ∇ T � = (12)

− κth

ρ0cp
∇2T � +

βT0

ρcp

∂p�

∂t
+ v� · ∇ p0 + v0 · ∇ p�

+
β(v0 · ∇)p0

ρ0cp
T �

+
η

ρ0cp

3

ij=1

∂v0i

∂xi
+

∂v0j

∂xi

∂v�i
∂xi

+
∂v�j
∂xi

− ρ�

ρ0
v0 · ∇ T0.

Treating ρ0 as a function of p� and T � obtains [29, 77]

ρ� =
1

c2
0(T0)

p� − βρ0T
�, (13)

where c0(T0) is the isothermal velocity of sound and a
function of steady temperature T0. Insertion of equation
(13) into equation (12) gives

∂p�

∂t
+ v0 · ∇ p� − βρ0c

2
0(T0)

∂T �

∂t
+ v0 · ∇ T �

+ ρ0c
2
0(T0)∇ · v� = 0,

∂v�

∂t
+ v� · ∇ v0 + v0 · ∇ v� = −∇p�

ρ0
+

η

ρ0
∇2v�,

∂T �

∂t
+ v� · ∇ T0 + v0 · ∇ T � = (14)

− κth

ρ0cp
∇2T � +

βT0

ρcp

∂p�

∂t
+ v� · ∇ p0 + v0 · ∇ p�

+
β(v0 · ∇)p0

ρ0cp
T �

+
η

ρ0cp

3

ij=1

∂v0i

∂xi
+

∂v0j

∂xi

∂v�i
∂xi

+
∂v�j
∂xi

− p� − βρ0c
2
0(T0)T �

ρ0c
2
0(T0)

v0 · ∇ T0.
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The divergence of the second equation shows

∂p�

∂t
+ v0 · ∇ p� − βρ0c

2
0(T0)

∂T �

∂t
+ v0 · ∇ T �

+ ρ0c
2
0(T0)∇ · v� = 0,

∂∇ · v�
∂t

+ ∇ (v� · ∇)v0 + (v0 · ∇)v� =

− ∇2p�

ρ0
+

η

ρ0
∇2(∇ · v�),

∂T �

∂t
+ v� · ∇ T0 + v0 · ∇ T � = (15)

− κth

ρ0cp
∇2T � +

βT0

ρcp

∂p�

∂t
+ v� · ∇ p0 + v0 · ∇ p�

+
β(v0 · ∇)p0

ρ0cp
T �

+
η

ρ0cp

3

ij=1

∂v0i

∂xi
+

∂v0j

∂xi

∂v�i
∂xi

+
∂v�j
∂xi

− p� − βρ0c
2
0(T0)T �

ρ0c
2
0(T0)

v0 · ∇ T0.

For longitudinal wave propagation [8, 44, 45, 46, 47, 48,
49, 50, 51, 52, 53, 54, 55], the fluid velocity can be ex-
pressed as the gradient of a scalar potential Φ,

v� = ∇Φ. (16)

Substituting equation (16) into equation (15) yields

∂p�

∂t
+ v0 · ∇ p� − βρ0c

2
0(T0)

∂T �

∂t
+ v0 · ∇ T �

+ ρ0c
2
0(T0)∇Φ = 0,

∂∇2Φ
∂t

+ ∇ (v� · ∇)v0 + (v0 · ∇)v� =

− ∇2p�

ρ0
+

η

ρ0
∇2∇2Φ,

∂T �

∂t
+ v� · ∇ T0 + v0 · ∇ T � = (17)

− κth

ρ0cp
∇2T � +

βT0

ρcp

∂p�

∂t
+ v� · ∇ p0 + v0 · ∇ p�

+
β(v0 · ∇)p0

ρ0cp
T �

+
η

ρ0cp

3

ij=1

∂v0i

∂xi
+

∂v0j

∂xi

∂v�i
∂xi

+
∂v�j
∂xi

− p� − βρ0c
2
0(T0)T �

ρ0c
2
0(T0)

v0 · ∇ T0.

For monochromatic acoustic (exp(iωt)) propagation, with
ω (= 2πf ) being the angular frequency, equation (17) is
modified to

jωp� + v0 · ∇ p� − βρ0c
2
0(T0)

∂T �

∂t
+ v0 · ∇ T �

+ ρ0c
2
0(T0)∇Φ = 0,

jω∇Φ + ∇ (v� · ∇)v0 + (v0 · ∇)v� =

− ∇2p�

ρ0
+

η

ρ0
∇2∇2Φ,

∂T �

∂t
+ v� · ∇ T0 + v0 · ∇ T � = (18)

κth

ρ0cp
∇2T � +

βT0

ρcp

∂p�

∂t
+ v� · ∇ p0 + v0 · ∇ p�

+
β(v0 · ∇)p0

ρ0cp
T �

+
η

ρ0cp

3

ij=1

∂v0i

∂xi
+

∂v0j

∂xi

∂v�i
∂xi

+
∂v�j
∂xi

− p� − βρ0c
2
0(T0)T �

ρ0c
2
0(T0)

v0 · ∇ T0

for axial symmetric wave characterized by the presence
of velocity components in the radial and axial directions,
in circular cylindrical coordinate in Figure 1, the acoustic
pressure, scalar potential, and temperature have the fol-
lowing formulation

p�(r, z, t) = ϕp(r) exp j(ωt − kzz) ,

Φ(r, z, t) = ϕΦ(r) exp j(ωt − kzz) , (19)

T �(r, z, t) = ϕT (r) exp j(ωt − kzz) ,

where kz is the axial wave number, and its real and imag-
inary components denote individually the information of
phase velocity and attention. Moreover, ϕp(r), ϕΦ(r), and
ϕT (r) are piecewise smooth functions satisfying

R

0

√
rϕp(r) < +∞, ϕp(r) < +∞,

R

0

√
rϕΦ(r) < +∞, ϕΦ(r) < +∞, (20)

R

0

√
rϕT (r) < +∞, ϕT (r) < +∞.

Substituting equation (19) into equation (16) gives the ve-
locity components [57, 80]

v� =
v�r
v�z

=
dϕΦ(r)

dr
−jkzϕΦ(r)

exp j(ωt − kzz) , (21)

and expanding equation (18) in circular cylindrical coor-
dinate for axial symmetric condition, using equation (10),
(19), and (21), gives

j ω − kzv0(r) ϕp(r) − βρ0c
2
0(T0)ϕT (r)

+ ρ0c
2
0(T0)

1
r

d
dr

r
dϕΦ(r)

dr
− k2

zϕΦ(r) = 0,
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j ω − kzv0(r)
1
r

d
dr

r
dϕΦ(r)

dr

− k2
zϕΦ(r) − j2kz

dv0(r)
dr

dϕΦ(r)
dr

= − 1
ρ0

1
r

d
dr

r
dϕp(r)

dr
− k2

zϕp(r)

+
η

ρ0

1
r

d
dr

r
d
dr

1
r

d
dr

r
dϕΦ

dr
− k2

zϕΦ(r)

− k2
z

1
r

d
dr

r
dϕΦ

dr
− k2

zϕΦ(r) ,

j ω−kzv0(r) ϕT (r) +
∂T0

∂r

dϕΦ(r)
dr

− jkz
∂T0

∂r
ϕΦ(r)

=
κth

ρ0cp

1
r

d
dr

r
dϕT (r)

dr
− k2

zϕT (r)

− ϕp(r) − βρ0c
2
0(T0)ϕ/(r)

ρ0c
2
0(T0)

∂T0

∂r
v0(r)

+
βT0

ρ0cp
j ω − kzv0(r) ϕp(r)

− jkz
η

r

d
dr

r
dv0(r)

dr
ϕΦ(r)

+
β

ρ0cp

ηv0(r)
r

d
dr

r
dv0(r)

dr
ϕT (r)

− j4ηkz

ρ0cp

dv0(r)
dr

dϕΦ

dr
, (22)

and T0 are calculated by equation (11).
From analysis of Astley and Cummings [13], the walls

can be treated to be rigid and have much greater thermal
conductivity than the fluid. Therefore, the boundary con-
ditions are

∂p�

∂r
= 0 at r = R, v�r = T � = 0 at r = R. (23)

Substituting equations (19) and (21) into equation (23)
gives the boundary condition

dϕp(r)
dr r=R

= 0,
dϕΦ(r)

dr r=R
= 0,

dϕT (r)
dr r=R

= 0. (24)

2.2. Solution based on Bessel-Fourier theory

In this section, a general method based on Bessel-Fourier
theory is introduced to settle the coupled fourth-order non-
linear differential equations with boundary condition on
the condition that functions, to be solved, are piecewise
smooth.

Following Bessel-Fourier theory in [56, 57, 58, 59, 60,
61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72], the smooth
functions ϕp, ϕΦ and ϕT in equation (19) can be generally
represented as

ϕp(r) =
∞

n=1

C
p
nJM1(λ

p
nr) + D

p
nYM1(λ

p
nr),

ϕΦ(r) =
∞

n=1

CΦ
n JM2(λΦ

n r) + DΦ
n YM2(λΦ

n r), (25)

ϕT (r) =
∞

n=1

CT
n JM3(λT

n r) + DT
n YM3(λT

n r),

where the first-kind of Bessel function JM1(λ
p
nr) and

second-kind of Bessel function YM1(λ
p
nr) are selected to be

orthogonal and complete in Lebesgue space while M1 de-
notes the order of Bessel function. Similar requirement are
imposed on JM2(λΦ

n r) and YM2(λΦ
n r), as well as JM3(λT

n r)
and YM3(λT

n r). From equation (20), it is shown that ϕp,
ϕΦ and ϕT are bounded in the interval r ∈ [0, R], then
equation (25) can be simplified to

ϕp(r) =
∞

n=1

C
p
nJM1(λ

p
nr),

ϕΦ(r) =
∞

n=1

CΦ
n JM2(λΦ

n r), (26)

ϕT (r) =
∞

n=1

CT
n JM3(λT

n r).

Substituting equation (26) into the boundary conditions in
equation (24) obtains

dJM1(λ
p
nr)

dr r=R
= 0,

dJM2(λΦ
n r)

dr r=R
= 0,

dJM3(λT
n r)

dr r=R
= 0. (27)

In this paper the zeroth-order Bessel function with M1 =
M2 = M3 are selected, and then there is λ

p
n = λΦ

n , thus
equation (26) can be simplified to

ϕp(r) =
∞

n=1

C
p
nJ0(λ

p
nr),

ϕΦ(r) =
∞

n=1

CΦ
n J0(λ

p
nr), (28)

ϕT (r) =
∞

n=1

CT
n J0(λT

n r),

and the orthogonal and complete Bessel-Fourier sequences
can be obtained with

J1(λ
p
nR) = 0, J0(λT

n R) = 0. (29)

From Appendix A1, the orthogonality has the following
property

R

0
J0(λ

p
nr)J0(λ

p
mr)r dr =

0, m �= n,

R2J 2
0 (λp

mR)/2, m = n,
(30)

R

0
J0(λT

n r)J0(λT
mr)r dr =

0, m �= n,

R2J 2
1 (λT

mR)/2, m = n.
(31)

Moreover, the corresponding coefficients can be obtained
by

C
p
n =

2

J 2
0 (λp

nR)

R

0
ϕp(r)J0(λ

p
nr)r dr,

CΦ
n =

2

J 2
0 (λp

nR)

R

0
ϕΦ(r)J0(λ

p
nr)r dr, (32)

879

Document downloaded by  @DAEL, 2026-11-08 02:50:09 - personal use only



ACTA ACUSTICA UNITED WITH ACUSTICA Chen et al.: Viscothermal wave propagation in shear liquid flow
Vol. 99 (2013)

CT
n =

2

J 2
0 (λT

n R)

R

0
ϕT (r)J0(λT

n r)r dr,

showing that these coefficients are independent on the ra-
dius coordinate.

It should be noticed that ϕp, ϕΦ and ϕT are the unknown
functions to be determined in this paper. From the formu-
lation in Bessel-Fourier sequences, the problem of solv-
ing the unknown functions are then converted to the prob-
lem of solving the corresponding coefficients. Substituting
equation (28) into equation (22) gives

∞

n=1

j ω − kzv0(r) C
p
nJ0(λ

p
nr) − βρ0c

2
0(T0)CT

n J0(λT
n r)

− ρ0c
2
0(T0) (λp

n)2 + k2
z CΦ

n J0(λ
p
nr) = 0,

∞

n=1

−j ω − kzv0(r) (λp
n)2 + k2

z CΦ
n J0(λ

p
nr)

+ j2λ
p
nkz

dv0(r)
dr

CΦ
n J1(λ

p
nr)

=
∞

n=1

(λp
n)2 + k2

z

ρ0
C

p
nJ0(λ

p
nr)

+
η

ρ0
(λp

n)2 + k2
z

2
CΦ

n J0(λ
p
nr),

∞

n=1

j ω − kzv0(r) CT
n J0(λT

n r) (33)

− λ
p
n
∂T0

∂r
J1(λ

p
nr)CΦ

n − jkz
∂T0

∂r
J1(λ

p
nr)CΦ

n

=
∞

n=1

−κthC
T
n

ρ0cp
(λT

n )2 + k2
z

2
J0(λT

n r)

− C
p
nJ0(λ

p
nr) − βρ0c

2
0(T0)CT

n J0(λ
p
nr)

ρ0c
2
0(T0)

∂T0

∂z
v0(r)

+
βT0

ρ0cp
j ω − kzv0(r) C

p
n

− jηkz
d

rdr
r
dv0(r)

dr
CΦ

n J0(λ
p
nr)

+
β

ρ0cp

ηv0(r)
r

d
dr

r
dv0(r)

dr
CT

n J0(λT
n r)

+
j4ηkzλ

p
n

ρ0cp

dv0(r)
dr

J1(λ : npr)CΦ
n .

after some rearrangements, there is

∞

n=1

jωC
p
nJ0(λ

p
nr) =

∞

n=1

jkzC
p
nv0(r)J0(λ

p
nr)

+ ρ0 (λp
n)2 + k2

z CΦ
n c2

0(T0)J0(λ
p
nr)

− jβρ0kzC
T
n v0(r)c2

0(T0)J0(λT
n r),

∞

n=1

(λp
n)2 + k2

z

· C
p
n

ρ0
+ jω +

η

ρ0
(λp

n)2 + k2
z CΦ

n J0(λ
p
nr)

=
∞

n=1

j (λp
n)2 + k2

z CΦ
n v0(r)J0(λ

p
nr)

+ j2λ
p
nkzC

Φ
n

dv0(r)r

dJ v0(r) 1
(λp

nr),

∞

n=1

jωCT
n J0(λT

n r) +
−κthC

T
n

ρ0cp
(λT

n )2 + k2
z

2
J0(λT

n r)

=
∞

n=1

C
p
n

jβ
ρ0cp

ωT0 − kzT0v0(r) (34)

− v0(r)

ρ0c
2
0(T0)

∂T0

∂z
J0(λ

p
nr)

+ jkz + β
∂T0

∂z
v0(r)

+
βη

ρ0cp

v0(r)
r

d
dr

r
dv0(r)

dr
CT

n J0(λT
n r)

+ CΦ
n λ

p
n
∂T0

∂r
J1(λ

p
nr) + jkz

∂T0

∂z
J0(λ

p
nr)

+
j4ηkzλ

p
n

ρ0cp

dv0(r)
dr

J1(λ
p
nr)

− jkz
βη

ρ0cp

T0

r

d
rdr

r
dv0(r)

dr
CΦ

n J0(λ
p
nr) .

Multiplying J0(λ
p
mr)r to first two equations and J0(λT

mr)r
to the third equation of equation (33), then using orthog-
onal property of Bessel-Fourier theory (equations 30–31),
and integrating in the interval give

jωC
p
m

∞

n=1

jkzH
n
mC

p
n + ρ0 (λp

n)2 + k2
z In

mCΦ
n

+ jβρ0kzJ
n
mCT

n = 0,

(λp
n)2 + k2

z

ρ0
C

p
m + EΦ

mCΦ
m

+
∞

n=1

j (λp
n)2kzH

n
m + k3

zH
n
m + 2λ

p
nkzK

n
m CΦ

n = 0,

ET
mCT

m +
∞

n=1

jβ
ρ0cp

ωLn
m + kzM

n
m +

Nn
m

ρ0
C

p
n (35)

+ jkzO
n
m + βP n

m +
βη

ρ0cp
Qn

m CT
n

+ λ
p
nS

n
m + jkzV

n
m +

j4ηλ
p
nkz

ρ0cp
W n

m + jkz
βη

ρ0cp
Y n

m CΦ
n = 0,

where

A
p
m = − 2

R2J 2
0 (λp

mR)
, AT

m = − 2

R2J 2
1 (λT

mR)
,

Hn
m = A

p
m

R

0
v0(r)J0(λ

p
nr)J0(λ

p
mr) rdr,

880

Document downloaded by  @DAEL, 2026-11-08 02:50:09 - personal use only



Chen et al.: Viscothermal wave propagation in shear liquid flow ACTA ACUSTICA UNITED WITH ACUSTICA
Vol. 99 (2013)

In
m = A

p
m

R

0
c2
0(T0)J0(λ

p
nr)J0(λ

p
mr) rdr,

J n
m = A

p
m

R

0
−v0(r)c2

0(T0)J0(λT
n r)J0(λ

p
mr) rdr,

Kn
m = A

p
m

R

0

dv0(r)
dr

J1(λ
p
nr)J0(λ

p
mr) rdr,

Ln
m = AT

m

R

0
T0J0(λ

p
nr)J0(λT

mr) rdr,

Mn
m = AT

m

R

0
−T0v0(r)J0(λ

p
nr)J0(λ

p
mr) rdr,

Nn
m = AT

m

R

0
−∂T0

∂z

v0(r)

c2
0(r)

J0(λ
p
nr)J0(λT

mr) rdr,

On
m = AT

m

R

0
v0(r)J0(λT

n r)J0(λT
mr) rdr,

P n
m = AT

m

R

0

∂T0

∂z
v0(r)J0(λT

n r)J0(λT
mr) rdr,

Qn
m = AT

m

R

0

v0(r)
r

d
dr

r
dv0(r)

dr
J0(λT

n r)J0(λ
p
T r) rdr,

Sn
m = AT

m

R

0

∂T0

∂r
J1(λ

p
nr)J0(λT

mr) rdr,

V n
m = AT

m

R

0

∂T0

∂z
J0(λ

p
nr)J0(λT

mr) rdr, (36)

W n
m = AT

m

R

0

dv0(r)
dr

J1(λ
p
nr)J0(λT

mr) rdr,

Y n
m = AT

m

R

0
−T0

r

d
dr

r
dv0(r)

dr
J0(λT

n r)J0(λ
p
T r) rdr,

EΦ
m = (λp

m)2 + k2
z jω +

η

ρ0
(λp

m)2 + k2
z ,

ET
m = jω +

κth

ρ0cp
(λT

m)2 + k2
z .

Using Bessel-Fourier sequence, the fourth-order nonlin-
ear differential equations in equation (22) are transformed
to homogeneous algebraic equations where the variables
to be solved are the coefficients (Cp

m, CΦ
m and CT

m ) of the
Bessel sequences and the axial wave number kz.

2.3. Calculation procedure

Obviously, given specific shear flow profile v0(r), acous-
tic frequency ω, waveguide pipeline R, fluid density ρ0,
and the orthogonal Bessel-Fourier sequences J0(λ

p
nr) and

J0(λT
n r) (n = 1, . . . , N) calculated by equation (29), ex-

panding equation (35) gives a set of algebraic equations
with the unknown parameters C

p
n , CΦ

n and CT
n and the ax-

ial wave number kz. A careful investigation reveals that the
number of unknown variables in equation (35) is 3N + 1
while the number of homogeneous algebraic equations is
3N , leading to the conclusion that the problem can’t been
solved until another condition is given. The reason is that
the potential Φ, acoustic pressure p�, and temperature T �

are determined by the energy from the acoustic source
which is given by the present boundary condition.

While the specific coefficients C
p
n , CΦ

n and CT
n and can’t

be solved from equation (35), the axial wave number kz

can be obtained. It is clearly that expanding equation (35)
gives a set of homogeneous linear equations expressed by

G(kz)X = 0, (37)

where X = [Cp
1 . . . C

p
N CΦ

1 . . . CΦ
N CT

1 . . . CT
N ] is the

unknown variables, and G(kz) is a matrix of a dimension
3N × 3N . From equation (32), it can be seen that the co-
efficients of Bessel-Fourier sequences don’t vanish at the
same time, and then X �= 0. As a result, the existence
condition of non-trivial solution for homogeneous linear
equations of equation (37) is that the corresponding deter-
minant vanishes, leading to anonlinear function of theaxial
wave number kz expressed by

det G(kz) = 0, (38)

which can be solved by various numerical methods in the
literature. See Appendix A2 for parabolic Newton numer-
ical iteration method of equation (38) while the derivative
of equation (38) can be obtained using the property of ma-
trix determinant as shown by Meyer [75].

3. Numeric calculation and discussion

In this section, viscothermal longitudinal wave propaga-
tion in pipeline with constanttemperature is numerically-
analysedand measurement performance [35, 36, 37] of ul-
trasonic flowmeter based on wave propagation is inves-
tigated.The pipeline with constant temperaturecanbe ex-
pressed by

T0 = T 0 + g(r), (39)

where T 0 is the temperature near the pipeline wall. In the
case of water [81], the constant parameters used T 0 =
293 K, ρ0 = 1000 kg/m3, η = 1 · 10−3 Kg/m/s, cp =
4181.8 J/kg/K), κth = 0.5984 W/K/m, and β = 0.206 ·
10−3/K. As a result, assuming βT0 ≈ βT 0 along the radius
coordinate in the pipeline, substituting equation (39) into
equation (11) gives

κth
1
r

d
dr

r
dg(r)
dr

(40)

+
βT 0ηv0(r)

r

d
dr

r
dv0(r)

dr
+ η

dv0(r)
dr

2
= 0,

and the sound isothermal velocity c(T0) [82] can be calcu-
lated by

c(T0) ≈ 1449.2 + 4.6(T0 − 273) − 0.055(T 2
0 73)2

+ 0.00029(T0 − 273)3, (41)

and then c(T 0) = 1521.5 m/s. For incompressible viscous
fluid, the axial wave number kz can be expressed as

kz = α − jβ, β � 0, (42)
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where β is the attenuation factor and phase velocity cp is

cp = ω/α. (43)

In the end, to quantitatively analyze the performance of ul-
trasonic flow meter based on wave propagation, the devia-
tion of measurement En (measurement error) is introduced
as shown in [35, 83, 84, 85, 86, 87],

En =
Δtn − Δt0

Δt0
, (44)

where Δt0 is the transit time difference of the fundamental
mode in inviscid fluid expressed by

Δt0 =
2LU

c(T 0)2
, (45)

where U is the average amplitude value of the velocity,
and Δtn is the propagation time difference of the nth order
mode in upstream and downstream wave propagation,

Δtn =
L

2πf
α

upstream
n − αdownstream

m , (46)

with L being the pipeline length. Substituting equations
(45) and (46) into equation (44) gives

En =
c(T 0)2 α

upstream
n − αdownstream

m

4πfU
− 1. (47)

3.1. Phase velocity and attenuation

From the previous work [18, 83, 84, 85, 86], the shear flow
profile can be expressed by

v0(r) = τU + (1 − τ)2U 1 − r2

R2
, (48)

where

τ = 1 − 1
1 + (Re/Re0)ε

, Re =
2ρ0UR

η
, (49)

and Re0 = 2000 is the Reynolds number locating the
transition region between the laminar and turbulent flow
regime and the exponent ε is chosen in the present work.
Substituting equation (48) into equation (40),

g(r) =
ηU2(τ − 1)

κthR4
(βT 0 + 1)(1 − τ)r4

+ 2βT 0R
2(τ − 2)r2 (50)

− ηU2(τ − 1)
κth

1 − τ + βT 0(τ − 3) .

In this section, the average flow profile is U = 10 m/s.
While Figure 2 shows the phase velocity of the first four
modes propagation in incompressible viscous liquid fluid
with shear flow U = 10 m/s for different rigid pipeline
radii R = 4 mm and R = 10 mm, Figure 3 presents the
corresponding attenuation factor of the first and fourth
modes. Clearly, phase velocity of higher modes in smaller
pipeline radius is larger than that in larger smaller pipeline

1 2 3 4 5
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c
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1st mode(R = 4)

1st mode(R = 10)

2nd mode(R = 4)

2nd mode(R = 10)

3rd mode(R = 4)

3rd mode(R = 10)

4th mode(R = 4)

4th mode(R = 10)

Figure 2. Dispersion curve of phase velocity for the first modes
propagating in incompressible viscous liquid fluid with shear
flow U = 10 m/s confined by rigid wall of R = 4 mm and
R = 10 mm.
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4th mode(R = 4)
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Figure 3. Attenuation factor of the first and fourth modes prop-
agating in incompressible viscous fluid with shear flow U =
10 m/s confined by rigid wall of R = 4 mm and R = 10 mm.

radius while phase velocity of the fundamental mode is
independent on the pipeline radius as shown in Figure 2.
Similarly, while attenuation factor for fundamental mode
remains the same as acoustic frequency increases, atten-
uation factor of the higher mode turns out to be larger
in pipeline with smaller radius. While phase velocity of
each mode converges nonlinearly to a specific value of
c(T 0) + U = 1531.5 m/s in downstream propagation as
acoustic frequency rises, attenuation factor increases non-
linearly.

As supplements, Figure 4 displays the phase velocity of
the first four modes in downstream U = 10 m/s and up-
stream U = −10 m/s direction confined by rigid pipeline
of R = 4 mm, meanwhile Figure 5 illustrates the corre-
sponding attenuation factor of the first and fourth modes
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Figure 4. Dispersion curve of phase velocity for the first four
modes propagating in downstream U = 10 m/s and upstream
U = −10 m/s direction confined by rigid wall R = 4 mm.
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Figure 5. Attenuation factor of the first and fourth modes propa-
gating in downstream direction U = 10 m/s and upstream direc-
tion U = −10 m/s confined by rigid pipeline of R = 4 mm.

in downstream and upstream direction. In the downstream
propagation, the convergent value of phase velocity is
c(T 0) + U = 1531.5 m/s while it becomes c(T 0) − U =
1511.5 m/s in upstream propagation. From Figure 4, phase
velocity of each mode is larger in downstream propagation
than upstream propagation; on the other hand, attenuation
factor of each mode shows smaller in downstream prop-
agation than upstream propagation. Another point is that
higher mode confronts severer attenuation which can also
been seen in Figure 7.

In the end, Figures 6 and 7 demonstrate the phase veloc-
ity and attenuation factor of the first three modes propaga-
tion in downstream and upstream direction as functions
of average flow profile where the acoustic frequency is
f = 1 MHz and pipeline radius is R = 4 mm. In down-
stream propagation, phase velocity of each mode increases

2 4 6 8 10
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1700

Average flow profile(U): m/s

c
p
:
m

/s

1st mode downstream

1st mode upstream

2nd mode downstream

2nd mode upstream

3rd mode downstream

3rd mode upstream

Figure 6. Phase velocity of the first three modes with acoustic fre-
quency f = 1 MHz propagating in incompressible viscous fluid
confined by rigid wall (R = 4 mm) in downstream and upstream
direction as functions of average flow profile U .
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Average flow profile(U): m/s
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3rd mode downstream
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Figure 7. Attenuation factor of the first three modes with acous-
tic frequency f = 1 MHz propagating in incompressible viscous
fluid confined by rigid wall (R = 4 mm) in downstream and up-
stream direction as functions of average flow profile U .

as average flow profile climbs up; however, attenuation
factor of each mode declines. On the other hand, while
phase velocity of each mode decreases with average flow
profile, there are explicit increases in attenuation factor of
each mode.

3.2. Measurement performance

In this section, measurement performance of ultrasonic
flow meter in laminar and turbulent flow based on wave
propagation is numerically analysed.

3.2.1. Laminar flow
Based on [21, 28, 29], the laminar flow profile can be de-
scribed by Poisson’sequations, which can besolved analyt-
ically for circular pipelines, yielding

v0(r) = 2U 1 − r2

R2
. (51)
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Figure 8. Measurement performance En of the first four modes
for different pipeline radii R = 4 mm and R = 10 mm where the
wall temperature is maintained at a constant value at T 0 = 293 K
while acoustic frequency is f = 1 MHz for laminar flow profile.

Substituting equation (51) into equation (40) gives the
temperature distribution along the radius coordinate

g(r) =
ηU2

κthR4
4βT 0R

2r2 − (1 + 2βT 0)r4

− ηU2

κth
3βT 0 − 1 . (52)

While Figure 8 demonstrates the deviation of measure-
ment En of first four wave modes for different pipeline
radii R = 0.004 m and R = 0.01 m where the acoustic fre-
quency is f = 1 MHz, Figure 9 denotes the corresponding
deviation of measurement for different acoustic frequen-
cies f = 1 MHz and f = 2 MHz. Clearly, the measure-
ment performance of fundamental mode is the best among
the four wave modes, which is consistent with the work of
Willatzen [83, 85, 86] in inviscid fluid with non-uniform
shear flow. However, the difference is that while the devia-
tion of measurement for the fundamental mode vanishes in
inviscid fluid, the value in compressible thermal-viscous
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Figure 9. Measurement performance En of the first four modes
for acoustic frequency f = 1 MHz and f = 2 MHz confined by
rigid pipeline of R = 4 mm where the constant temperature at
the wall is T 0 = 293 K for laminar flow profile.

fluid does not vanish and varies with pipeline radius and
acoustic frequency as shown in Figures 8 and 9. For spe-
cific radius and frequency, measurement error of higher
wave mode is larger than lower wave mode. In different
pipeline radii R = 0.004 m and R = 0.01 m where acous-
tic frequency is f = 1 MHz, while measurement perfor-
mance of fundamental mode is better in smaller radius,
measurement error of larger radius is smaller for each
high wave modes as shown in Figure 8. In specific radii
R = 0.004 m of different acoustic frequency f = 1 MHz
and f = 2 MHz, fundamental wave mode with higher
frequency performs worse than lower frequency, however,
higher wave mode with higher frequency has better mea-
surement quality than lower frequency as shown in Fig-
ure 9.

3.2.2. Turbulent flow

In this section, measurement performance of ultrasonic
flow meter in turbulent flow isanalyzed where the turbu-
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Figure 10. Measurement performance En of the first four modes
for different pipeline radii R = 4 mm and R = 10 mm where the
wall temperature is maintained at a constant value at T 0 = 293 K
while acoustic frequency is f = 1 MHz for turbulent flow profile.

lent flow profile is shown in equation (48). To keep consis-
tent with the analysis in laminar flow, Figure 10 details the
measurement performance of the first four modes in differ-
ent pipeline radii R = 0.004 m and R = 0.01 m for acous-
tic frequency f = 1 MHz, meanwhile Figure 11 draws the
corresponding measurement performance of the first four
modes in specific pipeline radii R = 0.004 m for acoustic
frequency f = 1 MHz and f = 2 MHz.

Obviously, as average flow profile increases, measure-
ment error converges to a specific value which is consis-
tent with work of Willatzen [83, 85, 86] in inviscid fluid
with non-uniform shear flow. However, in inviscid fluid,
the convergent point is zero while the value in viscous fluid
does not vanish for each mode as shown in Figure 11. In
the turbulent flow profile in equation (48), measurement
performance is independent on the pipeline radius and
acoustic frequency as shown in Figures 10 and 11 which
is similar in inviscid fluid. Moreover, measurement per-
formance in larger radius or higher frequency converges
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Figure 11. Measurement performance of the first four modes for
acoustic frequency f = 1 MHz and f = 2 MHz confined by rigid
pipeline of R = 4 mm where the constant temperature at the wall
is T 0 = 293 K for turbulent flow profile.

more quickly. As shown in equation (48), in the case of
low average flow profile, as the Reynolds number in equa-
tion (49) is lower, the laminar flow profile takes dominant
in equation (48) and then measurement error is larger as
shown in Figures 10 and 11. In higher average flow profile
with larger Reynolds number, turbulent flow profile per-
forms like uniform flow profile which corresponding to a
constant measurement error for each wave.

4. Conclusion

Viscothermal longitudinal wave propagation in incom-
pressible liquid fluid with non-uniform shear flow con-
fined by rigid wall is mathematically deduced from con-
servations of continuity, momentum, and energy, which
turns out to be a set of coupled fourth-order nonlinear dif-
ferential equations. Based on the Bessel-Fourier theory, a
general solution in the form of Bessel-Fourier sequences,
which are orthogonal and complete in Lebesgue Space, is
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proposed to transform the fourth-order nonlinear differen-
tial equations to homogeneous linear algebraic equations.
Moreover, the wave number, which represents the phase
velocity and attenuation, can be solved using the existence
condition of non-trivial solution of the proposed homo-
geneous linear algebraic equations, leading to the vanish-
ment of the corresponding determinant which can be cal-
culated using various numerical methods. In this paper, a
parabolic Newton iteration method is introduced to solve
the problem. In the end, phase velocity and attenuation is
numerically studied in the presence of non-uniform shear
flow, and meanwhile ultrasonic flow meter based on wave
propagation is investigated in both laminar and turbulent
flow.

Appendix

A1. Orthogonality of Bessel-Fourier theory

From the Bessel function theory [58], assume Jν (λnr) and
Jν (λmr) are two solutions of the second-order differential
equation

r2 d2Jν (λnr)
dr2

+ r
d2Jν (λnr)

dr2

+ λ2
nr

2 − ν2 Jν (λnr) = 0,

r2 d2Jν (λmr)
dr2

+ r
d2Jν (λmr)

dr2

+ λ2
nr

2 − ν2 Jν (λmr) = 0,

(A1)

with r ∈ [0, R] and ν ≥ 0. Dividing r2 from equation (A.1)
obtains

1
r

d
dr

r
dJν (λnr)

dr
+ λ2

n − ν2/r2 Jν (λnr) = 0,

1
r

d
dr

r
dJν (λmr)

dr
+ λ2

m − ν2/r2 Jν (λmr) = 0.

(A2)

Multiplying rJν (λmr) to the first and rJν (λnr) to the sec-
ond equation in equation (A.2) yields

Jν (λmr)
d
dr

r
dJν (λnr)

dr
+ λ2

n − ν2/r2 rJν (λmr)Jν (λnr) = 0,

Jν (λnr)
d
dr

r
dJν (λmr)

dr
+ λ2

m − ν2/r2 rJν (λmr)Jν (λnr) = 0,

(A3)

subtracting the second equation from the first gives

λ2
m − λ2

n rJν (λmr)Jν (λnr) =

Jν (λmr)
d
dr

r
dJν (λnr)

dr

−Jν (λnr)
d
dr

r
dJν (λmr)

dr
,

(A4)

integrating over [0, R] yields

λ2
m − λ2

n

R

0
Jν (λmr)Jν (λnr) r dr =

R

0
Jν (λmr)

d
dr

r
dJν (λnr)

dr

−Jν (λnr)
d
dr

r
dJν (λmr)

dr
r dr.

(A5)

Integration by parts obtains

λ2
m − λ2

n

R

0
Jν (λmr)Jν (λnr) r dr = (A6)

rJν (λmr)
dJν (λnr)

dr
− rJν (λnr)

dJν (λmr)
dr

R

0

.

Then there is

λ2
m − λ2

n

R

0
Jν (λmr)Jν (λnr) r dr = (A7)

R Jν (λmR)
dJν (λnr)

dr
− Jν (λnr)

dJν (λmr)
dr

.

For λn, n = 1, 2, 3 . . . satisfying the constraints

dJν (λnr)
dr

= 0 or Jν (λnR) = 0, (A8)

equation (A7) can be simplified to be

λ2
m − λ2

n

R

0
Jν (λmr)Jν (λnr) r dr = 0, (A9)

as a result, for Bessel functions Jν (λnr) and Jν (λmr) with
m �= n, λn(λm) satisfying equation (A.8), the following
condition holds

R

0
Jν (λmr)Jν (λnr) r dr = 0, (A10)

which shows the orthogonality of Bessel sequence over
[0, R] in Lebesgue Space L2

r (0, R).
On the other hand, for m = n, R

0 J 2
ν (λnr) r dr can-

not be obtained from equation (A.9) because the term
(λ2

m − λ2
n) in the left side vanishes. To find the integra-

tion of R

0 J 2
ν (λnr) r dr, firstly, multiplying r2dJν (λnr)/dr

to the first equation in equation (A.3) gives

r
dJν (λnr)

dr

d
dr

r
dJν (λnr)

dr
(A11)

+ λ2
nr

2 − ν2 Jν (λnr)
dJν (λnr)

dr
= 0.

Integrating over [0, R] obtains

1
2

r
dJν (λnr)

dr

R

0

(A12)

+
R

0
λ2

nr
2 − ν2 Jν (λnr)

dJν (λnr)
dr

dr = 0.
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Integration by parts yields

1
2

r
dJν (λnr)

dr

R

0

+
1
2

λ2
nr

2 − ν2 Jν (λnr)
R

0
(A13)

−λ2
n

R

0
J 2

ν (λnr) r dr = 0,

thus we have
R

0
J 2

ν (λnr) r dr =
1

2λ2
n

r
dJν (λnr)

dr

R

0

2

(A14)

+ λ2
nR

2 − ν2 Jν (λnR) ,

as
dJν (λnr)

dr
=

ν

r
Jν (λnr) − λnJν+1(λnr), (A15)

then we have
R

0
J 2

ν (λnr) r dr =
1

2λ2
n

ν

λn
Jν (λnR) − RλnJν+1(λnR)

2

+ λ2
nR

2 − ν2 Jν (λnR) . (A16)

Furthermore, the verification of completeness of Bessel-
Fourier sequence Jν (λnR), where λn satisfies equation
(A8), can be seen in Al-Gwaiz [58].

A2. Parabolic Newton iteration method

In this appendix, parabolic Newton method is introduced
to find a solution of a nonlinear algebraic equation

f (z) = 0, (A17)

where z ∈ C. Previous research can be seen in [88, 89, 90,
91].

For an initial point zk, using Taylor’s expansion leads to

f (z) = f (zk) + f �(zk)(z − zk) (A18)

+
1
2!

fn(zk)(z − zk)2 + . . .

omitting the order higher than three, there is

f (z) = f (zk) + f �(zk)(z − zk) (A19)

+
1
2!

fn(zk)(z − zk)2,

if point zk+1 is the root of equation (A17), then there is
f (zk+1) = 0, substituting into equation (A19) yields

f (zk) + f �(zk)(zk+1 − zk) (A20)

+
1
2!

fn(zk)(zk+1 − zk)2 = 0.

As a result, it can be deduced that

zk+1 = (A21)

zk −
f �(zk) − σ f �(zk)

2 − 2f (zk)f ��(zk)

f ��(zk)
,

where σ = ±1. To get a faster convergent iteration, σ is se-
lected to get a smaller value of |f (zk+1)| at every iteration.
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