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in a solid slab-like region: Twersky’s theory
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V. Twersky developed in the sixties a theory describing the reflection and transmission process of scalar
plane waves from slab-like regions of randomly distributed scatterers. The theory, which is based on
Foldy’s approximation and neglects “hole corrections”, is an alternative approach to an exact calculation
of multiple scattering that fails when the number of scatterers is important. Twerky’s theory furnishes the
properties of the coherent plane wave propagating inside the slab. From the point of view of the coherent
wave, the slab may be described as an effective fluid medium; its reflection and transmission coefficients
may be formally written as those of a fluid plate. In this work, Twersky’s theory is extended to random
distributions of cylindrical inclusions in elastic media. Before examining the reflection and transmission
process of such multiple scattering media, our first objective is to theoretically validate the results
predicted by the theory. With this aim in view, as an exact calculation of multiple scattering fails for
purely random distributions, the idea consists in adapting Twersky’s theory to distributions of scatterers
periodic in one direction and random in the other one. Indeed, the reflection and transmission coefficients
of such half-periodic media can be calculated by using a method originally developed for purely periodic
media, i.e. phononic crystals. In our case, it consists in considering each half-periodic medium as a
random distribution of linear periodic arrays of scatterers. This method furnishes exact reflection and
transmission coefficients which can be successfully compared with those predicted by Twersky’s theory.

1 Introduction

The problem of the multiple scattering of waves by a
random distribution of scatterers is a subject receiving
a great deal of attention since Foldy’s work [1] in the
forties. Depending on the concentration of scatterers,
this problem has been treated following two main
approaches. When the concentration is relatively low,
the random multiple scattering medium can be charac-
terized by the properties of the coherent wave, the
“mean wave”, propagating in the effective medium [2,
3, 4]. In such a case, for a random distribution of elas-
tic shells in water bounded by two parallel planes (a
“slab region”), a recent work [5] shows that the reflec-
tion and transmission coefficients of the effective me-
dium may be formally written as those of a fluid plate.
In the second approach, i.e. when the concentration of
scatterers gets too high for a coherent wave to propa-
gate in the effective medium, the propagation of the
incoherent intensity is generally studied [6].

We consider here only the first approach. In this
context, the model that has been chosen is Twersky’s
one [4] originally developed for the multiple scattering
of scalar waves by slab-like regions of randomly
distributed identical scatterers. The theory is extended
here to the multiple scattering of elastic waves, longitu-
dinal L and transverse T waves, by cylindrical inclu-
sions in an elastic matrix. Before examining the reflec-
tion and transmission process of such multiple scatte-
ring media, our main objective is to validate the results
given by Twersky’s theory with an exact calculation of
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multiple scattering. This theory, based on Foldy’s ap-
proximation, gives indeed approximate results, which
have never been verified using another approach. With
this validation in view, the choice of Twersky’s theory
is particularly interesting among all existing theories: it
can be adapted to half-random media, i.e. to random
distributions of linear periodic arrays of scatterers; and,
contrary to purely random media, the coherent waves
reflected and transmitted by a half-random medium can
be obtained with an exact calculation of multiple
scattering based on modal theories [7, 8]. Thus, the
approximate reflection and transmission coefficients of
the effective media obtained by adapting Twersky’s
theory to half-random media can be compared with
those calculated in the exact way.

In the following, Section 2 presents Twersky’s theo-
ry which is directly adapted to our problem, i.e. a half-
random medium of cylindrical inclusions in an elastic
matrix. Section 3 briefly describes the exact method of
calculation mentioned above and, then, presents a com-
parison of the results obtained with both methods.

2  Twersky’s theory

2.1 Presentation of the problem

The half-random medium is presented in Figure 1. It
is composed of a random distribution of N linear, pe-
riodic and infinite arrays of cylindrical inclusions in an
elastic medium. The thickness of the “slab” is denoted
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by e. The inclusions are identical, with radii a, and are
infinitely long in the direction perpendicular to the xOy
plane. As only plane waves having a wave front per-
pendicular to plane xOy are considered, the problem
then is reduced to this plane. We suppose a time har-
monic dependence e '* which will be omitted in the
following and, for convenience, we shall consider only
the case of a longitudinal incident plane wave. Let @ i
be the displacement potential of this wave propagating
in the direction given by unit vectori ;  is the inci-
dence angle as described below.

Figure 1: Slab-like region of thickness e containing a
random distribution of N linear arrays. Vectors ¥ and

I respectively label an observation point and a point

n

of an array n, the position of which is given by x;.

The multiple scattering by a single linear array was
studied in a previous paper [7]. It was shown that such
a “scatterer” is characterized by a cut-off frequency
under which the reflection and transmission process of
an incident plane wave is formally identical to that of a
plane interface; it is characterized by reflection coef-
ficients r", r*", r™, r™", and transmission coefficients
t, 7, t™ t™7, which may be calculated as part of a
modal theory of multiple scattering [7, 8]. For a ran-
dom distribution of N arrays submitted to a L plane
wave as described in Figure 1, the half-random me-
dium transmits under the cut-off frequency only a L
plane wave and a T one, respectively in the directions
given by unit vectors i, and I ; associated transmis-
sion angles ¢ and a7 obey Snell’s law. As for the
reflected waves, they propagate in the directions given
by unit vectors i and I ; the associated reflection
angles corresponding to 7- o and 7 - a.

From now on, each linear array n will be considered
as only one “scatterer” n located by abscissa x,.

2.2 Foldy-Twersky’s equations

Inside the slab, at a point located by r, the scalar

displacement potential ¢(F) and the only non-zero
component y/(F)of the vector displacement potential
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result from a multiple scattering process, which may be
writ-ten as follows

B(7) = 0ne (1) + X[ Tit0° (1) + Ty (i) ]

W(F)=Zn:[fETwe(F;Fn)+fkT “(rin)]

ik, .F

2

where ¢, .=e"+". (1) represents the L field as the sum
of the incident L wave and the L fields scattered by all
scatterers n (1< n < N). (2) represents the sum of the T
fields scattered by all scatterers n. Fields ¢¢(F;F,) and
we (F;Fn), often called effective fields, are respectively
the L and T fields resulting from multiple scattering
processes, which are incident on a scatterer n. So, (1)
and (2) implicitly take into account multiple scattering
processes. Each transition operator T!": characterizes a
I,—l, scattering process by scatterer n (I; and |, stand
for L or T). For the moment, it is not useful to define
all transition operators since, in the following, we shall
be interested in transition operators acting on mean
fields, i.e. coherent fields, obtained by configurational
averages.

Now, to find the equations satisfied by the coherent
fields denoted by (¢(F)) and (y(F)), let us introduce
a spatial probability density p(xy, Xo..., Xy) of finding a
scatterer 1 at x;, a scatterer 2 at x,, and so forth. The
coherent fields satisfy Equations (1) and (2) averaged
over all possible positions of the N scatterers n; this ex-
presses as Equations (3) and (4) below:

<¢(F)> _ eiRL.F

DI R

{w(r)= ZH:I;[TAIT%E FTETE [P (X %y )Xy,

with g¢ 2¢¢(F;T) and w¢ 2y ¢(F;F,). Under no ap-
proximation, both relations may be put in the forms

(p(F)) =" s [T Te () +T0(ws), (%) dx,. (B)

w(r)=[[Tiws), +T5(g), [a(x)dx,. (6

where (x,)=Np(x,). In (5) and (6), both quantities
(g¢) and (y¢) are the effective fields acting on a
scatterer averaged over all possible configurations of
all the over scatterers. To obtain equations satisfied by
the coherent fields, we need here an approximation,
which was introduced by Foldy [1]. When N is large, it
consists in replacing fields (¢¢) and () respecti-
vely by ¢, é<¢(Fn)> and v, é<,/,(rn)>; this is Foldy’s
approximation. We then obtain integral equations of
the coherent fields:

<¢(T)> _ eiRL.? +J‘;|:—fln-L<¢n>+fZL<l//n>:|ﬁ(Xn)an (1)
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(w(O)=[; [T+ T Ja(x)dx, . (@)
These equations will be called in the following Foldy-
Twersky’s equations.

2.3 Properties of the coherent waves

We now suppose that the N scatterers, i.e. the N line-
ar arrays, are uniformly distributed in the slab of thick-
ness e. Foldy-Twersky’s equations then become

(p(F)) =™ +n [ [Ti (g, )+Tr(w, ) Jox,, (9)
(w(O) =n[ [TT(w,)+T5(4) ]dx, . (10)

with m= N/e. With Figure 1, it is clear that a coherent
field at F=xX+yy (or at T, =x,X+y,y) differs from
those at F=xX (or at T, = x,X) only by the phase fac-
tor introduced by the L wave incident on the slab, i.e.

()=
neho o 134 T2y, o,

(v ())=met O [Ty )+ 7)o, 12)

where ¢, £¢(x,) and w, 2y (x,). Until now, except
for mode conversions, there is practically no difference
with Twersky’s work [4]. Actually, the main difference
lies in the definition of the action of the transition ope-
rators on coherent fields since we do not consider the
same scatterers. In our case, as the fields scattered by
each scatterer are composed of transmitted and reflec-
ted plane waves satisfying Snell’s Law, the action of a
transition operator T, on a coherent field <://(xn )> , for
instance, must be written as

fr <l// >:_|:T|_ (f 3 )|:<!// >]eikL[(y—yn)sinaL+(x—xn)cosaL:|
n n T1°L n
for a transmission T—L, and for a reflection T—L

T () =T (7 [ L0

remembering that all unit vectors, i.e. i , ir, i and i,
are described in Figure 1. Developing the actions of all
transition operators on all coherent fields in (11), this
integral equation may be decomposed as

(11)

(#(x)=4.(0.)+4 (xe), (13)
with
8.0 = &7 [ 1em T (L0 ) () oo, | ”
+e‘7LXﬁJ‘:fTL (it )[(wo) Jedx, ,
R AR .

(
X ﬁ_[:'f“ (fT i )[(l//n )]e” 0 dx, ,

1329

Robert

where y =Kk, cose, . In a similar way, Equation (12)
may be written as

_ (w(x) =y, (0.X)+y_(xe), (16)

with

0= R T e e,
+ei7Txﬁ.[ofoT (i.5 )[(g,) ] e 70 ax,

O R TRt

+e’i7TXﬁ_|':'I:LT (i1 )[(4,)] "m0 dx,,

where y; =k, cose; . (13) and (14) show that each co-
herent field is the sum of two coherent fields: one pro-
pagates, with direction i_ or i_, i.e. in the direction of
increasing x, and the other propagates in direction i/ or
i, i.e. in the direction of decreasing x. Now, to find the
equations satisfied by the coherent fields ¢, and w,,
let us decompose <¢(xn)> and (y(x,)) in (14), (15)
and in (17), (18). This gives the following equations,
respectively numbered (19), (20), (21) and (22):

+en [ OX ~LL(i\Lv:\L)[¢+]+-|:LL(i\L’.L)[¢—] e'iVLXnan
)

}

[y ]+ T (10 [ Jleveci,
}
]

v T (00w ]+ T (1 e ox,
p,=erom [ T (0 [y, ]+ T (i, )[yxf]}e"ﬁxndx
+elron| 0[]+ T (i 5 ) T)errroox

In these new integral equations, all transition operators
now act on coherent fields ¢, and . . Let us define
their action on these coherent fields, for instance in
(19). A physical interpretation leads us to write

T )[2.(0%,)]=T6.(0.%,),  (23)
T (L )[2 (x08)]=R¥ (x,8),  (24)
T (i )Ly, (06)] =Ty, (0.,), (29)
T (i )[v (x,.0) = R (x,08). - (26)

As the left hand side of Equation (19) is a L coherent
wave ¢+(0, x) propagating in the direction of increa-
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sing x, and ¢, (0,x,) is a L coherent wave incident on
scatterer n propagating in the same direction, (23) ne-
cessarily represents a L—L forward scattering by scat-
terer n. Scatterer n is a linear array, it follows that
T =t"—1, remembering that t“ is the L—L
transmission coefficient of each linear array. Quantity
¢_(xn,e) represents a L coherent wave propagating in
the direction of decreasing x. Consequently, (24) repre-
sents a L—L backscattering by scatterer n and it fol-
lows that R =r't, where r'" is the L—L reflection
coefficient of each linear array. (25) and (26) represent
similar scattering processes but for mode conversions
T—L. Then, we can define T'" =t™ and R™ =-r™.
As in the last relation, the minus sign is introduced
each time a T (L) incident wave propagating in the di-
rection of decreasing x is converted into a L (T) wave
after scattering by scatterer n. The supercripts ‘+’ and
‘-’ at operator transitions index the direction of propa-
gation of the coherent waves incident on a scatterer n.

Finally, defining the action of all transition operators
in (19), (20), (21) and (22), we obtain the following
system (27) of four coupled integral equations:

g.= e

+ e‘VLXJ.Ox ['ELL¢++ RUp +T My, + Ry } endx
¢ = e"VLX_[:[F—Q}LQJr T +R™My + fsz//f]eiVLXn dx,,
e[ [Ty e Ry + T 4 R Jevmia,
v = e“VTXj:[ﬁjT y+T Ty +RTg+T g [ermadx,,

with, for instance, R™™ =nR". Following Twersky’s
theory [4], we shall solve the above system supposing
the solutions may be written as

¢, = ALel®* 4+ BLe X + CLelk* + Dle KX (28)
w, = AleK* 4+ Bl + CTe®* + DTe®*  (29)

where K and K’ are complex effective wave numbers.
Here, the difference with Twersky’s work lies in the
fact that there are two wave numbers to be determined,
K and K’, which are associated to L and T coupled co-
herent waves propagating in the slab.

First of all, to calculate K and K, as well as all am-
plitudes of the coherent waves, the procedure consists
in substituting (28) and (29) into (27) and, secondly, in
expanding their right hand side. Next, the characteristic
equation satisfied by K and K’ is obtained by applying
Lorentz-Lorenz law, which consists in equating to zero
the factors of all propagative terms with effective wave
number K or K’. Applying Lorentz-Lorenz law to the
four equations of system (27) leads to four similar sys-
tems of four equations, which can be summarized by
the following system (30):

1330

Robert

(X=y ) XE+i[ THX L4 RUX S+ TEX T+ R™MXT =0
(X470 ) XE+i[ RUEXE+THX S+ RIEXT+TEXT ] =0
(X=7 ) XT +i[ TTXT+RITX 4TI X4+ RITX ] =0
(X477 )XT +i[RTXT+TTXT+ R XL+ T X ] =0

In system (30), symbol X stands for A when x = K, B
when x = -K, C when x = K” and D when x = -K’. The
four systems of four equations then lead to four homo-
geneous systems, with the amplitudes X as unknowns.
Finally, equating to zero their determinant gives four
equations of dispersion equivalent. For x = K, for ins-
tance, the equation of dispersion may be written as

SJIr_L_iK ﬁl_L -KTL ﬁjl.
ﬁLL S 4K ﬁTL fTL
'ITIT _ﬁLT gTT . = |=0,(31)
A - T—iK RT
R 7w RT ST +iK

where S =iy, +Tand SI" =iy, +T,7. Itis interes-
ting to precise that this equation may be analytically
solved. It gives all solutions: i.e. K= K, and K = K; (as
well as K=-K and K=-Ky), these wave numbers are
associated to the coherent waves ¢, and v, .

Let suppose that the equation of dispersion (31) has
been solved. Now, to calculate the sixteen amplitudes
of the coherent waves, we need to build an inhomoge-
neous system of sixteen equations. Among them, twel-
ve are given by Lorentz-Lorenz law, removing one of
the four equations of each system defined by (30). Four
other equations are given by the extinction theorem,
which consists in equating to zero the factors of all pro-
pagative terms with wave number k_ or k: this condi-
tion then ‘extinguishes’ the incident wave inside the
slab. Extinction theorem furnishes only one inhomoge-
neous equation, which is

A-+B-+CL+D- =1, (32)
and three homogeneous equations, i.e.
Al +BT +CT +D] =0, (33)
Ate™ +Bre™ +Cle™r +De™ =0, (34)
AleKe + BTe . + CTe™r + DTe®r =0. (35)

The system obtained may be easily solved using Cra-
mer’s method. When all amplitudes are known, reflec-
tion coefficients R4 and RY of the effective medium
are respectively defined by ¢ and w_ at x=0, and
transmission coefficients Tt and TL™ by ¢, e kxeosa
and y, e xcoser gt x = g, It is important to notice that
for a T wave incident on the slab, the formalism practi-
cally stays unchanged: the right hand sides of Egs. (32)
and (32) respectively become equal to 1 and 0.
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In the next section, we shall restrict our study to the
case where ¢ = 0° since we have not noted relevant
information for ¢ # 0°. In addition, as no mode con-
version occurs for . = 0° (no T coherent wave then
propagates in the slab), the theory is considerably sim-
plified, and allows us to rewrite the transmission and
reflection coefficients of the effective medium as those
of a solid slab in a solid medium, i.e.

4TLLei(KL_kL)e

(TLL +1)2+(1_2.LL)2 2iK e

LL
eff —

, (36)

(TLL2+1)+(1_TLL2 )eZiKLe
T = LL 2 LL)\2 a2k e (37)
(Z' +l) +(1—r ) e

where
3 F?fL —SH+iK,
F?H +SH —iK,

LL

(38)

can be physically interpreted as a ratio of acoustic im-
pedances between both media. The second remark is
that, making e tend to infinity, we can obtain local ref-
lection and transmission coefficients Ri* and T;*
(with i, j=1, 2) at each local boundary between the
slab (medium 2) and the outside medium (medium 1):

1-74 2

Re = 1+7tt’ 2 = 1+7t (39)
-1 27t

Rar = T+ T = 41 (40)

These results are particularly interesting since we shall
be able to interpret our results in the next section deve-
loping (36) or (37) into Debye series.

3 Results and discussion

Before examining the results coming from Twer-
sky’s theory, let us validate them using another appro-
ach, which does not rest on an approximation. It con-
sists in considering a position x, of a scatterer n as a
random variable, with 0 < x, < e, satisfying an uniform
probability density (i.e. p(x,) = 1/e), and in carrying out
a great number M of random drawings. For each con-
figuration m of the disorder, reflection and transmis-
sion coefficients RL- and T~ can be easily calculated
adopting a method commonly encountered in the study
of multilayers [8]. It is an iterative method based on
Debye’s series expansions, which describe the multiple
reflections between two consecutive “interfaces” or
linear arrays. Once coefficients R and T} are cal-
culated for all drawings m, they can be averaged:

RLL:iiRLL TLL:iiTLL
eff M ~ m ! eff M m

m=1

(41a-b)
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Our computations have been performed for a half-
random medium composed of N = 100 linear arrays of
empty cylindrical inclusions (of radius a =1 mm) in an
aluminum matrix with the relevant parameters: density
p=2700 kg/m?; longitudinal velocity c_ = 6380 m/s;
transverse velocity ¢y = 2700 m/s. The period of each
periodic array is d = 3 mm. The thickness of the slab
has been chosen sufficiently large, e = 1 m, to obtain a
relatively low density of arrays: n= 100 arrays/m; a
low density minimizes indeed the probability of fin-
ding two arrays at a same abscissa, which is physically
unacceptable. Figure 2-a below presents the moduli of
the reflection coefficients of the effective medium cal-
culated with both methods: Twersky’s theory (heavy
solid lines) and the “exact” method based on random
drawings (light solid lines). The transmission coeffi-
cients are presented in Figure 2-b. All coefficients are
plotted versus k e. The exact ones have been obtained
carrying out M = 10* drawings.

0.5 A

0 100 200 300 400

Reduced frequency k e

Figure 2: Comparison of both reflection coefficients a)
and both transmission coefficients b) of the effective
medium obtained with both methods of calculation.

Figure 2-a shows that both reflection coefficients
are superimposed in a remarkable way on the whole
frequency range. In the low frequency range, we notice
damped oscillations, which are perfectly reproduced by
both coefficients. A slight difference can be seen in
Figure 2-b between both transmission coefficients but
even so the agreement stays good. Thus, in conclusion,
we can state that Twersky’s theory furnishes exact
results, even though it rests on an approximation,
which is Foldy’s approximation. In addition, we must
precise that other calculations performed for o = 0°
led to similar results. This validation of Twersky’s the-
ory represents the central result of our work since, to
our knowledge, is the first time that an effective me-
dium theory has been numerically verified.
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Twersky’s theory being validated, let us interpret its
results presented in Figure 2. A first observation is that
there is little reflection compared to transmission. The
reflection coefficient is maximum in the low frequency
range where it presents fast damped oscillations. In a
complementary way, the transmission coefficient rapi-
dly decreases with frequency: for k e = 100, there is no
coherent wave transmitted by the slab anymore. Except
for low frequencies, these observations clearly show
that the coherent wave is too damped to propagate over
long distances in the slab. Its high damping results
from a strong incoherent scattering, which was noted
plotting the reflected and transmitted coherent intensi-
ties. They are defined by rePIacing Ri- and T in
(41a-b) respectively by [RL-|" and [T!t|". To reinforce
this analysis, and to explain the damped oscillations of
the reflection coefficient, the latter may be written in
an alternative way, using Debye series, which allow the
description of the slab as a Fabry-Perot interferometer.
The series is expressed using the local reflection and
transmission coefficients defined by (39) and (40), i.e.

R = R+ TATSRites e Y RitPervice . (42)
p=0

In Figure 3, the overall reflection coefficient (plotted in
solid lines) of the slab is compared to both first terms
of Debye series (plotted in heavy solid lines): the first
one corresponds to a wave reflected at the first inter-
face of the slab, i.e. to a specular reflection; and the se-
cond one corresponds to a wave which propagates back
and forth between both interfaces, i.e. a distance 2e.

0.3

0.2

01 LL
2

LLpLL LL 2K e
T12 R21 T21 e
T

0 100 200 300 400
Reduced frequency ke

Figure 3: Comparison of the reflection coefficient of
the effective medium with both first terms of (42).

For k.e = 100, we notice in Figure 3 that the reflection
by the slab becomes identical to the specular one: the
coherent wave does not propagate inside the slab be-
cause of its too high attenuation. Actually, the coherent
wave significantly propagates in the slab in a narrow
low frequency range, in which the wave propagating
back and forth between both interfaces can interfere
with the specular one. This interferential phenomenon
explains the damped oscillations observed.
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4  Conclusion

In this paper, we have presented a generalization of
Twersky’s theory to describe the reflection and trans-
mission process by a slab-like region of randomly cy-
lindrical inclusions in a solid medium. In addition, we
have theoretically validated the theory adapting it to a
medium periodic in one dimension and random in the
other one, for which an exact calculation of multiple
scattering may be also performed. Next, a brief analy-
sis of the reflection and transmission by the effective
medium has been presented. The main result is that the
coherent wave is globally too damped to propagate in
the medium. This is due to a too high concentration of
scatterers, which introduces a main incoherent scatte-
ring compared to the coherent one.
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