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Sound propagation in a waveguide consisting fromttvin coaxial elastic shells with polymeric ligurd

the gap is studied. It is assumed that externaliednal shells are made from different isotroglastic
materials and have different widths. Dynamics stweklastic polymeric liquid in the gap is describgd
general linear hereditary model. The problem iselw conjugated quasi-one-dimensional formulation.
Dynamics of shells is treated using the Kirchhoffreapproximation. Elastic deformations of shells in
the sound wave are coupled with the liquid flonthie gap through appropriate dynamic and kinematic
boundary conditions. The cross effect of liquid'ealegy and compressibility in the momentum balance
equation, which is usually small, is neglected. d@ispersion equation for sound waves in the wavkgui
is obtained; it is valid in the low frequency rangkere the wave length is greater than the extestmall
radius. The limiting cases of a waveguide filled idgal or pure viscous liquid are considered; ia th
former case the dispersion equation yields the mbtenmer speed in the system. Analysis of the
dispersion equation has shown that rheological ent@s of the liquid highly influence the sound
dispersion and attenuation in the low frequencyoregrhe interplay of the liquid and shells parasngt
can change the wave speed in a wide range; thet éfeharacterized by plots of the sound speed vic
relative shells width and polymer concentratiotthia solution.

1 Introduction

Elasto-viscous interactions were a major focus of
interest in numerous studies of sound propagation i

non-homogeneous systems. Such interactions have

fundamental importance in variety of applications
(nondestructive  evaluation and measuring of
properties, acoustics of waveguides and shells,
submerged in liquid etc). Propagation of elastivesa

in liquid-filled tube treated as a thin shell wasdsed
theoretically in [1, 2]. Later linear analysis was
extended with regard to material properties ofsbiéd
(viscoelasticity, prestressing, and anisotropy [&fd
fluid (viscoelastic liquids [4, 5]).

The target of the current paper is to describe the
longitudinal low-frequency wave propagation in gga
between two thin-walled coaxial elastic shelldeéllby
viscoelastic liquid (solution of high-polymer inl@w-
molecular solvent). The analysis presented below is
based on the results of the paper [6], where digmer

of sound waves in a similar waveguide, filled byegiy
viscous liquid, was studied.

2  Problem formulation

2.1 Equations of shellsdynamics

The basic assumption of the model formulated betow i
that the diameter of the external shell is smatan
the sound wavelength. In this case the use of Kotfh

- Love approximation leads to the following equatio
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of the external (=1) and internal (= 2 shell
dynamics [6]:

vkl Ry + k% -2 22 -v 2500 = 0 (1)
QU —ikv G ~[(1-v;*) /(2,21 p{P = 0
Q=1-2°2" (), Q=Us-23'ssf) 1-15)
A =Ejlpo, to=Ri(p{Ipp)"? z=tity

EZRZ/Rli f_)éj) :Apj / pO! 5;”::09)//)3(1)
Q=aty , Rj=R;/R
Here R, is the radius of the shell's middle surface;
2h; is the shell width (it is supposed =h; /R; << 1);

a6\ are complex amplitudes of the non-

dimensional deformations of shelis!”, 0" in the

axial and radial directions, respectively; the sgtaba

and = denote complex amplitudes and dimensionless
parameters, respectivelyk is the non-dimensional
wave number (withR, used for characteristic length);
£2- non-dimensional frequency;— time; Ap; is the

contact pressure equal to the normal stress compone
in liquid at the pipe wall;p, - equilibrium pressure in
the waveguidepl”, E;and v; are density, Young

and Poisson modules of the shells material. The

expressions forQ;(j=12)in (1) were simplified
with account for smallness of the bending stregses
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the shell with respect to the membrane ones ircdise

of long waves [ The non-dimensional axial and
radial deformations of shells and coordinates @& th
cylindrical coordinate system are defined as

{T, 0 ,& ¢ = Ri{ug u, 1, %

2.2 Boundary conditions

Kinematic boundary conditions at the liquid-shells
interfaces § = 1-¢, = 1 and¢& =¢+¢&, = £ ) mean:

v =g, i) =g
T, VD) = G/ R, Vg, ()
T, G = /R {u?, uf}y, j=1 2

where v,, v, are the radial and axial velocity
components. In the low frequency range the presaure

the gap does not depend from the radial coordinate,

which allows assumingo® =-p? . As a result, the
dynamic boundary conditions take the form:

P =4AP; ~7r, B = (4B ~7)

M =P -1 {Pr. TR=Po(Pr R (3)
R
TR= ;Jrn 2zrdr=ryr

7Z'R1(1—6' ) 2

Here p;, 7, are pressure and normal deviatoric stress

~ z'rr|Rz

in the liquid andR;, R, are used instead of internal
radius of the external shell and external radiushef
internal one, respectively.

2.3 Dynamics of viscoelastic liquid in
thegap

It is supposed that polymeric liquid in the gaddais
linear hereditary model [7]:

t
7y =21 G(t-t)s; (t)dy+2n.s;, Ap;=cfAp; (4)

Apy =pt —Pror § = (V )l

Here ¢ is the sound speed in the liquidpyg-

equilibrium densityG(t - t;) - relaxation function for
the liquid; s; - deviator of the rate deformation tensor
€ ; 175 - solvent viscosity;v - vector of the liquid
velocity. The liquid volume viscoelasticity is negted

in (4) because it has only minor effect on the sbun
propagation in the waveguide [7].

The basic assumptions of the liquid dynamics in the
gap at acoustic excitation can be written in thenfo
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2
v, <<V, 0= RyL<<1, 8\’; 1%
OX r or
2,
OV __ 0%, Ca<cy, N __ OV
ox> o2 ox  or

HereV is the mean flow rate in the gap, defined from
the relation:
Ry
V = —2 [ Vyrdr
Rl (l &g ) RZ

where the relative axial velocity, = vy - u§1) is

introduced instead of,. These assumptions allow
writing the non-dimensional equations of liquid
dynamics in the gap, averaged along the crossosecti
as follows [5]:

(71— 6275 ), P=xTT%p,

( ®_

x=psl pto

iV = ixkP 4 2K
1_ 2

i0p+-22 01(2))—ik\7:0 (5)

1- g2

Here P,V, p, 7,7, are complex amplitudes of
dimensionless perturbations of pressure, mean flow
velocity, liquid density and shear components of
deviatoric stresses in liquid at the walls of tlap.gThe
transient frictions at liquid-solid interfaces a@ind
from solution of the momentum balance equation for
incompressible liquid flow in the gap (hydraulic
approach [4]), which can be written in the form:

dV, ! dv,
de? & d¢

K = Ke 4"

oo(.(2¢9)F(9)(1+

) 45, 7 -0/t
o 1+ (020)?

G*

Here F(9) is the non-dimensional spectrum of
relaxation timesf . The result has the form:

7=ns+G 1(i2) (8)

1 HUT (u,¢8)
4 1-2u -3 T (, €)'

T(u,€) =[ I () - dy(we)] - A+[Yy(w) — £ (ue)] %
@- Jo(ue)- AYg =102 1/(x))"?

A= (AL Yo(u2) Y1) (Jo(1) — Jo(ua)o () Yo(ue)) ™

Z"\l - 822"\2 = —4ﬁD\7 y

Yue),
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The physical meaning of the approximation used abov
is that we neglect both by small cross effect & th
liquid viscosity and compressibility and by the
influence of the radial deformations of shells & t
losses at the liquid motion in the waveguide at the
sound wave propagation.

3 Resaultsand discussion

Now the boundary value problem is closed. The
dispersion equation following from (1)-(3), (5), @n
be written in the form:

a+b+dz+m=0 z=C?, C=0Q/k  (6)

The coefficients, b, d, min (6) are defined by certain
cumbersome formulas. In the limiting cagg — «

(rigid internal shell) the terrm— @nd equation (6)
has only two non-zero roots, which follow the same
dispersion equation as was obtained in [5]. The roo
z=0 in this case corresponds to infinite sound speed
of the mode propagating in a rigid shell. Similasult
takes place in the opposite case when the extshedll

is rigid and the internal one flexible.

The dispersion equation (6) is simplified esselytiad

the low-frequency limit, when2 — 0In this case the
inertia and longitudinal deformations of shells damn
neglected. Taking into account also that contrdutf

the rheological term in normal stresses on thel shel
surface is small [4], one can write the dispersion
equation in the form:

i—N i+i+i
AT

(7)

P =kl-c2)aly, ©F =k(l-e)e 2e0ly
N =1+8x77D -[i2@- &%)
This formula can be considered as generalizatidhef
Korteweg relation [8] for the water hammer spesgd
in water filled thin-walled tube£ = 1

e ®)
ok Cf Kkah

It follows from (7) that presence of the internheb
lowers the sound speed. For deformable interndl she
the wave speed is smaller than for a rigid one.

In the general case the dispersion equation (6) was
studied numerically. The speed and attenuatiomef t
low frequency longitudinal mode were calculated for
the aluminium made waveguidg; £ E, =7-10'° N/n¥,

v =w=0.34, pél) =,0§2) = 2.710° kg/nt, & =¢5)

with R, = 10° m, po = 1C Pa, po = 850 kg/n,
¢ = 1500m/s Rheological properties of the polymeric
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liquid were evaluated according to discrete spettru
representation:

Mp=71s » kM-iwg
) k=1 k2“1+(w§1)2

n-Ts =

where 7, is Newtonian viscosity of the liquid(ci) -
the Riemann zeta function of the spectral distrdsut

parameterey, (6 ¢ = Hllkal), 0 1 — the maximum
relaxation time in the spectrum. The Newtonian
viscosity of the solution was computed from the

Martin relation [7] 7,/ns =1+ exfky g) with
kpm = 0.4 andrg = 0.1Pa-s. The relaxation timegj
were found according to the Rouse theowy £ 2)
from equation 6 = 0.6087, Aexpky )  with

A = 500 (the non-dimensional parameter
A = [n]Mpy/Rs, where[n } characteristic viscosity of
the solutionM - molecular mass of the polymdig -

universal gas constant, 5 - reduced polymer
concentration).

a)

y-10? 2

10 45
35

4 25
£ a2 15 €1-10

b)

Figure 1: Dimensionless sound speed and attenuation
versus reduced polymer concentration and relative
shell width

Results of numerical simulations within rheological
characterization of the liquid, described aboves ar
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presented on the Figure 1 in the form of 3-D plufts
the non-dimensional wave speed=/Re{k} and

attenuation y = - Im{k} versus reduced polymer
concentrationg and relative width of the shel; for

¢ = 0.7. The plots on the Figure 2 illustrate the
dependency of the sound speed and attenuation from
the relative gap and shell widths, for polymeric

solution  with 7g= 0.5~10‘3Pa~s, a = 2,
np=05Pa's, = 001s. For all plots2=0.1.
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Figure 2: Dimensionless sound speed and attenuation
versus relative gap and shell widths

As it follows from the Figure 1, the increase in
polymer concentration raises attenuation and leads
slowing of the wave speed. Numerical data show that
for the same values of the system parameters thedso
speed in a pure viscous liquid with viscosity, is

essentially less than that one in a similar visastas
liquid, which is explained by the frequency depende
dynamic viscosity of polymeric solution.

The shells width highly influences the wave
propagation — the more flexible are the gap walls
(smaller g values) the less is the sound speed and
larger its attenuation. As a result, the use ofuatio
method for characterization of the liquid rheologyl

be more indicative in the case of a waveguide with
thicker walls. Note that with growth of;, the sound
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speed on the Figure B, for g =0approaches the
value, following from (7).

The plots on the Figure 2 show that the smalleghés
gap between the shells, the less is the sound spted
result is explained by the losses increase with
narrowing of the waveguide (Figure B). It follows
from the data that attenuation of the wave is lyighl
sensitive not only to the liquid viscosity and dhel
flexibility, but also to the relative gap width. linis
respect the gap and the shells widths have similar
effect on the wave propagation — their increase is
resulted in attenuation reduction and raises theewa
speed.
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