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ABSTRACT

Open sphere microphone arrays (OSMAs) are simple to
design and do not introduce scattering fields, and thus can
be advantageous than other arrays for implementing spa-
tial acoustic algorithms under spherical model decompo-
sition. However, an OSMA suffers from spherical Bessel
function nulls which make it hard to obtain some sound
field coefficients at certain frequencies. This paper pro-
poses to assist an OSMA for sound field analysis with
physics informed neural network (PINN). A PINN models
the measurement of an OSMA and predicts the sound field
on another sphere whose radius is different from that of
the OSMA. Thanks to the fact that spherical Bessel func-
tion nulls vary with radius, the sound field coefficients
which are hard to obtain based on the OSMA measure-
ment directly can be obtained based on the prediction.
Simulations confirm the effectiveness of this approach and
compare it with the rigid sphere approach.

Keywords: Microphone array signal processing, physics
informed neural network, spherical harmonics.

1. INTRODUCTION

The products of the spherical harmonics (SHs) and the
spherical Bessel functions (or the spherical Hankel func-
tions) form the spherical nodes [1], a complete and orthog-
onal function set for the Helmholtz equation, the govern-
ing partial differential equation (PDE) of acoustic wave
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propagation. The SH decomposition of a sound field (the
angular dependent SHs, the radial dependent spherical
Bessel functions, and the frequency dependent sound field
coefficients) greatly facilitates its analysis and manipu-
lation [1–3]. Thus, spherical modal decomposition has
become popular in many diverse spatial acoustic appli-
cations, such as spatial active noise control [4–6], beam-
forming [3,7,8], and direction of arrival estimation [9–11].

Due to their simplicity, open sphere microphone ar-
rays (OSMAs) are intuitively chosen for implementing the
spherical modal decomposition [7]. However, the spheri-
cal Bessel function nulls make it hard to obtain some order
of the sound field coefficients at certain frequencies with
an OSMA. We can mitigate this problem through arrang-
ing microphones on a rigid sphere [12], inside a spherical
shell, or using vector sensors on an open sphere [3,13,14].
However, those approaches will unavoidably introduce
scattering fields, request more microphones, and signifi-
cantly increase the cost, respectively.

In this paper, we propose to circumvent the problem
of spherical Bessel function nulls for an OSMA with the
help of physics informed neural network (PINN) [15–17],
a neural work which incorporates physical knowledge into
its architecture and training. We model the measurement
of an OSMA with a PINN, and then use it to predict the
sound field on another sphere whose radius is different
from that of the OSMA. Thanks to the fact that the spher-
ical Bessel function nulls vary with radius, we can ob-
tain the sound field coefficients which are difficult to ob-
tain with the OSMA measurement based on the predicted
sound field. The effectiveness of this approach is con-
firmed by simulations and compared with the rigid sphere
approach.
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Figure 1. A microphone array on an open sphere and
some sound sources ⋆.

2. PROBLEM FORMULATION

We consider the set up shown in Fig. 1, where there are Q
omni-directional pressure microphones on an open sphere
S2 of radius ra and some sound sources. The Carte-
sian coordinates and the spherical coordinates of a point
with respect to an origin are denoted as O as (x, y, z)
and (r, θ, ϕ), respectively [3]. One would like to recon-
struct the sound field around the sphere or locate the sound
sources based on the OSMA measurement.

The tasks could be approached with SH decomposi-
tion. We decompose the sound pressure at microphone
position {(ra, θq, ϕq)}Qq=1 onto SHs as [1]

P (ω, ra, θq, ϕq) ≈
U∑

u=0

u∑
v=−u

Pu,v(ω, ra)Yu,v(θq, ϕq)

=

U∑
u=0

u∑
v=−u

Ku,v(ω)ju(ωra/s)

× Yu,v(θq, ϕq),

(1)

where ω = 2πf is the angular frequency (f is the fre-
quency), s is the speed of sound propagation, U =
⌈2πfra/s⌉ is the up-order of the SHs that are needed to
represent the sound pressure accurately [18] (⌈·⌉ is the
ceiling operation),. Pu,v(ω, ra) are the pressure field coef-
ficients, Ku,v(ω) are the sound field coefficients [1], ju(·)
is the spherical Bessel function of the first kind of order
u, Yu,v(θ, ϕ) is the SH of order u and degree v [1] at is
evaluated at (θ, ϕ).

The sound field coefficients Ku,v(ω) characterize the
sound sources and allow us to reconstruct the sound field
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Figure 2. The spherical Bessel function
ju(2πfra/s) as a function of frequency, ra = 0.05
m, s = 343 m/s, u = 0, 1, 2, 3, 4.

or to locate the sound sources [3]. To obtain the sound
field coefficients, we first estimate the pressure field coef-
ficients through [3]

P̂u,v(ω, ra) =

Q∑
q=1

P (ω, ra, θq, ϕq)Yu,v(θq, ϕq)γq, (2)

where {γq}Qq=1 are the sampling weights, and then esti-
mate the sound field coefficients through

K̂u,v(ω) = P̂u,v(ω, ra)/ju(ωra/s). (3)

The problem with (3) is the spherical Bessel function ju(·)
nulls [3,13,14]. Figure 2 presents ju(2πfra/s) with ra =
0.05 m, s = 343 m/s, u = 0, 1, 2, 3, 4. We can see that
j0(2πfra/s) = 0 for f = 3430 Hz, and j1(2πfra/s) =
0 for f = 4905 Hz. This makes it difficult to estimate
the sound field coefficients of order 0, K0,0(ω), and order
1, K1,v(ω), at frequency 3430 Hz and 4905 Hz with an
OSMA array of radius ra = 0.05 m.

In this paper, we aim to circumvent the problem of
spherical Bessel function nulls for an OSMA.

3. PINN ASSISTED OSMA

In this section, we propose a PINN method to assist an
OSMA for sound field analysis. To simplify the calcu-
lation of the Laplacian, we express acoustic quantities in
Cartesian coordinates.

The key idea is to exploit the fact that spherical Bessel
function nulls vary with radius. The spherical Bessel
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function ju(·) is a function of both frequency f and ra-
dius r, and thus that ju(2πfrb/s) ̸= 0 if rb ̸= ra and
ju(2πfra/s) = 0. Thus that we can obtain the sound field
coefficients which are difficult to obtain with an OSMA
of radius ra based on the sound field on another sphere
of radius rb. An OSMA of radius ra can not measure the
sound field on another sphere of radius rb directly, but we
can build a PINN [15–17] to predict the sound field on the
other sphere based on the measurement of the OSMA.

We build up a L layer N node (on each layer) full
connected feedforward neural network [15] whose inputs
are Cartesian coordinates (x, y, z) and output is the sound
field estimation P̂PI(ω, x, y, z), and update the trainable
parameters of the network by minimizing the following
cost function

L =
1

Q

Q∑
q=1

∥P (ω, xq, yq, zq)− P̂PI(ω, xq, yq, zq)∥22︸ ︷︷ ︸
Ldata

+
1

A

A∑
a=1

∥∇P̂PI(ω, xa, ya, za)

(w/s)2
+ P̂PI(ω, xa, ya, za)∥22︸ ︷︷ ︸

LPDE

,

(4)

where ∥ · ∥2 is the 2-norm, ∇ ≡ ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2

is the Laplacian. The data loss Ldata makes the net-
work output to approximate the OSMA measurement
{P (ω, xq, yq, zq)}Qq=1 where (xq, yq, zq)

Q
q=1 correspond

to (ra, θq, ϕq)
Q
q=1. The PDE loss LPDE informs the

network output to conform with the Helmholtz equa-
tion on the measurement sphere of radius ra, where
{(xa, ya, za)}Aa=1 are uniformly arranged sampling points
on the sphere.

To obtain the sound field coefficients, we first
train the PINN and use it to estimate the pressure
P̂PI(ω, xd, yd, zd) (which are equal to P̂PI(ω, rb, θd, ϕd))
on a sphere of radius rb. Next we estimate the pressure
field coefficients P̂u,v(ω, rb)

P̂u,v(ω, rb) =

D∑
d=1

P̂PI(ω, rb, θd, ϕd)Yu,v(θd, ϕd)γd,

(5)
where {γd}Dd=1 are the sampling weights [3]. We further
estimate the sound field coefficients through

K̂u,v(ω) = P̂u,v(ω, rb)/ju(ωrb/s). (6)

rcl In summary, for spatial acoustics with an OSMA, we
can estimate the sound field coefficients through (3) when
ju(kra) ̸= 0 and through (4), (5), (6) when ju(kra) = 0.
In this way, the problem of spherical Bessel function nulls
is circumvented.

Note that the spherical Bessel function nulls is a prob-
lem under the spherical modal decomposition, but it is not
a problem with the PINN. This is the fundamental fact
that make the PINN assisted OSMA sound field analysis
possible.

4. SIMULATION

In this section, we use a sound field reconstruction task to
demonstrate the performance of the PINN assisted OSMA
and compare it with the rigid sphere approach.

We consider the setup shown in Fig. 1. There is a
radius ra = 0.05 m OSMA with 36 uniformly arranged
omni-directional pressure microphones on it. There is a
sound source located at (0.5 m, 0.5 m, 0.75 m). The
sound source generates a unit amplitude sinusoidal sig-
nal at f = 3430 Hz. In the case, the up-order
of SHs needed to represent the sound field is U =
⌈2π × 3430× 0.05/343⌉ = 4 [18]. The transfer functions
between the sound source and the microphones are sim-
ulated based on the Green’s function [1]. The aim is to
reconstruct the sound field on a smaller sphere of radius
rc = 0.04 m.

Three approaches for sound field reconstruction are
considered. The first is the OSMA approach based on the
spherical modal decomposition. For this approach, we es-
timate the sound field coefficients {K̂u,v(ω)}4u=1 through
(3) and reconstruct the sound field on the smaller sphere
by

P̂SH(ω, rc, θ, ϕ) ≈
U∑

u=1

u∑
v=−u

K̂u,v(ω)ju(ωrc/s)Yu,v(θ, ϕ),

(7)
because K̂0,0(ω) is not obtainable.

The second one is the PINN assisted OSMA method.
For this method, we build up a L = 3 layer and N = 3
node PINN, with the activation function being tanh, and
initialize the trainable parameters with the Xavier initial-
ization [19]. PINN is trained for 108 epochs with a learn-
ing rate of 10−5 using the ADAM optimizer. The data loss
Ldata is evaluated with respect to the 36 microphone mea-
surements, and the PDE losses LPDE with respect to the
Cartesian coordinates of 500 uniformly arranged sampling
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Figure 3. Sound field at f = 3430 Hz : (a) the
ground truth, (b) OSMA reconstruction, (c) PINN as-
sisted OSMA reconstruction, and (d) the rigid sphere
reconstruction.

points on the sphere of radius ra = 0.05 m. We first es-
timate the sound field coefficients {K̂u,v(ω)}4u=1 through
(3), K̂0,0(ω) through (4), (5) with (6) with rb = 0.048 m,
and next reconstruct the sound field on the smaller sphere
similar as (1) but with K̂0,0(ω)ju(ωrc/s)Y0,0(θ, ϕ) in-
cluded.

The third one is the rigid sphere approach. The
OSMA in Fig. 1 is replaced with a rigid sphere of the same
radius, and the rest of simulation setting is the same. we

Figure 4. Sound field at f = 4905 Hz : (a) the
ground truth, (b) OSMA reconstruction, (c) PINN as-
sisted OSMA reconstruction, and (d) the rigid sphere
reconstruction.

reconstruct the sound field on the sphere of radius rc as

P (ω, rc, θ, ϕ) ≈
U∑

u=0

Gu(ω, rc, ra)

×
u∑

v=−u

P̂u,v(ω, ra)Yu,v(θ, ϕ),

(8)

where the pressure field coefficients P̂u,v(ω, ra) are ob-
tained similar to (2), Gu(ω, rc, ra) is the radial transla-
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Figure 5. The scattering field around a rigid sphere
at 3430 Hz.
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Figure 6. Sound field reconstruction error ϵ of the
pure PINN method as a function of the reconstruction
sphere radius r at 3430 Hz and 4095 Hz.

tor [3]

Gu(ω, rc, ra) =

h′
u(ωra/s)ju(ωrc/s)

ju(ωra/s)h′
u(ωra/s)− j′u(ωra/s)hn(ωra/s)

,
(9)

ju(·) and hu(·) are the spherical Bessel function of the
first kind and the spherical Hankel function of the second
kind, respectively, and j′u(·) and h′

u(·) are corresponding
derivatives with respect to argument.

We denote the reconstruction error as

ϵ =

∑100
d=1 ||P (ω, rc, θd, ϕd)− P̂ (ω, rc, θd, ϕd)||22∑100

d=1 ||P (ω, rc, θd, ϕd)||22
,

(10)

where P (ω, rc, θd, ϕd) and P̂ (ω, rc, θd, ϕd) are the true
pressure and its reconstruction at 100 uniformly selected
sampling positions (θd, ϕd)

100
d=1.

Real part of the ground truth and its reconstruc-
tions by three methods is shown in Fig. 3. Comparing
Fig. 3 (b) and (a), we can see that the sound field com-
ponent K0,0(ω)ju(ωrc/s)Y0,0(θ, ϕ) missing the OSMA
approach is unable to accurately reconstruct the ground
truth. Comparing Fig. 3 (c), (d) and (a), we can see that
with the PINN assisted OSMA approach and the rigid
sphere approach are able to accurately reconstruct the
sound field. The reconstruction errors of the OSMA ap-
proach, the PINN assisted OSMA approach, and the rigid
sphere approach are -8.5 dB, -28.4 dB and -29.3 dB, re-
spectively. The simulation results of three approaches for
reconstructing the imaginary part of the ground truth are
similar to Fig. 3, and thus are not shown for brevity.

The simulations is repeated at f = 4095 Hz. We
arrange the sound source at (0.5 m,−0.5 m,−0.75 m)
and the rest of simulation settings are the same as the
f = 3430 Hz case. Real part of the ground truth and its
reconstructions by three methods is shown in Fig. 4. The
reconstruction errors of the OSMA approach, the PINN
assisted OSMA approach, and the rigid sphere approach
are -10.2 dB, -31.6 dB and -32.3 dB, respectively.

The PINN-assisted OSMA approach performs com-
parably to the rigid sphere approach. Nonetheless, the
rigid sphere approach has a drawback: the scattering ef-
fect. In Fig. 5, we present the scattering field around the
rigid sphere at 3430 Hz. For nearfield applications, where
the rigid sphere is placed close to some object, the scat-
tering field will further undergo multiple scatterings and
is highly undesirable [20]. The PINN assisted OSMA ap-
proach, on the other hand, does not suffer from the scat-
tering problems.

Figure 6 presents the sound field reconstruction error
ϵ of a pure PINN method as a function of reconstruction
sphere radius rc at 3430 Hz and 4095 Hz. In this case, the
sound field is reconstructed based on the PINN prediction
directly and only, and does not go through the SH decom-
position process. From Fig. 6, we can see that the recon-
struction error ϵ is small when the reconstruction sphere
radius is close to the array radius, or rc ≈ ra = 0.05 m,
and increases when they are not close rc ̸≈ ra = 0.05 m.
It is interesting that the reconstruction error ϵ decreases
again when the reconstruction sphere radius is small, or
rc < 0.025 m. From a spherical modal decomposition
point of view, this can be explained by the fact that when
the reconstruction sphere radius is small less number of
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SH coefficients are needed to describe the sound field.

5. CONCLUSION

In this paper, we proposed to assist an OSMA for sound
field analysis with the PINN. Under SH decomposition,
the OSMA suffers from the spherical Bessel function nulls
and is unable to obtain some orders of sound field coeffi-
cients at certain frequencies. We use a PINN to predict the
sound field on a sphere whose radius is different from that
of the OSMA, and obtain those order of sound field coef-
ficients based on the PINN prediction. The performance
of this approach is comparable with the rigid sphere ap-
proach and does not introduce the scattering field.
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