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ABSTRACT

Personal sound zones (PSZ) allow several people sharing
the same room to listen to different audio content without
using headphones. Loudspeaker arrays with filtered inputs
are typically used to create the PSZ. The driving filters
are calculated from the transfer functions between each
loudspeaker and the points sampling each listening zone.
These filters are usually computed once and are no longer
relevant if the loudspeakers are driven at higher levels, es-
pecially for low-cost drivers which can exhibit a strong
non-linear behavior. In this paper, a state space model
is used to predict the nonlinear behavior of loudspeakers.
Nonlinear parameters (force factor, stiffness and induc-
tance) as a function of the diaphragm displacement are
measured for each 2” Tectonic loudspeaker using a Klip-
pel R&D system. Then, the accuracy of the state space
model is checked by comparing the predicted harmonic
distortion to the measured one for several input levels. Fi-
nally, the state-space representation is used to predict the
effect of non-linearities on PSZ metrics. Simulation re-
sults show that the contrast can be reduced by about 10 dB
and the error can increase by a factor of about 1000 in the
low frequency range when large input signals are required.
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1. INTRODUCTION

Personal sound zone (PSZ) systems allow listeners in the
same room to enjoy different audio programs without us-
ing headphones. Sound zones are defined where it is de-
sired to constrain the sound field, the rest of the volume of
the listening room is usually not considered. The objec-
tive is then to attenuate the sound level in the other zone(s)
when an audio signal is played in a given zone. One of the
most common solutions is to use a speaker array whose
input signals have been filtered to provide the expected
separation of audio programs. The filter weights are gen-
erally computed using a constraint optimization method
that allows to meet several criteria. For example, the po-
tential energy of the sound in the different zones can be
bounded to provide a sound level contrast between them.
The input power of the speakers can also be penalized to
protect them from damage or even the phase of the repro-
duced signal to achieve a natural localization of the repro-
duced sound sources.
Since the work of Druyvesteyn and Garas [1], PSZs have
been widely studied and several algorithms have been pro-
posed. Among the most used ones, we can cite the Acous-
tic Contrast Control (ACC) method [2, 3] or the Pressure
Matching (PM) algorithm [4].
For these methods, the sound zone filters are calculated
from the transfer functions between the loudspeakers and
points sampling the listening zones. Given the complex-
ity of the spaces we live in, these transfer functions are
often measured rather than simulated in order to obtain
sufficient accuracy. The transfer functions are measured
at a given input level, but the loudspeakers can then be
driven at another level, sometimes much higher. Either
because one wishes to modify the listening level, or be-
cause the creation of the sound zones requires it. Unfor-
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tunately, loudspeakers exhibit non-linear behavior when
used at high input levels [5]. As a result, filters calculated
from measurements made at a given level can have their
performance downgraded when the loudspeakers are used
at higher levels.
Such behaviour has already been studied by Ma et al. [6,7]
for the ACC algorithm by modelling the loudspeaker non-
linear distortion using a simplified Volterra-like model.
In the work proposed here, the effect of speaker non-
linearities on the performance of the PM algorithm is stud-
ied in the context of a state-space formalism. This ap-
proach can provide a better understanding of the physical
causes of PSZ performance loss.
In this article, Section 2 introduces the modelling of
the non-linear loudspeaker behaviour using a state space
model. Measurement results are also provided to assess
the model accuracy. Section 3 presents the sound zone
algorithm used in this work. Simulation results of a sim-
plified sound zone scenario are provided in Section 4 to
investigate the effect of loudspeaker non-linearities on the
performance of the sound zone algorithm. Finally, the ar-
ticle concludes by recalling the main results and proposing
future work.

2. SPEAKER MODELLING

Electrodynamic loudspeakers are often modelled in the
linear domain by using the Thiele & Small model [8, 9].
However, for large excitation signals, such drivers exhibit
a non-linear behaviour that can be modelled using a state-
space representation [10, 11]

ẋ = Ax+BU, (1)

where u is the input vector and x is the state space vector.
The matrix A and the vector B describe the non-linear
behaviour of the loudspeaker. The root causes of non-
linearities of electrodynamic drivers are very diverse [5].
In this work, it was chosen to model the most impacting
ones by taking into account the dependence of the force
factor Bl, the suspension compliance Cms and the voice
coil inductance with the diaphragm position x(t).

The non-linear Lumped Element Model (LEM) used
in this paper is presented in Fig. 1. In this circuit, U is
the driving voltage. Re and Le respectively are the resis-
tor and inductor parts of the voice coil. Rms and Mms

respectively are the mechanical resistance and mass of the
voice coil-diaphragm assembly. Cmc represents the com-
pliance of the loudspeaker mounted in a closed box. An
additional reluctance force Fm(x, i) due to the variation

Bl(x)

U

i(t)

Re Le(x) Rmsẋ(t) Mms
Cmc(x)

Fm(x, i, i2)

Figure 1. Equivalent circuit of the closed box
speaker.

of Le with the displacement is also introduced [5], it is
approximated with

Fm(x, i) = − i2(t)

2

∂Le(x)

∂x
, (2)

where current i(t) is flowing in the inductor Le.
Considering the LEM model used here, the input vector x
is given by

x = [x(t), ẋ(t), i(t)]T , (3)

where the superscript T denotes the transpose operation
and the overscript ˙ represents the time derivative. Matrix
A is then given in Eq. 5 while B is equal to

B =

[
0, 0,

1

Le

]T
. (4)

The state space model of Eq. 1 is solved using the follow-
ing discrete form:

x(n+ 1) = Adx(n) +Bdu(n), (6)

by using a bilinear transform for which

Ad =

(
I− ATs

2

)−1(
I+

ATs

2

)
, (7)

Bd =

(
I− ATs

2

)−1

BTs, (8)

where Ts is the timestep. The values of the matrix A in-
volving entries of the vector x are taken equal to their val-
ues at discrete time n in order to calculate x(n + 1). The
values of the voice coil position-dependent parameters at
n+ 1 are calculated from the value of x(n) and measure-
ments giving the variation of these parameters as a func-
tion of position for the speaker considered.
The dependencies of the Bl factor, compliance Cmc and
inductance Le with the displacement amplitude have been
measured using a Klippel R&D system for the 8 Tec-
tonic TEBM46C20N loudspeakers used in this work. The
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A =



0 1 0

− 1

MmsCmc(x)
−Rms

Mms

Bl(x) + 1
2
∂Le(x)

∂x i(t)

Mms

0 −Bl(x) + ∂Le(x)
∂x i(t)

Le(x)
− Re

Le(x)


(5)

curves for one of these units are shown in Fig. 2 for the
following range of displacement: |x| ≤ 3 mm. For large
displacements the voice coil moves in and out of the air
gap which results in a smaller portion of the coil that is af-
fected by the magnetic field. Consequently, the Bl factor
gets lower as the position increases or decreases as seen in
Fig. 2. We notice that the value of Bl decreases by about
45% for |x| = 3 mm. The Bl curve shows an almost sym-
metrical behaviour, although its maximum is obtained at
x = 0.2 mm. It is therefore common to observe such
an asymmetric behaviour, which results in even order har-
monics and a DC offset.
The compliance Cmc has a similar shape than the Bl fac-
tor, it decreases by about 40% for |x| = 3 mm. In-
deed, for large excitation levels, the suspension materials
are stretched increasingly and thus becomes stiffer, which
limits the displacement of the diaphragm.
The inductance Le has an asymmetrical behaviour, with
a value that increases when the voice coil is moved into
the air gap. As the amount of the coil in the air gap
changes with the displacement, the magnetic flux seen by
the coil also changes. As a result, the apparent inductance
increases or decreases, and this variation depends on the
permeability of the surrounding parts. For inward move-
ment, the coil is mainly surrounded by parts with high
permeability, so the apparent inductance increases.

In order to evaluate the validity of the proposed
model, measurements of the frequency response in the
nearfield of the Tectonic loudspeaker were made for
two different input levels (1 and 4 V). Measurements
were carried out using an exponential swept sine signal
(from 50 Hz to 2 kHz) and the first five harmonics were
separated using the technique described in Ref. [12].
Results are plotted in Fig. 3. The solid lines represent the
measurement of the temporal evolution of the harmonics
(fundamental frequency and harmonics due to distortion)
while the dotted lines represent the same quantities cal-
culated using the state-space model using the parameters

Figure 2. Dependence of the Bl factor (upper
graph), compliance Cmc, (middle graph) and induc-
tance Le (lower graph) for one the loudspeaker units
used in this work.

identified by the Klippel system. These parameters are
listed in Table 1. Note that the resonance frequency of the
closed-box system fc is equal to 171.8 Hz.

For the 1 V input level, the amplitudes of the 2nd and
3rd order harmonics are somehow well predicted by the
state space model for low frequencies. Above 400 Hz, the
modeled 3rd harmonic starts to attenuate much faster than
that of the real loudspeaker. The 4th and 5th harmonics
of the model do not represent the loudspeaker behaviour
accurately, but this is certainly because these harmonics
begin to be drowned out by the background noise at such
low input level. For an input voltage of 4 V, the 2nd, 3rd

and 5th measured harmonics are close to the theoretical
predictions up to 800 Hz while the amplitude of the 4th

one is underestimated. The results obtained here, although
imperfect, are considered to be of reasonable quality and
will be used later on to assess the effect of loudspeaker
non-linearities in the context of sound zones.
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Table 1. Loudspeaker parameters
Parameter Value Unit

Re 4.15 Ω

Le 0.091 mH
Mms 0.48 g
Cmc 1.76 mm.N−1

Rms 0.193 kg.s−1

Bl 1.3 N.A−1

Sd 11 cm2

fc 171.8 Hz

Figure 3. Pressure level radiated in the near field
of a Tectonic loudspeaker: measurement (solid lines)
and state-space model (dashed lines) of the higher
harmonics frequency responses.

3. SOUND ZONE THEORY

The problem of interest consists in radiating an audio sig-
nal in a so-called bright zone while minimising it in a
so-called dark zone by using an array of L loudspeak-
ers. Each zone is sample by M microphone positions.
The transfer function between a given loudspeaker l (with
l ∈ [1, L]) and a given microphone m (with m ∈ [1,M ])
is denoted Gb,d(m, l), b and d respectively standing for
bright and dark. Fig. 4 is showing the problem geometry.
To ease the calculation, a matrix formalism is used here.
Loudspeakers are then driven with voltage

u = [1, · · · , uL]
T . (9)

Pressure in the bright and dark zones are respectively de-
noted

pb = [pb(1), · · · , pb(M)]T , (10)
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Figure 4. Geometry of interest.

and
pd = [pd(1), · · · , pd(M)]T . (11)

They can be computed using the following equation

pb = Gbu and pd = Gdu, (12)

where matrices Gb and Gd are given by

Gb,d =

 Gb,d(1, 1) · · · Gb,d(1, N)
... Gb,d(m, l)

...
Gb,d(M, 1) · · · Gb,d(M,L)

 .

(13)

Several algorithms have been proposed to calculated the
input signals uf that allows to meet the users’ constraints.
Here we have chosen to use the Weighted Pressure Match-
ing (WPM) algorithm [4] which consists, in the following
form, in minimising the following Lagrangian

L = (1−κ)(pb − pt)
H
(pb − pt)+κpd

Hpd +λuHu,
(14)

where 0 < κ < 1 is a parameter that allows to achieve
a trade-off between the contrast and the reproduction er-
ror in the bright zone and λ is a regularization parameter
that allows to control the speaker maximum input energy.
The solution allows to radiate a pressure field in the bright
zone close to the target pt while minimizing the acoustic
potential energy in the dark zone and the input signal en-
ergy. By differentiating the Lagrangian L with respect to
the input voltage u, we get

u = [(1−κ)Gb
HGb+κGd

HGd+λI]−1(1−κ)Gb
Hpt.
(15)

The performances of the WPM algorithm are evaluated
using the following metrics:
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• The contrast AC between the mean potential en-
ergy in the bright and dark zones is calculated us-
ing

AC = 10 log10

(
Pb

HPb

Pd
HPd

)
. (16)

• The normalized mean square error E between the
pressure in the bright zone pb and the target pres-
sure pt is computed with

E =
(pt − pb)

H(pt − pb)

pt
Hpt

. (17)

These two metrics will be used hereafter to assess the ef-
fects of the speaker non-linearities on PSZ.

4. NUMERICAL SIMULATIONS

The WPM algorithm is now tested on a simplified
automotive scenario. Two seats whose headrest are
equipped with 4 loudspeakers are simulated (see Fig. 5).
The source positions located on the x axis at xsd =
[0.58, 0.505, 0.225, 0.15] for the DZ seat and xsb = −xsd

for the bright zone seat. The bright and dark zones areas
are sampled by two regular grids of 3 by 3 microphones
separated by ∆x = 2 cm and ∆y = 5 cm. The mi-
crophones marked with a black dot in Fig. 5 are located
at (−23.5,−1) cm and (−45.5,−1) cm for the BZ and
at (23.5,−1) cm and (45.5,−1) cm for the DZ. Please
note that we consider here a free-field configuration: the
diffraction on the seats and on the heads are not taken into
account. The radiation of the sound sources is modelled
using a point source approximation. The speaker volume
velocities are calculated using the state space model pre-
sented in Sec. 2. Note that eight different loudspeakers
were measured by the Klippel system in order to obtain
8 different sets of non-linear parameters and to more ac-
curately represent the parameter variation that can exist
between units in real life. The target pressure pt is calcu-
lated by driving the two inner speakers of the bright zone
seat with the same signal (mono configuration). For all
simulations, κ = 0.9 and λ = 10−6.
The contrast AC is plotted in Fig. 6 for several methods.

The blue and orange curves are respectively computed
with a Linear Parameter Model (LPM) using a Laplace
filter and a linear state space representation (the effect of
the reluctance force is removed and parameters Bl, Cmc,
Le are kept constant). One can see that the two curves
are superimposed, which validates the coupling of the PM
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Figure 5. Simulation setup: a two car seat configu-
ration with headrests equipped with four electrody-
namic drivers.

algorithm with the state-space model. The AC exhibits a
plateau value around 42 dB at low frequencies, then in-
creases to a maximum value of 51 dB before decreasing
to 33 dB around 1.2 kHz then increasing again.
Then, the non linear state space model is computed for
several input levels of the swept sine signal (from 0.1 to
4 V). It can be seen that for an input voltage of 0.1 V, the
linear and non-linear curves are not identical. Indeed, the
linear parameters of the loudspeaker have been measured
with the linear modulus of the Klippel system which as-
sumes a linear behaviour of the loudspeaker, and thus rep-
resents a kind of average of these parameters. On the other
hand, the non-linear parameters are measured for different
input levels and are not necessarily optimal at low lev-
els. It is therefore not surprising to obtain slightly dif-
ferent curves. As the input voltage is increased, the con-
trast drops for frequencies below 180 Hz, This decrease
reaches 10 dB for an input level of 4 V. Between 180 Hz
and about 500 Hz, strong oscillations of the contrast due
to the non-linearities of the system can be observed.

In order to identify which parameters generate the
most non-linearities, a parametric study was carried out.
Thus all parameters depending on x are kept constant ex-
cept one which uses the dependence measured in Section
2. The results are shown in Figure 7. First of all, it
can be seen that the non-linearities due to the inductance
have practically no effect on the frequency band consid-
ered. Indeed, the effect of the inductive reactance is neg-
ligible at low and medium frequencies compared to the
value of the coil resistance. The curves also show that the
non-linearities of the Bl factor or the suspension are quite
close, the latter being however predominant from an exci-
tation voltage of 2 V between 70 and 150 Hz. This can be
explained by the fact that the displacement of the moving
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Figure 6. Contrast for different simulations: Linear
Parameter Model (blue), linear state space model (or-
ange), non-linear state space model for several input
voltages (other colors).

Figure 7. Parametric study highlighting the effect of
Bl, Cmc and Le on the contrast for four input levels
(1 to 4 V).

part of the loudspeaker is maximum below the resonant
frequency fc where the restoring force of the suspensions
is directly proportional to the diaphragm excursion.

Fig. 8 represents the normalised mean square error
E computed with the linear state-space model for sev-
eral sampling frequencies. It can be seen that for a sam-
pling rate of 48 kHz, the discretization error is com-
pletely masking the error due to the PZS algorithm and
which is why higher sampling rates are also tested. As
the sampling rate is increased, the error obtained with
the state-space model approaches that of the LPM sim-
ulation. An acceptable agreement between the results of
the state space model and LPM is obtained for a sampling
frequency of 1.536 MHz, the non-linear simulation was
then run for different input levels using this sampling rate

Figure 8. Normalized mean square error in the bright
zones for different simulations: Linear Parameter
Model (blue), linear state space model at different
sampling rate (other colors)

value (see Fig. 9). At low frequencies, as the input volt-
age is increased, the error increases further from a plateau
of about 2.10−5 to about 0.07. As already observed for
the AC contrast, the error shows strong oscillations above
200 Hz. The effects of the loudspeaker non-linearities are
visible up to about 1 kHz, beyond which value all curves
almost merge.

5. MEASUREMENTS

Please note that these results were obtained under ideal
conditions, i.e. without noise and with transfer functions
calculated at the same positions. In general, to avoid what
is known as inverse crime, the metrics are calculated at
microphone positions slightly different from those used
to calculate the filter, or with noise added. Here, the au-
thors chose to assess the significance of the theoretical
results by carrying out the following preliminary experi-
ment. Two prototypes of headrests have been constructed,
each incorporating four Tectonic TEBM35C10-4 speakers
reproducing the configuration illustrated in Fig. 5. The
microphoen grids used for the BZ and DZ remains con-
sistent with that employed in the numerical simulation.
Notably, the two Tectonic drivers situated in the center
of the driver’s headrest are positioned 5 cm lower than
the line connecting the other six Tectonic drivers. Sub-
sequently, the headrests are affixed to the front seats of
two cars, alongside two artificial heads. The entire sys-
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Figure 9. Normalized mean square error in the bright
zones for different simulations: Linear Parameter
Model (blue), linear state space model (orange), non-
linear state space model for several input voltages
(other colors)

tem is then installed within a semi-anechoic chamber (see
Fig. 10). The filters were designed with transfer functions
measured using a swept sinusoidal signal with a maxi-
mum amplitude of 1 V, while the contrast was evaluated
with swept sinusoidal signals of 1, 2, 3 and 4 V. Results
are shown in Fig. 11. The blue line represents the sim-
ulated contrast obtained under free-field conditions with
monopolar sources. It follows the general trend observed
with the measured data, with a few differences that may
be due to noise, diffraction on speakers or dummy heads,
or even speaker directivity. When we compare the curves
obtained for the different excitation levels, we notice that
the greatest differences are observed around the resonance
frequency of the loudspeaker mounted on its closed load
(between 100 and 200 Hz) where the contrast decreases as
the input level increases. There are also fairly strong oscil-
lations on the curves obtained with a 4 V signal. These re-
sults reproduce part of those obtained with the state-space
model. However, a significant difference is observed be-
low 100 Hz, where the expected drop in contrast with the
input level is not found. This frequency band corresponds
to a zone where the loudspeaker is no longer very effec-
tive, so it could be that the drop in contrast is masked by
the increase in SNR when using the highest input levels.

6. CONCLUSION

In this paper, a state-space model has been used to predict
the non-linear behaviour of electrodynamic speakers. This
model was then tested on two-inch Tectonic drivers and

Figure 10. Experimental set-up.

Figure 11. Comparison of the measured acoustic
contrast with different input levels.
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showed sufficient performance to be used in a personal
sound zone scenario based on the WPM algorithm. The
effect of the loudspeaker non-linearities was then assessed
on the WPM results. The metrics considered (contrast AC
and error E) were found to be significantly downgraded at
low frequencies (up to 180 Hz for AC and 700 Hz for E),
thus showing a substantial effect of the loudspeakers’ non-
linearities around their resonance frequency at high input
levels.
Preliminary experimental results have been reported
showing that some trends predicted with the state place
model also occur in he experiment, but at a lower extent.
However, further refined tests are still required to differ-
entiate the impact of nonlinearities from those resulting
from the signal-to-noise ratio.
In terms of future tasks, there are several avenues for
enhancing the state space model, such as incorporating
thermal effects. Another interesting direction would in-
volve employing perceptual tests to establish acceptable
thresholds for error and contrast degradation. This would
enable optimal loudspeaker dimensioning based on the
intended application. Additionally, leveraging the state
space model during the filter design phase could yield
more resilient filters. Investigating this aspect further
holds promise for future research.
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