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ABSTRACT

Far-field directivity measurements require sampling the
sound field over a sphere. A high angular resolution is
usually attained either by sequentially scanning the sphere
rotating an half-circle antenna of microphone, or by plac-
ing a high number of microphones to cover the full sphere
at once. The first method assumes repeatability of the
source under study. This is not applicable to most natu-
ral sources, e.g. the human voice. The second approach
requires a high number of microphones located on the
surface of a sphere. Low cost Mems microphones allow
to design microphone arrays with a large number of el-
ements. However, it is cumbersome to precisely place
these sensors on a sphere. The method proposed in this
study allows to estimate far-field directivity from pressure
measurements performed on a non-spherical surface, via
a spherical wave propagation model. The robustness of
the proposed method to experimental uncertainties (mea-
surement noise and uncertainty on microphones location)
is tested numerically using simulated sound fields. Ar-
ray design guidelines are proposed after comparison of
the quality of reconstruction for different array geometries
and numbers of microphones.
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1. INTRODUCTION

The far-field directivity of a sound source [1] describes the
angular dependency of the source’s far-field radiation. Di-
rectivity is valuable when analyzing the radiation of com-
plex sound sources [2-9]. This quantity is also fundamen-
tal to incorporate sound sources in virtual audio environ-
ments [10]. In order to understand or reproduce accurately
the radiated fields, 3 dimensional data with high frequency
and spatial resolution are desirable.

Measuring directivities is not a trivial task. In case
of measurements on controllable sources such as electro-
acoustic devices, a few microphones can be used and the
source can be rotated around an axis [11]. In [5], Flana-
gan performed measurements on a manikin to mimic the
diffractive role of the human body. In [12], Leishman et
al. proposed to apply this framework to human subjects,
averaging directivities across subjects and phonemes to
compensate for the violation of the source repeatability
hypothesis. Given the significant role of body scatter-
ing on speech directivity above 1 kHz [8], physionomy
impacts directivity. This prohibits averaging across sub-
jects. Moreover, Refs [9] and [3] demonstrated that hu-
man speech directivity is strongly phoneme-dependent.
Measurements of human speech directivity thus have to
be performed at once. Most studies of human voice di-
rectivity [3, 6,7] involved 2D measurements on an arc of
microphones in the horizontal plane, sometimes on two
arcs in the horizontal and sagittal planes. These valuable
studies resulted in useful data in the context of radiated
field analysis, even though the data are still frequency av-
eraged, sometimes phoneme-averaged.
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For more insight on human voice radiation, and in
order to incorporate human voice in auralization frame-
works, 3D directivity data is needed. However, con-
ventional measurement sensors are expensive and bulky,
which prohibits their use to build dense arrays of micro-
phones. Ahrens and Bilbao [13] proposed to interpolate
3D directivities from data acquired on two perpendicu-
lar arcs of microphones. Refs [14, 15] propose to use in-
terpolation methods to augment sparse measurement data.
In [16], Ackermann et al. found that interpolation meth-
ods were more robust than the spherical harmonic decom-
position in this same context. However, this last study
was performed in the context of excessively sparse mea-
surement data.

Thanks to the development of Mems microphones,
it is now possible to design dense arrays of trustworthy
sound pressure sensors. However, placing uniformly these
sensors on an open sphere is cumbersome. In this work,
we propose to place the sensors on an arbitrary mea-
surement surface that surrounds the source, and to use a
spherical wave propagation model in order to estimate the
source directivity. The method is presented in Sec. 2. In
Sec. 3, the performance of the method is assessed for a va-
riety of array parameters and experimental uncertainties.
Sec. 4 draws some recommendations on array designs that
will lead to best efficiency of the proposed method.

2. METHOD

The technique presented in this work aims at estimating
a far-field directivity based on measurements on a surface
of arbitrary geometry. Subsection 2.1 reminds some theo-
retical background on spherical wave decomposition, sub-
section 2.2 draws a framework to estimate far-field direc-
tivities from measurements on far-field arrays of arbitrary
geometries, and subsection 2.3 proposes a far-field crite-
rion to choose a truncation order for the spherical wave
decomposition.

2.1 Theoretical background
2.1.1 Spherical wave decomposition
The pressure field p due to a sound source centered at the

origin of a spherical coordinate system can be expanded
in the spherical wave basis [17, 18] as follows

+o0 n
P 0,6,k) =Y D cmn(R)RD (kr)Y,7 (6, 6),

n=0m=—n
()

where (7, 6, ¢) are the spherical coordinates of the obser-
vation point and k is the wavenumber. Y,"*(6, ¢) are the
so-called spherical harmonics. hslz )(kr) are the spheri-
cal Hankel functions of the second kind. With the e/«
convention, they describe the radial dependency of a field
which diverges from the center of the coordinate system.
The ¢nn (k) are the coefficients of the pressure spherical
wave decomposition.

2.1.2 Far-field directivity

In the far-field, as will be shown in subsection 2.3, the
spherical Hankel functions follow a simple asymptote.
For kr >> 1, this allows to write [11]

e-—jkr
p(r,0,6,k) ~ Doo(0,6) ——.
0o (0,0) = 3020 S om oy Cnn (K)F"HY,(0, 9),

)
where D, (0, ¢) is the far-field directivity function. This
function describes the angular dependency of the sound
pressure in the far-field. An example of directivity func-
tion is depicted in Figure 2. The method proposed in this
work consists in estimating D, from pressure measure-
ments on an arbitrary surface. A similar method is de-
scribed by Wu in [19]. However, the primary application
of this method is near-field acoustical holography, even
though prediction of radiated pressure fields is mentioned.
In [11], Bellows and Leishman fit a spherical wave ex-
pansion to near-field measurements in order to estimate
far-field directivities of loudspeakers. In this work, we
propose to sample the pressure field in the far-field. This
allows to truncate the spherical wave expansion at a lower
order, as highlighted in subsection 2.3.

2.2 Estimation of the far-field directivity
2.2.1 Estimation of the spherical wave coefficients

In practice, the pressure field can be observed at a dis-
crete set of () microphone positions (r,, 6, ¢,) placed on
a surface that encloses the source, such as the ones shown
in Figure 3. The measurements at a given frequency can
then be compiled in a vector of frequency-domain mea-
sured pressures p. Expanding these measured pressures
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as in (1) and flattening the spherical wave orders n and
degree m according to the Ambisonic Channel Number
sequence [20] allows to write the following linear system
of equations

p = Hc
H = [l (kry) Y, (g, 0‘1"/511)] 3
¢ = [cmn (k)]

For numerical purpose, the expansion is truncated at order
N, which will be discussed in Sec. 2.3. Equation (3) has
Q lines and (N + 1)? columns. We work in the over-
determined case where Q > (N + 1)

The spherical wave coefficients can eventually be es-
timated in a #5-regularized least-squares fashion [21]

¢ = (H"H + A1) H"p, )

where I is the (N +1)2 x (N + 1)? identity matrix and A
is a regularization coefficient (chosen ad-hoc and fixed in
this work).

2.2.2 Computation of the far-field directivity

Once the spherical wave coefficients have been estimated,
an estimate of the far-field directivity function can be com-
puted on any angular grid (6}, ¢;) using a truncated ver-
sion of equation (2)

N n
DEOL) = Y bmn(R)Y O ). (5)

n=0m=—n

2.3 Choice of a truncation order

In the literature [11, 22], spherical waves and spherical
harmonics expansions are generally truncated at an order
related to the largest kr of study, N ~ (k7);qz. This
criterion is appropriate when performing near-field mea-
surements. In the near-field, higher order spherical Han-
kel functions have a stronger amplitude than lower orders,
see Figure 1 for kr < 1. High order spherical waves are
thus preponderant and need to be modelled. In the far-
field, also called active field, high order Hankel functions
have significantly decayed, see Figure 1 when kr > 1.
In the far-field, the spatial variations of the field are thus
smoother, and lower truncation orders are needed to model
the measurements.
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Figure 1: Behavior of the three first Hankel func-
tions magnitude and illustration of the far-field trun-
cation order criterion. In the far-field, Hankel func-
tions decay in 1/(kr). The activation values (kr),flf,
computed via (8) with = 3 are represented as
crosses. Above these values of kr, the corresponding
Hankel functions are close enough to their far-field
asymptotes, and can be assumed to significantly con-
tribute to the far-field.

The absolute value of spherical Hankel functions
presents the following near and far-field asymptotes [17]

1 (2n)!
, (CCRET I
WD |(kr > 1) ~ e

WD |(kr < 1) ~

These asymptotical forms explain the behavior observed
in Figure 1 and described in the first paragraph. Ata given
order n, the near and far-field asymptotes cross at a par-
ticular value of kr

(1/m)
(k)G = ( (2")!) )

2nn!
We choose to define a cut-on value of kr above which
spherical waves of order n contribute to the far-field as

(kr)y = n(kr)s, (8)

where 7 is a safety coefficient. Spherical waves of order
n contribute to the far-field only if kr > (kr). If mea-
surements were performed at radii higher than r;,, for a
given order n, there exists a minimum frequency
o\ fT
ff (kr)n

g in 9
" (027rrmin ©)
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above which the spherical waves of order n will contribute
to the measuremed pressure. In other words, a given order
n needs to be activated in the spherical wave model (equa-
tion (3)) only for frequencies above fT. Note that (kr)¢
increases with n, as can be read from equation (7). As
a result, (k)T and the activation frequency fT increases
with the order n (see Figurel). At a given frequency f,
only orders n for which fT > f need to be activated,
which provides the truncation criterion.

3. NUMERICAL VALIDATION

Numerical simulations were performed in order to test the
method described in Sec. 2. The framework and parame-
ters of the simulations are presented Sec. 3.1. The results
of the simulations are exposed Sec. 3.2.

3.1 Framework
3.1.1 Source under study

In the simulations, a spherical cap source model was used
to test the method. This model is described Figure 2. A
sphere radius of 8.5 cm and an aperture radius of 2 cm was
used. An axis-symmetrical Boundary Element Method
(BEM) model of this source was built using the open
source software OpenBEM [23] on a frequency range of
approximately [70,7000] Hz. Note that the fields radi-
ated by the spherical cap could have been computed with
an analytical model based on a spherical wave expan-
sion [1,17]. The choice of BEM synthesis over the an-
alytical solution, despite its higher numerical burden, was
motivated by the consideration of using different methods
for synthesis and analysis of the acoustic fields. More-
over, the BEM tool will also allow to study more complex
sources in future studies. A convergence study comparing
the BEM results with the analytical model of the spheri-
cal cap showed that 10 elements per shortest wavelengths
were sufficient to discretize the source surface. The source
model was used to compute both the pressure measure-
ments p and a vector D™ of far-field directivity function
values sampled on a reference angular grid, see Figure 3.

3.1.2 Variable parameters

The performance of the method was assessed for differ-
ent array configurations. The geometries under test are
shown Figure 3. Several array extents and number of sen-
sors were used in the simulations.

Pressure measurements were contaminated with a
Gaussian additive noise such that the L2-averaged signal-
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Figure 2: Left : Illustration of the spherical cap
model. The blue part of the sphere remains still,
while the orange part vibrates uniformly. A spher-
ical harmonic based analytical representation of this
source is available, see e.g. [1, 17]. Moreover, this
simple source has been proposed to model speech di-
rectivity, e.g. in [5]. Right : the far-field directivity
magnitude of a spherical cap of sphere radius 8.5 cm
and aperture 2 cm, at 2kHz, represented as a balloon
plot. The radius of the balloon plot gives the magni-
tude of the far-field directivity, in dB - ref. max.

Figure 3: Array geometries used in the experiments.
Top left : reference angular grid (spherical geome-
try, equal-angle distribution with 51 elevation points
and 103 azimutal points). Top right : spherical array
(minimum energy point distribution, see [24]), Bot-
tom left : cylindrical array. Bottom right : cuboid
array. The source was radiating in the vertical direc-
tion.
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Table 1: Activation frequencies used to define the
truncation order according to equation (9). The val-
ues are shown for a 1.5m radius array. For a 0.5m
radius array, they should be multiplied by 3 (cf. equa-
tion (9)). A preliminary study showed that using
truncation orders higher than 12 does not improve the
accuracy of the method for this source. This gave a
maximal truncation order.

Ordern | fT(Hz)
0
82
142
202
262
322
383
443
503
563
623
684
744

CEoexNoOAs W RO

12

to-noise ratio on the array was 30 dB SNR. Uncer-
tainty in the sensor locations was introduced by dis-
turbing the Cartesian sensor locations (zg,¥q,24) =
(rq cos(pq) sin(fy), ry sin(¢g) sin(fy,), 74 cos(f,)) in the
model matrix H of equation (3) with a Gaussian additive
noise such that the L2-averaged position error on the array
was 5 millimeters.

3.1.3 Performance metric

For each set of array and experimental parameters, 100
Monte-Carlo experiments were run. For each run, the
spherical wave coefficients are estimated using equation
(4). An ad-hoc regularization parameter A = 10~ was
chosen prior to the Monte-Carlo runs. To allow for com-
parison of performance between different array parame-
ters, this same regularization level was used for all param-
eters and frequencies. The frequency dependent trunca-
tion order was chosen using the far-field criterion defined
in Sec. 2, see Table 1. A vector D! of estimates of the
directivity function values on the reference angular grid
was then computed using equation (5).

The relative L2-averaged error on the reference spher-
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ical grid was computed

(D5 - D),
||2DE |2

where €2 is a diagonal matrix of the square-root of weights
corresponding to a 0-th order integration on the reference
equal-angle grid. The average and standard deviation of
the relative error /2 were computed over the Monte-Carlo
runs.

(10)

»

3.2 Results
3.2.1 Influence of experimental uncertainties

Figure 4 shows typical error curves for fixed array parame-
ters. Without microphones location uncertainty (light blue
curve), the spatially averaged L2-error is kept below 12%
on the whole frequency range, excluding three error peaks
around 300, 650 and 1000 Hz. Less pronounced peaks are
visible on this same curve at higher frequencies. These
peaks are likely due to a ill-conditioned matrix H in equa-
tion (3). With microphone location uncertainty (dark blue
curve), the behavior of the error curve is the same as with-
out location uncertainty below 600 Hz : the error is kept
fairly low, with two isolated peaks at 300 and 650 Hz.
From 600 Hz on the same curve, the error starts to increase
with frequency, as the mean position uncertainty (5 mm)
becomes more and more comparable to the acoustic wave-
length. The mean directivity estimation error grows from
about 20% at 1 kHz to 60% at 7 kHz on the dark curve
(obtained with microphone location uncertainty). In this
frequency range, the microphone location uncertainty is
the most significant source of error, dominating the sensor
noise contribution and the peaks due to ill-conditioning
seen on the lighter curve. Additionally, the error deviation
with microphone location uncertainty grows from around
+3% at 600 Hz to around +25% at 7 kHz, while it was
kept below 1% without microphone location uncertainty.

3.2.2 Influence of the array parameters

Figure 5a shows the evolution of the directivity estima-
tion error for two different array extents. Below 900 Hz,
the errors obtained with the two arrays are comparable,
the smaller array (light curve) being slightly more effi-
cient than the larger one (dark curve). Between 900 Hz
and 2 kHz, the discrepancies are more noticeable, but not
critical (around 5% higher error for the larger one). Above
2 kHz, the smaller array leads to higher average error than
the larger one. Above 2-3 kHz, the uncertainty in perfor-
mance is also critically higher for the smaller array. The
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Figure 4: Evolution with frequency of the error de-
fined in equation (10), averaged across 100 realiza-
tions. Measurements with around 256 microphones
uniformly distributed on the surface of a cube of half-
extent 1.5 m. Measurement noise (30 dB SNR) in-
cluded. Dark blue : 5 mm uncertainty in the micro-
phones location. Light blue : no geometrical uncer-
tainty. Standard deviations are represented as trans-
parent zones.

poorer performance of smaller arrays at higher frequen-
cies can be explained by higher spherical wave truncation
orders being needed for a smaller array.

Figure 5b shows the evolution in performance of the
method for 256 and 1024 microphones. Below 800 Hz,
increasing the number of sensors does not seem to im-
prove the results. However, with 1024 sensors (dark
curve), the high frequency increase in error mentioned
3.2.1 starts only around 2 kHz, while it starts around 1
kHz with 256 sensors (light curve). From 1.5 kHz, using
1024 sensors allows to significantly reduce the average er-
ror. In this same frequency range, the error uncertainty
is also reduced using more microphones. This shows that
over-determination in (3) increases the performance of the
method.

At last, Figure 5c shows the evolution of the error for
different array shapes. Below 2 kHz, the three geometries
have similar performance, although the cuboid geometry
(yellow curve) presents higher error peaks than the cylin-
drical (light blue) and spherical (dark blue) ones. Remind
that these peaks might be due to ill-conditioning of the
inverse problem (3). It is very likely that increasing the
regularization strength at the peak frequencies will attenu-
ate the error peaks. Above 2 kHz, the spherical geometry
(dark blue curve) leads to the lowest average error. The
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cylindrical (light blue) and cuboid (yellow) geometries
give very similar average errors in this frequency range.
The three geometries lead to similar levels of uncertainty
in the estimated directivity, with slightly lower ones for
the spherical geometry, and slightly higher uncertainties
for the cuboid one at higher frequencies.

4. CONCLUSIONS

In this work, a method for estimating the far-field direc-
tivity of a sound source from measurements on a non-
spherical array is proposed. The method applies to far-
field measurements, which allows to define a more con-
venient truncation order than the high truncation orders
needed when processing near-field measurements.

Monte-Carlo simulations were performed in order to
quantify the robustness of the method to experimental
conditions. The main source of error and discrepancy was
shown to be the uncertainty in sensor location. This source
of error is unavoidable when working with large micro-
phone arrays. In practice, some methods exist to recover
the sensors location from acoustic measurements [25-27].
They lead to levels of uncertainties in the order of magni-
tude as the ones used in this work.

An analysis of the efficiency of the method was per-
formed, for varying array parameters. It was shown that
a large number of sensors leads to lower errors and more
stable performance. These results underlined that over-
determination of the inverse problem (3) is key to in-
crease the robustness of the method to experimental un-
certainties. Moreover, it was highlighted that perform-
ing far-field measurements allows to minimize the number
of spherical wave coefficients to be retrieved, which in-
creases the over-determination of this same inverse prob-
lem. This leads to better performance for larger arrays
than for smaller ones.

The spherical array design was found to be the op-
timal one. However, crafting an uniformly distributed
spherical array compounded of hundreds of microphones
is infeasible in practice. It is noticeable that the cuboid
and cylindrical arrays lead to very similar performance in
presence of experimental uncertainties. Note that in [11],
Bellows and Leishman observe that arrays of most spher-
ical geomeltries have best performance in the context of
near-field measurements, and find that a cylindrical ge-
ometry behaves better than a cuboid one. However, they
don’t include any experimental uncertainties in their sim-
ulations.
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(b) Influence of the number of sensors. Fixed geometry
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(c) Influence of the geometry. Fixed half-extent (1.5m)
and number of sensors (around 1024).

Figure 5: Evolution with frequency of the error de-
fined in equation (10), averaged across 100 realiza-
tions. Measurement noise (30 dB SNR) and micro-
phone position uncertainty (5 mm standard devia-
tion) were included in the simulations.
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