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ABSTRACT

Many acoustical porous materials are now heterogeneous.
The heterogeneities arise due to recycling processes or
are designed to add non-conventional phenomena (double
porosity, multiple-scattering, Bragg interferences etc.).
These materials are often called metamaterials.
Detailed Finite Element Models (FEM) of such materi-
als prove prohibitively expensive, especially when embed-
ded in large models like aircrafts. While heterogeneous
analytical methods do exist only for specific or particu-
lar cases, a more robust generalization is derived by gen-
erating a condensed transfer matrix (TMM) from a sin-
gle cell FEM computation. The coupled TMM-FEM ap-
proach is further improved by exploiting periodicity. This
condensed- TMM is useful but dependent on the incident
angle, that is, it must be recomputed for each incidence.
The present work couples the condensed-TMM with a nu-
merical characterization of equivalent intrinsic parame-
ters. These intrinsic parameters allow the heterogeneous
material to be treated as a single layer in more complex
structures and excitations like the diffuse field excitation.
The performance of the method, along with relevant ex-
amples will be discussed using an in-house code.
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1. INTRODUCTION

Augmenting acoustical properties of sound barriers, es-
pecially absorption at low-frequencies, poses a research
challenge to the Noise and Vibration Hardness commu-
nity. State of the art solutions, such as multilayer sys-
tems or meta-materials are specifically developed to ad-
dress these issues. Simulation techniques are necessary to
achieve optimal design configurations for these solutions.

Contemporary methods such as the Finite Element
Method (FEM) while robust, prove too expensive for de-
tailed models and high-frequency applications. Analyti-
cal homogenization methods are used to take into account
these heterogeneities [1] or non-conventional phenomena
that are summarized in [2]. Nevertheless, the condensed
TMM-FEM [3] harnesses the merits and drawbacks of
both approaches to create a versatile and efficient tech-
nique to improve the accuracy of acoustical simulations of
heterogeneous domains. However, the condensed TMM
still needs to be recomputed for each angle of incidence -
thereby proving expensive in diffuse field studies.

In this work, the authors use a numerical characteri-
zation approach, similar to an experimental technique [4],
to estimate equivalent intrinsic parameters like dynamic
mass density and bulk modulus from the condensed TMM
for a single angle of incidence. These parameters are in-
dependent of the incident angle and are further exploited
in simulating the acoustical response for other angles of
incidence and diffuse field computations.

The paper is structured as follows: in Section 2, FE
matrices are condensed to their TMM counterparts; fol-
lowed by numerical extraction of intrinsic data. An exam-
ple is considered in Section 3. Conclusions, limitations
and future work are summarized in Section 4.
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2. METHODOLOGY

A periodic structure comprising repeating cells is sub-
jected to plane-wave excitation at oblique and azimuthal
angles of incidence θ, α, respectively, in Fig. 1. The FE
model for each unit cell as shown in Fig. 2 in the harmonic
regime with excitation frequency ω is

Figure 1: Procedural schematic for condensing FE
matrices into TM matrices for a periodic heteroge-
neous structure.

D(ω)q = b (1)

where matrix system is collected in the dynamic stiffness
matrix D(ω). The terms q and b represent the degrees of
freedom and external load vector, respectively. This ac-
commodates heterogeneous morphologies in the unit cell
and admits solid and fluid interfaces.

Bloch’s theorem is now applied to impose periodicity
across the lateral boundaries

D′(ω, θ, α)q′ = b′, (2)

where D′(ω, θ, α), q′ and b′ are reduced-dimensional
components of their original counterparts.

Figure 2: A periodic unit cell with labelling conven-
tions. The wave-propagation occurs in x− direction.

2.1 1-D energetic equivalence

Since the TMM is concerned with the states variables at
the interfaces of the layers, the reduced DOF and external
force vectors q′ and b′ are partitioned into incident (x−),
reception (x+) and internal (I) dofs. Noting that b′

I = 0,
the internal DOFs q′

I are eliminated to yield the Schur-
Complement condensation

[
D′

x−x− −D′
x−ID

′−1
II D′

Ix− D′
x−x+ −D′

x−ID
′−1
II D′

Ix+

D′
x+x− −D′

x+ID
′−1
II D′

Ix− D′
x+x+ −D′

x+ID
′−1
II D′

Ix+

]
︸ ︷︷ ︸

C′ {
q′
x−

q′
x+

}
=

{
b′
x−

b′
x+

}
.

(3)

where the DOFs on the incident face, q′
x− are expressed

in terms of the amplitude q̂x−

q′
x− = Lx− q̂x− , (4)

where Lx− collects the spatial distribution of the plane-

waves e
−j(kyyx

−
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+kzzx−

i
)

on the incident face. Using Eqs.
(3)-(4) and rearranging, one obtains{

q̂x−

b̂x−

}
= T′(ω, θ, α)

{
q̂x+

b̂x+

}
(5)

In the context of fluid and rigid-skeleton porous media,
T′ relates pressures and external forces. To obtain mean-
ingful acoustical indicators, e.g., Sound Absorption Coef-
ficient (SAC) and Sound Transmission Loss (STL), it is
more convenient to work with pressures p and normal ve-
locities vx. Consequently, further manipulation of T′ is
necessary.
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The requested state variable at an interface in such
cases is

V = [p, vx]
T (6)

where the normal velocity vx is

vx = ± b

jωρfLyLz
, (7)

with ρf denoting fluid density of external fluid and j2 =
−1. This relation between vx and b is exploited to obtain
the final transfer matrix{

p̂x−

v̂x−

}
= T(ω, θ, α)

{
p̂x+

v̂x+

}
(8)

with

T(ω, θ, α) =

[
1 0
0 1/(jωρfLyLz)

]
T′

[
1 0
0 −jωρfLyLz

]
(9)

Equivalent intrinsic parameters can now be obtained
from T by comparing with the standard form [5]

T̂(ω) =

[
cos(kx(ω)Lx) jω

ρeq(ω)
kx(ω) sin(kx(ω)Lx)

− kx(ω)
jωρeq(ω) sin(kx(ω)Lx) cos(kx(ω)Lx)

]
(10)

Assuming symmetry of the unit-cell and corresponding
transfer matrix, one obtains the wave-number in propa-
gation direction

kx(ω) =
1

Lx
acos(T11), (11)

where acos denotes the inverse-cosine operator and Tij is
the ith row, jth column entry in T̂(ω). The characteristic
wave-number keq(ω) is computed

keq(ω) =
√

k2x + k2y + k2z , (12)

where the lateral wave-numbers ky and kz are already
known

ky =
ω

c
sin(θ)cos(α), kz =

ω

c
sin(θ)sin(α). (13)

Next, the equivalent mass density ρeq is evaluated

ρeq(ω) =
kx
ω

√
T12

T21
. (14)

(a) A: unit cell
with single inclu-
sion

(b) B: unit cell
with array of 2×2
inclusions

(c) C: unit cell
with array of 3×3
inclusions

Figure 3: Three unit cell configurations considered
for numerical characterization.

The equivalent bulk modulus Keq(ω) can be obtained
from (keq(ω), ρeq(ω)) with the relation

keq(ω) = ω

√
ρeq(ω)

Keq(ω)
. (15)

The characteristic impedance Zeq(ω) can also be eval-
uated:

Zeq(ω) =
√

ρeq(ω)Keq(ω). (16)

This permits near instantaneous computations of SAC
and STL for plane-waves at other angles of incidence
and diffuse field excitations. This numerical characterisa-
tion approach stands in stark contrast to classical FE and
TMM techniques where stiffness and transfer matrices are
freshly re-evaluated for each angle of incidence with Eqs.
(10) and (13).

3. RESULTS AND DISCUSSION

A 20×20 mm unit cell repeating periodically in the y and
z directions is considered. Three configurations A, B and
C, with 1, 4 and 9 rigid-skeleton porous inclusions, re-
spectively, embedded within a rigid-porous host material
are studied, as shown in Fig. 3.

The size of all inclusions are determined such that the
total inclusion volume-fraction is 0.5. The influence of
the degree of heterogeneity on the method is quantified
by varying the resistivity contrast between the host and
inclusion materials. The macroscopic parameters used are
summarized in Table 1.

Configurations A, B and C are numerically character-
ized at incident angle θcarac = 45◦ with varying resistivity
contrasts as described in Table 1. The intrinsic parameters
ρeq and Keq obtained from this procedure are then used
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Table 1: JCA Macroscopic parameters for the host and inclusion rigid-skeleton porous materials.

Host Inclusion

I II III
σ

[N ·m · s−4]
8900 2× 104 2× 106 2× 107

ϕ 0.95
α∞ 1.42 1
λ [m] 100× 10−6

8.802× 10−6 8.802× 10−6 2.783× 10−6

λ′ [m] 360× 10−6

(I) σincl = 2× 104 N · s ·m−4 (II)
σincl = 2× 106 N · s · m−4

(III)
σincl = 2× 107 N · s · m−4

A

B

C

Table 2: SAC obtained for plane-wave excitation at normal incidence θsimul = 0◦ by intrinsic parameters
characterized from θcarac = 45◦.
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to simulate the SAC for a frequency range of [20 Hz, 10
kHz] at normal incidence, i.e., θsimul = 0◦. The results are
illustrated in Table 2.

In Table 2, the simulated curves in red at 0◦ exactly
coincide with the reference FE results in black for the case
with low resistivity contrast σincl = 2×104 N·s·m−4, i.e.,
A(I), B(I), C(I). The accuracy diminished with increase
in heterogeneity, e.g., in A(III), significant discrepancies
between the simulated and reference curves are observed
in between 5 and 8 kHz. The extremely high inclusion
resistivity is chosen to mimic an infinite rigid inclusion
and thereby demonstrate the limits of the characterization
approach.

Further, a decreasing trend in characterization ac-
curacy is observed with increasing inclusion size with
the same total volume fraction and resistivity, as seen in
A(III), B(III) and C(III), respectively, especially at high
frequencies. This is attributed to the ratio between high
frequency wavelengths and size of the inclusions under
consideration.

Table 2 is purely illustrative in nature and does not
offer anything significant by way of computational effi-
ciency. The primary interest in the TMM-FEM based nu-
merical characterization lies in its ability to drastically re-
duce computational run-times for diffuse field excitations
with compromising simulation accuracy. Using the same
characterized parameters in Table 2, i.e., for θcarac = 45◦,
the SAC obtained for such diffuse field excitation are pro-
vided in Table 3.

The differences between the reference and simulated
curves in the high permeability (III) for all three configu-
rations is much smaller in comparison to the single inci-
dent angle simulation in Table 2. This demonstrates the
method to be effective tool for diffuse field simulations,
even in highly heterogeneous unit cell configurations. The
associated computational run times of the numerical char-
acterization approach and its speed up relative to the full
FE simulation for diffuse field runs is provided in Table 4.

All run-times are averaged over three runs. The dif-
fuse field SAC is obtained by integrating over 32 angles
of incidence varying from 0◦ to 90◦. The total run-time of
the numerical characterization procedure accounts for the
FEM-TMM condensation and characterization procedure
for a single angle of incidence; and subsequent runs over
the 32 incident angles using the obtained intrinsic param-
eters. An appreciable speed-up of 36.7 over the full FE
approach is exhibited by our method.

4. CONCLUSIONS AND FUTURE STAKES

The TMM-FEM was used in this work to numerically
characterize heterogeneous periodic materials. The re-
sulting intrinsic parameters are used to formulate a trans-
fer matrix that is angle-of-incidence independent, thereby
greatly accelerating diffuse field simulations. The accu-
racy and efficiency of the method pertaining to heteroge-
neous inclusions is successfully demonstrated. The ac-
curacy is strongly dependent on the incident-angle chosen
for characterization, the degree of heterogeneity in the unit
cell and frequency bandwidth desired.

This condensation technique has two advantages. The
first one is to speedup the computation, especially when
considering large systems like aircrafts or automotives in-
cluding heterogeneous materials or meta-materials. The
second one is to analyze the intrinsic parameters to un-
derstand the overall effect of such heterogeneity or non-
conventional phenomena.

The example considered in this work is restricted to
fluids and symmetric configurations only. However, the
method is applicable to elastic and poro-elastic media as
well. Accommodating asymmetry through a third intrinsic
parameter, i.e., the coupling term χ [6] is a second gener-
alisation of the approach. Finally, incorporating higher-
order Bloch modes [7] to improve characterization and
simulation results at high frequencies is another proposed
improvement to the method.
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(I) σincl = 2× 104 N · s ·m−4 (II)
σincl = 2× 106 N · s · m−4

(III)
σincl = 2× 107 N · s · m−4

A

B

C

Table 3: SAC obtained by intrinsic parameters characterized from θcarac = 45◦; for diffuse-field excitation.

Table 4: Run-times for full FEM and FEM-TMM ap-
proach with numerical characterization for diffused-
field excitation with 32 incident angles.

Time

Full FEM 125 s
FEM-TMM 3.4 s
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