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ABSTRACT

This contribution presents the modelling of a phase-
gradient metamaterial for the surface treatment of the in-
ternal walls of a turbofan nacelle intake. The metamate-
rial is modelled through a metafluid, whose bulk modulus
and inertia tensor are determined by a simulation-based
numerical optimization, minimizing the acoustic emission
from the duct inlet. The flow and its interaction with both
the nacelle and lining are modelled in a simplified way us-
ing a potential flow over smooth surfaces. The parameters
of the metafluid are tailored to tackle the incident field ex-
pressed in terms of duct modes propagating from the fan
section for the blade passage frequency. Numerical results
show the encouraging capabilities of a phase-gradient de-
vice to change the directivity of the noise radiated by an
aeronautic turbofan nacelle, abating the propagation of a
duct mode linked to a relevant noise generation mecha-
nism.

Keywords: Metafluid, Metamaterial, Metasurfaces,
Aeroacoustics, Liners).

1. INTRODUCTION

An increasing interest is arising around the potential of
metamaterials in aeroacoustics during the last decade, as
indicated [1, 2] and shown in several dedicated works
aimed at the extension of existing acoustic models to han-
dle the presence of flow convection [3–7]. Recent studies
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on a particular class of metamaterials, identified as phase-
gradient metasurfaces (PGMSs) and devoted to sound re-
distribution rather than absorption, numerically demon-
strated the possibility to significantly change the noise
emission directivity of simple 2D rectangular ducts [8, 9].

This paper intends to numerically analyse the poten-
tial benefits of the PGMS metamaterial treatment class
in a simplified, realistic setting that includes the essen-
tial features seen in industrial applications. Specifically,
the PGMS metafluid model is here applied for the numer-
ical analysis of the effect of a PGMS-lining of the inlet
of a reference turbofan, which geometry is comparable
with the modern high-bypass ratio engines, aimed at the
reduction of fan noise in conditions comparable to take-
off operations of civil, commercial aircraft in terms of un-
perturbed Mach number. Numerical predictions are ob-
tained through Finite Element Method (FEM) simulations
solving for the velocity potential in an irrotational flow,
describing the acoustic source in terms of hard-walled an-
nular duct modes at the fan section. In addition, a numer-
ical analysis determines the modal content at the fan sec-
tion for the frequency of interest (the BPF) that propagates
through the nacelle inlet interacting with the metamaterial
lining.

A simulation-based optimization determines the
metafluid design, minimizing the acoustic pressure level
over an arc of receivers surrounding the nacelle inlet. To
describe a incident field representative of take-off oper-
ations, the modal components are defined on a statistical
basis with uniform random distributions of amplitudes and
phases, with the rotor-locked mode power level set to be
dominating over the multimodal content.

Eversman [10] showed that equivalent impedances of
linings attenuating tones at the BPF are characterized by
high resistance values, on the contrary, numerical simu-
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lations show that a PGMS lining has the potential to at-
tenuate the considered mode with a different mechanism,
since no dissipation is included in the model nor in the
metafluid.

2. THE PGMS EQUIVALENT METAFLUID

The physical mechanism on which PGMSs are based is
the introduction of a controlled phase delay ∆φ = φms −
φhw in the acoustic field transmitted or reflected from the
lined boundary compared to an acoustically transparent
or rigid boundary, respectively. For a reflective metasur-
face, this term is part of the generalized reflection law,
also called generalized Snell’s law for reflection (or sim-
ply GSL)

sin θr =
λ

2π

∂

∂ζ
∆φ(ζ, λ) + sin θi (1)

with λ the wavelength of the incident acoustic perturba-
tion, θi and θr the angles of the incident and reflected
fields. For periodic distributions of phase delays, an ad-
ditional term depending on the spatial period Γ should be
included, and in case of partitioning of the metasurface
in cells of width w a further one has to be considered, to
account for higher diffraction orders [11]:

sin θr =
λ

2π

∂

∂ζ
∆φ(ζ, λ)−mλ

Γ
−n λ

w
+sin θi m,n ∈ Z

(2)
In the directions where the delay presents a gradient, the
reflection angle of the acoustic field can be effectively
modified by the metasurface. The acoustic metabehaviour
typically pursued with a PGMS is hence a redistribution of
the acoustic energy, such as sound focusing, wave shape
conversion (e.g. spherical to planar and viceversa) or ex-
treme steering of acoustic reflection (up to the conversion
of a perturbation into a surface wave). Several different
designs have been developed for the elementary cells, with
complex shapes to achieve subwavelength thicknesses or
to maximise transmission/reflection efficiencies [12–16].
Focusing our attention on PGMS for reflection, all con-
cepts are based on creating paths of tailored lengths for
the incident wave, the simplest design for the single cell is
hence a straight channel such that the delay is defined by

∆φ(ζ, λ) = −4πh(ζ)

λ
(3)

An acoustic metafluid is a metamaterial that behaves
acoustically as a fluid due to the null shear modulus exhib-

ited by its structure. The propagation of an acoustic dis-
turbance within the most general metafluid is effectively
described by [17, 18]

−∂
2p

∂t2
+ c2ref K̂ ∇ ·

(
Q %̂−1 Q ∇p

)
= 0 (4)

where %ref, Kref, and cref =
√
Kref/%ref are the reference

density, bulk modulus, and speed of sound, respectively.
Q can be any symmetric tensor such that ∇ ·Q = 0, and
% = %̂%ref represents the anisotropic inertia of the mate-
rial, K = K̂Kref, and the Cauchy stress tensor for such a
material is given by σ = −pQ.

Following the Transformation Acoustics (TA) proce-
dure [17], an expression for the inertia tensor, bulk modu-
lus and Q such that a metafluid domain can mimic another
region can be obtained. The first step is to set a coordi-
nate transformation between the original domain Ω and
the metafluid ω, by means of a invertible mapping Ω→ ω
defined by ξ = χ(Ξ).

For the sake of simplicity, in the following the
problem is addressed under the hypothesis of inertial
metafluid, a special case of the more general class of meta-
continua which implies that Q = I. In this case, the
metafluid parameters are related to F by

K̂ = det F, %̂ = det(F)(VVT)−1 (5)

with F = VR as defined by the polar decomposition, and
its components are fij = ∂ξi/∂Ξj [17].

The present work analyzes the case of an axial sym-
metric geometry, in which one of the boundaries defin-
ing the revolution section includes a PGMS lining. In this
configuration, the device can be considered a semi-local
lining, as the channels are separated by septa in the ax-
ial direction but continuous along the circumference. A
coordinate transformation is set for each i-th ring/cell.

Considering two sets of cylindrical coordinates, ξ =
(r, α, z) and Ξ = (R,A,Z) in the undeformed and de-
formed domain, respectively, the transformation reads:

R− r0(z) =
hms
hi

(r − r0(z))

A = α

Z = z

(6)

indicating with r0(z) the inner radius of the lined wall,
which is, in general, a function of z, with hi the height of
the i-th undeformed ring and with hms the height of the
metafluid lining, i.e. of the deformed channels.
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The delay of Eq.(3) can then be expressed as a func-
tion of the bulk modulus of the equivalent metafluid for a
given coordinate transformation:

∆φi(λ) =
4πg1(Ki)

λ

Ki = g2 (R, hms, hi, r0(z))

(7)

It’s worth noting that modelling the metasurface as an
equivalent metafluid is efficient from a computational
point of view, allowing to optimize the design with no
need for updating geometry and mesh at each iteration.

3. NUMERICAL METHODS

The effect of the PGMS-equivalent metafluid is evaluated
with numerical simulations of the aeroacoustic propaga-
tion from a nacelle inlet, focusing on the reduction of the
noise radiated towards the ground during take-off opera-
tions.

The geometry of the inlet portion of the reference na-
celle is built using the Class Shape Transformation (CST)
method [19]. Figure 1 shows the main parameters defining
the inlet geometry, which values, selected to obtain a na-
celle representative of modern turbofans, are resumed in
Tab.1: the length of the inlet Ln, the maximum radius of
the cowling rmax, the fan section radius rf , the height hs
and length Ls of the spinner cone; the PGMS lining is de-
fined by the width wms and height hms of its rings, fixed
in the number of eight in this study, and by its position-
ing along the inlet wall zms. The other relevant design
parameters of the reference turbofan are defined in line
with modern propulsion units. The number of blades of
the fan disk is set nfb = 16, and its maximum rotational
speed ωf = 2355 rpm, hence the related BPFmax of the
reference fan is fBPF = 628Hz.

An arc of virtual receivers surrounding the cowl-
ing, centered on the fan section with radius rmic =
3.5m (2.06rf ) and extending from 20◦ to 120◦ (being 0◦

aligned with z-direction of Figure 1), is defined for the
evaluation of the lining effect on the radiated field. The
fluid around the nacelle is modelled as a barotropic invis-
cid and irrotational medium, with an unperturbed Mach
number Ma = 0.2 compatible with the take-off speed
of commercial aircraft. The background flow around the
surfaces v0 (local velocity vector) is evaluated with a
steady compressible potential solution, compatibly with

Figure 1: Sketch of the nacelle inlet geometry with
the metalining.

Table 1: Values of geometric parameters defining the
reference nacelle.

rf 1.7 m Ln 1.272 rf
rmax 1.252 rf wms 0.7/8 λBPF

hs 0.28 rf hms 0.1 m
Ls 1.5 hs zms 0.79 Ln

the above assumption. The propagation of acoustic per-
turbation under the mentioned hypotheses is ruled by the
following equation for the acoustic velocity potential ϕ

− ∂

∂t

[
%ref

c2ref

(
∂ϕ

∂t
+ v0 · ∇ϕ

)]
+∇ ·

[
%ref∇ϕ−

%ref

c2ref

v0

(
∂ϕ

∂t
+ v0 · ∇ϕ

)]
= 0.

(8)

The acoustic pressure is related to ϕ by the Bernoulli the-
orem

−p = %ref

(
∂ϕ

∂t
+ v0 · ∇ϕ

)
(9)

In the metafluid domain, occupied by the lining rings, the
solution for the acoustic pressure is held by Eq. (4), where
the inertia tensor and bulk modulus for each ring are de-
fined by Eq. (7). The rings are separated one to the other
by acoustically rigid septa imposing the normal derivative
of the acoustic velocity to be null on these internal bound-
aries, creating a semi-local lining which is non-local in the
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circular direction. The rigid wall condition is also consid-
ered for all the non-lined boundaries of the nacelle and
for the bottom of the metafluid rings. The boundary sep-
arating the outer and metafluid domains is considered to
be aerodynamically impenetrable yet acoustically trans-
parent. This simplifying assumption introduces a discon-
tinuity in the background flow field, and is intended to
model a covering with the described properties to avoid
detrimental aerodynamic interference with the metafluid
structure.

For the definition of the acoustic incident field,
the hard-walled annular duct modes Um,µ(r) =
Nm,µS(αm,µr) at the fan section are evaluated numeri-
cally. At the fan section the flow can be considered with
little approximation as uniform, such that the modal radial
and axial wave numbers satisfy α2

m,µ = (ω−Ma km,µ)2−
k2
m,µ, with β =

√
1−Ma2. The modal shapes are im-

posed at the fan section (that extends from hs to rf ) as
sound sources and propagated in the duct, with amplitudes
Nm,µ normalized such that [20]:∫ rf

hs

U2
m,µ(r)r dr = 1 (10)

Separate calculations of the acoustic radiation are needed
for each mode when evaluating the lining effect.

The aeroacoustic propagation problem stated above is
evaluated with a commercial FEM solver in the frequency
domain. The integrated weak formulations of Eqs.(4)
and (8) are implemented in their Fourier-transformed ver-
sion, along with the related boundary conditions com-
pleted with non reflecting conditions at the domain trun-
cation implemented as Perfectly Matched Layers (PML)
with polynomial coordinate stretching.

The acoustic pressures at the receivers’ arc from the
FEM simulations are used in an optimization process to
identify the metafluid parameters that minimize the noise
radiation. The incident field for the optimization consid-
ers the azimuthal mode m=16 at the BPF, associated in
the analyzed case with only one radial mode with ax-
ial wave number kz = 2.6826. The selected acoustic
mode is the rotor-locked mode for the BPF, that is of pri-
mary importance during the take-off maneuver up to the
cut-back, when the fan is rotating at its maximum speed
and shock structures appear near the supersonic tip speed
fan, dominating the forward-radiated fan acoustic spec-
trum [21–23]. In this work, the optimal metafluid is the
one that minimizes the merit function defined as the inte-

gral of the Sound Pressure Level over the receivers’ arc:

J(x,y) =

∫
Lmic

10 log10

(
p(x,y)2

p2
ref

)
dl (11)

A Particle Swarm Optimization (PSO) algorithm [24] is
used to search for the global minimum of the objective
function. The optimization variables are the equivalent
depths of the rings hims, which values are bounded to have
∆φi(λBPF ) varying in a range of 2π. The optimal solu-
tion is then analyzed using each of the cut-on modes as
incident field, and the results from simulations for each
mode are then combined, considering random amplitudes
and phases, in order to evaluate the overall lining effect at
the BPF:

pt(x, ω) =
∑
m

∑
µ(m)

δmm̂Âm,µp̂m,µ(x, ω)eiΦ̂m,µ

+ δmm̌Ǎm,µp̌m,µ(x, ω)eiΦ̌m,µ

(12)

where δij is the Kronecker delta, the superscripts ˇ and
ˆ identify the rotor-locked mode and all the remaining
modes, respectively.

4. RESULTS

The results of the optimization of the metafluid are shown
in Table 2 in terms of ∆φ and equivalent depths of the
rings. It can be seen that the resulting acoustic treatment is
characterized by a series of cells with non-uniform equiva-
lent depths corresponding to the extreme values (box con-
straints) of ∆φ. Figure 2 shows a comparison between the

Table 2: Optimized ring depths

cell hi/λBPF ∆φi

1 1 4π

2 0.5019 2.0076π

3 0.5017 2.0069π

4 1 4π

5 1 4π

6 0.9433 3.7732π

7 0.5165 2.0659π

8 0.9256 3.7024π

pressure fields obtained in the with and without acoustic
treatment in both the cases where all the acoustic modes
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are present (Figure 2a and Figure 2c) or only the rotor-
locked mode (Figure 2b and Figure 2d). It can be seen

(a) (b)

(c) (d)

Figure 2: Pressure fields for M=0.2: 2a and 2c all
modes considered for non lined and lined inlet re-
spectively, 2b and 2d rotor locked mode at BPF only
for non lined and lined inlet respectively.

how the metasurface manages to drastically reduce the
contribution of the rotor-locked mode and, albeit not sig-
nificantly, also the rest of the acoustic modes. This result
is not surprising, as only the rotor-locked mode has been
included in the definition of the incident field in the op-
timization process. Quantitatively, the effect of acoustic
treatment can be observed in Figure 3, in terms of Inser-
tion Loss (IL) at the receivers arc for the BPF, the IL being
defined as

IL (θ, fBPF ) = 10 log10


(∑

m,nA
ms
m,np

ms
m,n

)2

(∑
m,nA

hw
m,np

hw
m,n

)2

 .

(13)
The lines and the colored areas in Figure 3 represent the
mean value and the 98% confidence interval respectively
for the case of 1000 realizations. The presence of the pro-
posed acoustic treatment causes a reduction of the acous-
tic field which for directivity angles greater than 50◦ (note
that θ = 0◦ corresponds to the microphone in front of
the fan) is of the order of 20dB. By comparing the dotted
lines, corresponding to the analyzes carried out with and

Figure 3: Results at the receivers arc for the BPF:
Sound Pressure Level of non lined nacelle, in red,
and in presence of the PGMS, in blue. Dashed lines
are evaluated excluding the rotor locked mode from
the analysis. For each line, the colored areas repre-
sent the 98% confidence interval.

without treatment in the absence of the rotor-locked mode,
it can be observed once again how the metasurface is only
marginally able to reduce the impact of the other acoustic
modes.

5. SUMMARY

In this work a concept for an acoustic treatment for engine
nacelles based on phase gradient metasurfaces modeled
through equivalent metafluids is proposed. The obtained
model is applied for the numerical analysis of the effect of
an acoustic lining for the air intake of a reference high by-
pass ratio turbofan, considering an incident field obtained
through an analysis of the acoustic modes present at the
blade passage frequency. The parameters of the equivalent
metafluids are determined through an optimization pro-
cess aimed at reducing the acoustic field, obtained start-
ing from an incident field consisting of the rotor-locked
mode only, in an arch of microphones external to the air
intake. The results obtained, although preliminary, show
that phase gradient metasurfaces are potential candidates
for the development of small-sized devices aimed at re-
ducing fan noise.
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