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ABSTRACT
This work presents an experimental and numerical study
of a non-homogeneous acoustic treatment based on space-
coiling unit cells. A modular phase gradient metasurface
is used in the experimental analysis as a wall lining in
a Grazing Impedance Tube. A metacontinuum reduced
order model of the cells is used in FEM simulations to
predict the experimental results. The experiments and
the numerical analysis show a good agreement in terms
of the predicted transmission coefficient spectrum for the
selected benchmark problem. Although not optimized,
the non-homogeneous acoustic treatment showed remark-
able transmission loss in a wide range of frequencies,
which can be explained by a subwavelength distribution
of acoustic resonators with different resonance frequen-
cies.
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1. INTRODUCTION

Metamaterials represent one of the most active research
fields in classic mechanics, experiencing great interest
from the scientific community in the last fifteen years.
The term metamaterial is related to the possibility of engi-
neered structures to produce responses, metabehaviours,
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hardly or not available in nature by conventional materi-
als, due to their geometric features rather than their chem-
ical compositions [1,2]. Acoustics is one of the fields that
achieved the most proficuous applications of metamate-
rial concepts. Exotic effects such as negative dynamic
mass and/or bulk modulus [3, 4], negative refractive in-
dex [5, 6], sound focusing [7, 8], and acoustic invisibil-
ity [9–16] are the most famous results so far obtained
carefully designing the microstructures of the involved de-
vices. The metabehaviours are achieved by the majority
of acoustic metamaterials introducing local resonances at
the working frequencies of the devices [17]. A particu-
lar class of metamaterials called Phase-Gradient Metasur-
faces (PGMS) exploits acoustic phase delay distributions
to induce anomalous reflection and refraction from bound-
aries [18,19]. The structures used to manipulate the wave-
fronts are of several shapes, and their thickness is typically
sought to be subwavelength. A simple description of their
functioning, regardless of the actual design, may associate
the cells to off-resonance resonators in order to introduce
a tailored delay in the reflected field in the complete range
0−2π (when the working frequency matches the resonant
one, the delay introduced is π/2).

In this article, we studied the application of a meta-
surface as a wall treatment in a duct. The metasurface is
composed of eight different cells whose phase delays se-
quentially differ by π/4. Experiments are conducted in a
Grazing Impedance Tube to investigate the transmission
coefficient spectrum of the metasurface sample manufac-
tured with 3D fast prototyping technique. The experimen-
tal analysis is supported by analytic and numerical mod-

DOI: 10.61782/fa.2023.0750

5037



10th Convention of the European Acoustics Association
Turin, Italy • 11th – 15th September 2023 • Politecnico di Torino

elling of the acoustic behaviour of the metasurface. A
metafluid model for the unit cells is used and implemented
in a finite element analysis of the lined duct. The results
from the two approaches are compared and discussed.

2. METHODS

A space-coiling cell [19] is parametrised and used as a
unit cell for building a PGMS metasurface. Figure 1 show
a sketch of the geometry and its parametrization. Each
cell is fully determined by the geometrical variables vec-
tor χA = [nw w d l, ax] where nw identifies the number
of bends of the channel in the cell, w is the thickness of
the internal septa, all with the same length l, creating the
folds, d is the width of the channel opening and height
of each segment of the channel, which length is l + d,
and ay is the overall width of the cell. Sizes are com-
pleted with the definition of the overall height of the cell
ay = nw (d+ w) and the thickness of the side walls t =
0.5 (ay − (d+ l)). Eight cells compose the metasurface
that has been studied in the present article. Their design
parameters are reported in Tab.1.

Figure 1. Geometry of the reference unit cell.

#1 #2 #3 #4 #5 #6 7 #8
nw 6 5 4 3 2 2 2 2

w (mm) 2 2 2 2 2 2 2 2
d (mm) 3 7 10 12 18 16 11 12
l (mm) 14 8 7 3 3 4 9 3

ax (mm) 25 25 25 25 25 25 25 25

Table 1. Design variables of each cell, cfr. Fig. 1.

2.1 Manufacturing

The metasurface under study is built placing one element
of each of the cells in Table 1 side by side from #1 to #8.

The metasurface is manufactured by fused filament fabri-
cation, which is a 3D printing process that uses a contin-
uous filament of a thermoplastic material using a Creality
Ender 3 printer. The accuracy of FDM-based printers is
linked to the nozzle size; features less than this size cannot
accurately be produced. In general, the layer line width
and nozzle speed will also affect the accuracy of larger-
scale geometric features, and the deviation from the spec-
ified dimensions can be of the order of two nozzle widths.
In this case, the nozzle size was 0.4 mm. The 3D FDM
additive manufacturing, hence, introduces uncertainties in
the sizes of the manufactured metasurfaces, which should
be accounted for when trying to match with the numerical
results.

2.2 Metafluid model

The channels of the space-coiling structure have subwave-
length width, being waveguides for the 0th order acoustic
mode. There always exists for a coiled cell an equivalent
straight channel length, leq = g(l), which is a function
of the unfolded channel extension but generally differs
from the purely geometric length. The equivalent length is
the fundamental parameter of such cells, directly defining
the expected phase delay introduced in the reflected field
compared to a flat boundary ∆Φ =

4πleq
λ0

or, equivalently,
the effective relative refractive index neff = leq/t. The
acoustic modelling of the cells is obtained in this work
by means of an equivalent metafluid model [20–22]. An
acoustic metafluid is a particular case of metacontinuum
that behaves acoustically as a fluid due to the null shear
modulus exhibited by its structure (or near-zero in practi-
cal realizations [23]), potentially including anisotropy in
its response. Acoustic perturbations propagate in the most
general metafluid following [16, 24]

−∂2p

∂t2
+ c2ref K̂ ∇ ·

(
Q ϱ̂−1 Q ∇p

)
= 0 (1)

where ϱ = ϱ̂ϱref represents the anisotropic inertia of the
material, K = K̂Kref, Q can be any symmetric tensor
such that ∇ · Q = 0 and the Cauchy stress tensor for
such a material is given by σ = −pQ; ϱref, Kref, and
cref =

√
Kref/ϱref are the reference density, bulk modu-

lus, and speed of sound, respectively, which may be taken
arbitrarily equal to the values for the hosting fluid ρ0,
ρ0c

2
0 and c0, respectively. The volume occupied by the

metafluid representing a cell can be chosen arbitrarily. It
is here taken defining a metafluid cell as thick as the origi-
nal one, lmf = ay , and as wide as the channel of each cell
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dmf = d. Following the Transformation Acoustics pro-
cedure [24], a coordinate transformation is set between
the original domain Ω(X,Y, Z) (the equivalent straight
channel) and the metafluid ω(x, y, z), through an invert-
ible mapping Ω → ω defined by ξ = χ(Ξ). Mapping the
equivalent length in the metafluid thickness, we obtain

x = X

y − y0 =
lmf

leq
(Y − Y0), Y0 < Y < leq

z = Z

(2)

The components of the transformation gradient F are
described as fij = ∂ξi/∂Ξj , ξ = (x, y, z) and Ξ =
(X,Y, Z). In the following, the problem is addressed un-
der the simplifying hypothesis of inertial metafluid, a spe-
cial case of the more general class of metacontinua that
implies Q = I. In this case, the metacontinuum parame-
ters are related to F by

K̂ = detF, ϱ̂ = det(F)(VVT)−1 (3)

with V2 = FFT The corresponding deformation gradient
F is

F =

f11 0 0
0 f22 0
0 0 f33

 ,

f11 = 1, f22 =
lms

leq
, f33 = 1

(4)

hence the metafluid is characterized by

K̂ = f22, ϱ̂ = f22

1 0 0
0 1

f2
22

0

0 0 1

 (5)

The cells’ equivalent lengths leq are obtained by introduc-
ing semiempirical linear corrections depending on some
cell design parameters over the geometric length calcu-
lation of the zig-zag path inside the cells with sizes ex-
pressed in meters.

leq =
√
(d+ w)2 + a2x + c1d+ c2ax + c3w + c4,

c1 = −0.75, c2 = 0.0409, c3 = 0.9, c4 = −0.0003
(6)

In addition, thermoviscous losses are accounted for
in the metafluid domain introducing a complex-valued ex-
pression for the speed of sound originally introduced by
Pierce [25]. When the considered channel is large enough

for the boundary layers to occupy a small fraction of its
cross-section, the dispersion relation can be approximated
by

ω

cref
=

ω

c0
+ (1− i)awalls

awalls =
1

c0deq

√
ωη

2ρ0

(
1 +

γ − 1√
Pr

) (7)

with η, deq, γ, and Pr being the dynamic viscosity of the
reference fluid, the equivalent channel diameter, the ratio
of the specific heats, and the Prandtl number, respectively.

2.3 Experimental analysis

For the experimental validation of the FDM printed meta-
surface, tests were conducted in a grazing incidence
impedance tube at the LAUM, a schematic which rep-
resents the rig is shown in Fig 2. The tube consists of
a rectangular cross-section of 40 mm× 50 mm; more
details on the capabilities of the test bench are given
in [26]. Acoustic sources can either be mounted upstream
or downstream of the test section. There are anechoic
terminations on either sides to limit reflections that can
affect measurements. Three flush-mounted microphones
are used to record the sound pressure in the duct located
upstream ui and downstream di of the metasurface sam-
ple. The distance from the first upstream and downstream
microphones u1 and d1 to the metasurface sample is 118
mm. The position of the upstream and downstream mi-
crophones are as follows xu1 − xu2 = xd1 − xd2 = 30
mm and xu1

− xu3
= xd1

− xd3
= 175 mm. Measure-

ments with acoustic sources were performed upstream and
downstream of the sample through a sine sweep excitation
ranging from 100 Hz to 4000 Hz with a 5 Hz step. At each
frequency step, the acoustic pressure on each microphone
is calculated by averaging the pressure value over 300 cy-
cles. To assess the linear behaviour of the sample, incident
sound pressure level of 100dB, 130dB and 140dB were
chosen and maintained at these value as a function of fre-
quency (error of ± 0.1 dB). Two different acoustic states
are used to obtain the elements of the scattering matrix. In
the first where there is an incident plane wave upstream of
the sample to obtain τ+and r+. In a second state with the
incoming wave through an acoustic source located down-
stream of the sample to obtain = τ−and r−.The use of
three microphones upstream and downstream is an over-
deterministic approach of the transmitted and reflected
waves on either side of the lined section [27].

The measured transmission coefficient is used to com-
pare the effectiveness of the model metasurface behaviour.
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Figure 2. Schematic of the grazing incidence rig at LAUM

2.4 Numerical analysis

A schematic geometry representing the grazing
impedance tube used in the experiments is used for
numerical simulations. The numerical analysis is con-
ducted in 2D, using the central section of the tube as a
representative. The height of the numerical duct is the
same as the real tube, and a convergence analysis has been
performed on its length to avoid interference from the
boundaries. The numerical analysis has been conducted
assuming purely harmonic acoustic perturbations. The
Fourier-transformed version of Eq. 1 is used in the cells’
metafluid domains, along with the Helmholtz equation
for the duct domain. A plane wave excitation is imposed
at one end of the duct. The boundary conditions at the
two ends are imposed for each simulation as needed for
the evaluation of the transmission coefficient (as specified
in Sec. 3), the other boundaries are imposed to be acous-
tically rigid. The complete geometry of the metasurface
is also studied, using a narrow region acoustics model
that implements Pierce’s model for a complex speed of
sound to account for viscous losses in small channels,
and a classic linear lossless acoustic model solving for
the Helmholtz equation in all the simulation domain, for
comparison purposes. The respective weak formulations
are implemented in a commercial FEM solver, and results
are obtained for a frequency sweep from 100 Hz to 4000
Hz.

3. RESULTS

The experimental and numerical prediction comparison
is presented in terms of the Transmission coefficient (τ )
given by the metasurface in the duct. The numerical pro-

Figure 3. Schematic of the original geometry and
with the metafluid used in the FEM simulations.

cedure to evaluate τ starts by calculating the four-pole
parameters of the transfer matrix of the acoustic system,
which links the average acoustic pressures and velocities
on the inlet and outlet sections (p̄1,p̄2, and ū1, ū2, respec-
tively, the bar meaning the average operation along the
section) [

p̄1
ρ0c0ū1

]
=

[
AB
C D

] [
p̄2

ρ0c0ū2

]
(8)

The numerical evaluation of the four pole parameters can
be done in two steps, using two different sets of boundary
conditions at the inlet and outlet: A and C are obtained by
imposing u1=1 and u2=0; inverting the assignment (u1=0
and u2=1) allows for the evaluation of B and D.

A =
p̄1
p̄2

∣∣∣∣u1 = 1
u2 = 0

, B =
p̄1 −Ap̄2

ρ0c0

∣∣∣∣u1 = 0
u2 = 1

C =
−ρ0c0

p̄2

∣∣∣∣u1 = 1
u2 = 0

, D =
−Cp̄2
ρ0c0

∣∣∣∣u1 = 0
u2 = 1

(9)
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from which the transmission coefficient is evaluated

τ =
2

|A+B + C +D|
(10)

The same quantity is evaluated experimentally from the
scattering matrix of the problem. The scattering matrix
relates the scattered pressures p+3 and p−1 to the incident
pressures p+1 and p−3 through the transmission and re-
flected coefficients in equation 11.(

p+3
p−1

)
= S

(
p+1
p−3

)
=

[
τ+ r−

r+ τ−

](
p+1
p−3

)
(11)

The metasurface has been tested for three different sound
pressure levels of the acoustic perturbation (100, 130 and
140 dB) and for the two positions of the source (upstream
and downstream of the sample). As shown in Fig.4, the
transmission coefficient is consistent for all the tested
cases, with minor changes at high SPL. Figure 5 shows the

Figure 4. Transmission coefficient τ for the metasur-
face in the tube. Solid and dashed lines show the re-
sults for upstream and downstream source position-
ing, respectively, at 100, 130 and 140 dB.

comparison between the numerical prediction and the ex-
perimental results. Both the experiments and the simula-
tions show the metasurface producing a significant loss in
the transmission in the band 1000 Hz<f<2500 Hz, with a
low-frequency peak around 750 Hz. The metafluid model
produces results comparable to the narrow region and
lossless simulations. Losses coherently have the strongest
effect in the first cell, which has the longest and tight-
est coiled channel. Numerical results compare fairly well
with experiments, although some discrepancies can be ob-
served. The absorption peaks given by the first cell are
considerably shifted in frequency: this can be related to

Figure 5. Transmission coefficient τ for the metasur-
face in the tube. Blue, red and grey lines are obtained
with simulations using lossless linear acoustics, a
metafluid or a narrow region lossy model, respec-
tively, representing the metasurface’s cells. Black
solid and dashed lines represent the experimental re-
sults for the two positions of the acoustic source in
the tube.

Figure 6. Transmission coefficient τ for the metasur-
face in the tube with modified sizes. The values of t
and l are increased of Black solid and dashed lines
represent the experimental results for the two posi-
tions of the acoustic source in the tube.

manufacturing uncertainties as a small difference in the
height and length of the cell walls can produce a sensibly
different total length for a cell with several foldings. This
is proven by Fig.6, where w and t are increased by 0.5mm
and 0.25mm, respectively, for the first cell, 0.25mm and
0.5mm for the second cell, and 0.5mm and 0.5mm for the
third. The strongest effect can be noted on the second ab-
sorption peak of the first cell, which is pushed towards the
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high frequency and appears around 2500Hz. The same
shift toward higher frequency is obtained for the peak of
the third cell that merges with the others around 1500Hz.

4. FINAL REMARKS

The metasurface introducing local phase-delay gradi-
ents was originally conceived for exterior acoustics
metabehaviours such as steering or focusing of the re-
flected acoustic waves. The original design involved eight
different cells, each one able to reflect the incident wave
with a controlled phase delay compared to the reflection
of a rigid boundary. The delay introduced by each cell is
equally spaced in the complete range 0−2π, such that the
cells can be used as a base to build metasurfaces whose
reflected field is characterized by desired (approximated)
delay profiles and hence acoustic response. One of the
easiest ways to introduce a delay in the reflected acoustic
field is to make the incident wave interact with a resonator.
At the resonant frequency, the phase delay in the reflected
field is π/2, but outside of the resonance, the phase is
modulated. The design strategy of the metasurface de-
scribed above naturally produces a set of eight resonators
with different resonance frequencies, with the aim to have
cells that give different delays at the metasurface design
frequency. When the eight cells are placed side by side
as a wall lining in a duct, the metasurface performs a new
task different from the one they were originally designed
for, acting as a multifrequency liner. The transmission loss
obtained numerically predict fairly well the experimental
results, although with some differences. Manufacturing
plays an important role in the experiments, with uncertain-
ties and tolerances that can lead to results sensibly differ-
ent from numerical simulations for small deviations from
the nominal sizes.
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