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ABSTRACT

In outdoor sound propagation, the variation of wind speed
with height plays an important role and a logarithmic pro-
file is often assumed. This is an accurate description in a
neutral boundary layer according to MOST. However, the
neutral boundary layer can be either truly neutral or con-
ventionally neutral depending on the stability condition at
the top of the ABL. While the logarithmic profile is suit-
able in a truly neutral regime, the conventionally neutral
is more commonly found. This regime is characterized by
a stable stratification aloft that result in super geostrophic
wind speed close to the top of the ABL and higher speed
and steeper gradient close to the ground than predicted by
the logarithmic profile. This work uses numerical simu-
lations based on the Crank-Nicholson parabolic equation
to derive the sensitivity of the phase to the ABL depth
and inversion strength as a function of the distance from
the source. The results show that a stronger inversion in-
creases the phase differences that can be as large as 60◦

already at 1 km from the source. Stronger inversions and
a deeper ABL produce more complex interference on the
ground, showing only after approximately 2 km, that af-
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fect both phase and magnitude.
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1. INTRODUCTION

In the atmospheric boundary layer (ABL), the speed of
sound generally depends on height. The gradient of the
speed of sound defines wave phenomena in the ABL, such
as refraction. Atmospheric refraction can cause sound
waves from a ground source to bend back to the ground
at different rates and create interference patterns with the
waves travelling different paths. These effects are impor-
tant for correct predictions of the sound field close to the
ground.

The sound speed profile depends on the wind speed
and temperature profiles in the ABL. Depending on the
buoyancy at surface level, the ABL can be classified as
stable, unstable and neutral. Neutral and quasi-neutral
(very small buoyancy) are the most often encountered
conditions [1].

In many instances the profiles are assumed to be log-
arithmic, based on simple similarity theory and surface-
layer assumptions [2–4]. In some cases the profiles are
just classified by the effect they have on sound propa-
gation, namely upward- or downward-refracting profiles
[5, 6]. According to Monin-Obukhov Similarity Theory
(MOST), the logarithmic profile is suitable for neutral
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regimes [7]. However, Zilitinkevich and Esau [8] distin-
guishes between a truly and conventionally neutral ABL
when considering also the stability conditions at the top
of the ABL. In truly neutral conditions, well described
by a logarithmic profile, the ABL is neutral both at the
top and bottom. In a conventionally neutral boundary
layer (CNBL), the ABL presents a stable stratification at
the top, in the so called entrainment layer, that results
in wind speeds larger than predicted by the logarithmic
profile. Furthermore, it produces super-geostrophic wind
speed close to the top of the ABL adding a characteristic
”nose” to the profile that is commonly known as low-level
jet (LLJ, see Figure 1). This latter condition is also the
most common of the two [8]. In this paper, we focus on
the wind speed in the CNBL since the effect of the stable
stratification on the temperature profile is small compared
to the adiabatic lapse rate. There are many formulation for
the wind profile in a CNBL [9–12]. Liu and Stevens [13]
provide a good description that allows to represent a range
of inversion strengths and ABL heights.

An accurate description of the phase is crucial when
simulating the noise emissions produced from multiple
sources and for sound field control applications [14].
However, we have found no such information in the avail-
able literature. We investigated the influence that differ-
ent sections of the wind profile have on the sound field
at the ground for one specific ABL depth and inversion
strength in a previous work [15]. In this work, we extend
that study to investigate how different ABL depths and in-
version strengths affect the simulated sound fields.

In this paper, we study the sensitivity of the phase er-
ror to the height of the ABL and strength of the inversion
at different distances from the source.

We use numerical simulations based on the Crank
Nicholson parabolic equation to simulate the sound fields
produced by a simple logarithmic profile first, and then by
the same profile plus a correction term suitable to a CNBL
which we describe in Section 2. We then study the error
introduced by neglecting this correction term by compar-
ing the two sound fields using the Modal Assurance Crite-
rion (MAC) and the absolute phase and magnitude errors.

2. THEORY AND METHODS

2.1 Wind profile

To model the wind profile in the CNBL, we use in this
work the formulation described in Liu and Stevens [13].
In this section we briefly introduce such formulation, fo-

cusing only on the stream-wise component of the wind
that is assumed to be parallel to the propagation direction
of the sound waves. In this work, we are interested in the
effect that the ABL depth h and the inversion strength,
described by the Brunt–Väisälä frequency N , have on the
prediction of the sound field close to the ground. Here, we
use the common assumption that the ABL depth h is re-
lated to the height zt, where the total shear stress reaches
5% of the surface value, through:

h = (1− 0.052/3)zt. (1)

These two variables are included in the formulation from
[13] through the inverse dimensionless boundary height
b = u∗/(fh) and the Zilitinkevich number Zi = N/f ,
where f is the Coriolis parameter. The friction velocity u∗
in the CNBL is proportional to h(fN)1/2 [7]. The values
of all the constants used in this section are presented in
Table 1.

The stream-wise component of the geostrophic wind
Ug , i.e., the mean wind speed in the free atmosphere, is
predicted using the geostrophic drag law:

κUg
u∗

= lnRo0 −A(Zi), (2)

where κ = 0.41 is the von Kármán constant and Ro0 =
u∗/(fz0) is the surface Rossby number [16]. A is param-
eterized as

A = −A1m+ ln (A0 +m) + lnβ, (3)

where A1 and A0 are constant and m is the composite
stratification parameter,

m =
(
1 + C2

mZi
2
)1/2

β−1, (4)

and
β =

(
C−2
R + C−2

N Zi
)1/2

, (5)

where CR and CN are constants.
The stream-wise wind component within the ABL

consists of a logarithmic profile and an additional correc-
tion term:

κU

u∗
= ln

(
z

z0

)
+ fu(ξ, Zi), (6)

where ξ = z/h is the normalized height coordinate. The
proposed expression for the correction is

fu(ξ, Zi) = −a(Zi)ξ + aψ(Zi)ψ(ξ), (7)
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where

aψ =
2− a

1− 2ϵ
, (8)

ψ = ξ − eξ/ϵ − 1

e1/ϵ − 1
, (9)

and where ϵ relates the thickness of the entrainment layer
to the boundary layer depth. Its value depends on Zi but
it is possible to assume ϵ = 1.2 for moderate Zi [9]. The
value of a(Zi) can be obtained from the continuity condi-
tion at the top of the ABL where U(ξ = 1) = Ug . Con-
sidering that ψ(ξ = 1) = 0 and combining Eq. (2) and (6)
with ln(Ro) = ln(b) + ln(h/z0) at ξ = 1,

fu(1, Zi) = ln b−A ≡ −a(Zi). (10)

2.2 Temperature profile

The potential temperature in a neutral boundary layer is
constant across the ABL. However, in a CNBL the poten-
tial temperature increases in the entrainment layer with a
slope that is proportional to inversion strength ∂θ/∂z =
θ0N

2/g. Any function matching this requirement could
potentially be used. In this work we used the following
formulation:

θ(z) = θ0

[
1 +

N2

g
ln(1 + ez−h(1−0.052/3))

]
. (11)

The potential temperature can then be converted to tem-
perature using the approximation found in [17],

θ(z) = T (z) + Γdry(z − zs), (12)

where Γdry = g/cP = 9.8 K/km is the dry air adiabatic
lapse rate.

2.3 Simulations

The profiles from the previous sections were used to com-
pute the corresponding sound fields at distances of up to
5 km using the implementation of the Crank-Nicholson
parabolic equation from Wilson [18]. The constants and
parameters used to compute the profiles are shown in Ta-
ble 1. The source consisted of a monopole placed at
(x, y) = (0, 0). The simulations were performed only
downwind, since this is the case where sound travels the
furthest. The domain had a range of 5 km and a height
ranging from 200 to 1000 m, depending on the ABL depth
used in each case. A resolution of λ/10 was used in both
directions. The ground was modelled as a grass field with

flow resistivity σ, porosity φ and characteristic impedance
calculated using Wilson’s model [19] and whose values
are shown in Table 1. The values of h ranged from 200
to 500 m in steps of 25 m. Also a height of 1000 m was
considered as an extreme case. These values fit the dis-
tribution of the boundary layer depth found in [20]. We
considered 20 values of N , equally spaced and ranging
from 6 to 14 mHz, according to values found in [10]. Each
combination of h and N was used to compute the correc-
tion term in Eq. (6). For each combination we computed
a sound field produced by a profile using the correction
term and one without, hence with a simple logarithmic
profile. These pairs of sound fields were then compared to
study the error introduced by using a logarithmic profile
in a CNBL. We evaluated the differences between these
sets of two sound fields using the MAC [21],

MAC =

∣∣plog
Hpcnbl

∣∣2
(plog

Hplog) (pcnbl
Hpcnbl)

. (13)

Further information on the nature of this error is obtained
by studying the absolute phase and magnitude errors. The
phase and magnitude errors were computed at each point
in the domain and then averaged over the vertical coor-
dinate up to 5 m above ground. The MAC was instead
computed within regions of 50 m length and 5 m height,
gradually sliding away from the source in steps of 25 m.

Table 1: Values and units of the constants and simu-
lation parameters. The set of values for N and h are
formatted as start value:step:stop value.

Parameter Value Unit
CR 0.5
CN 1.6
κ 1.4
A1 0.65
A0 1.3
B1 7
B0 8
Cm 0.1
ϵ 0.12
f 0.0001 s−1

θ0 293 K
z0 0.03 m
σ 200 kPasm−2

φ 0.515
N 6:0.42:14 mHz
h 200:25:500, 1000 m
Z0,f=125Hz 12 + 11i
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3. RESULTS

This section presents the results obtained from the sim-
ulations. We show only the results at 125 Hz for space
reasons and since they better show the effect of the ABL
depth and inversion strength on the sound field. The
same effects occur at larger distances as the frequency
decreases. A subset of the profiles used to compute the
sound fields are shown in Fig. 1, with and without the
correction term, together with the corresponding effective
speed of sound ceff (z) = c(T ) + U(z). We then com-
pared the sound fields resulting from these profiles with
and without the correction term to asses the error intro-
duced by using a logarithmic profiles in a CNBL.

Larger N produce larger wind speed, a steeper gradi-
ent close to the surface and a stronger inversion at the top
of the boundary layer. This increases the height at which
the gradient of the effective speed of sound changes sign
and thus the extent of the down-refractive region of the
medium. The height of the ABL has a similar effect, re-
sulting in a larger wind speed and taller down-refracting
region.

The MAC between the sound fields from these pro-
files and the corresponding logarithmic profile have been
analyzed as a function of distance and ABL depth (Fig.
2), and inversion strength (Fig. 3). In general the two pre-
dictions diverge with distance, and the MAC drops dra-
matically between 1 km and 2 km. The deviation onset
is closer to the source as N increases while a larger h
produce more interference and larger larger spatial vari-
ations. Figure 2 shows the superposition of two patterns:
one with low and another with high wavenumbers. The
first occurs with any combination of N and h and is asso-
ciated with the wind speed mismatch close to the ground.
The ABL depth has a weaker influence on this pattern than
N . However, the pattern starts slightly closer to the source
as the height of the ABL increases. The high wavenum-
ber pattern does not exist in shallow ABLs with a weak
inversion. This pattern becomes more complex as the
ABL depth increases. As the ABL gets taller, also the
region where downward refraction occurs grows. Thus,
the amount of energy refracted downwards also increases
producing more complex interference at the ground.

The second pattern becomes more complex as the
ABL depth and inversion strength increase. This can also
be seen in Figure 3. This figure also shows two over-
lapping patterns as a results of different mechanisms af-
fecting the MAC. The inversion strength N has a much
larger influence on the low wavenumber pattern than h

Figure 1: A subset of the profiles computed us-
ing Eq. (6). The first two plots from the top show
the wind profiles with and without (logarithmic pro-
file) the correction term, respectively. The last two
plots show the corresponding profiles of the effective
speed of sound. The profiles are shown for a sub-
set of four different ABL depths (including the shal-
lowest and the deepest) and two inversion strengths:
the smallest (N = 6 mHz, dashed) and the largest
(N = 14 mHz, solid).

does. The distance from the source where this pattern oc-
curs is inversely proportional to N . The wavenumbers of
this pattern are instead directly proportional to the inver-
sion strength, i.e. as N increases the spatial variations of
the pattern are larger. The inversion strength also affects
the position where this second patter starts.

Figure 4 confirms that phase is the main culprit for the
drop in MAC seen in the previous figures. Also here, we
see the weak influence of h on the low wavenumber pat-
tern and a larger influence on the high wavenumber one.
Figure 5 shows instead how the inversion strength affects
both patterns. Also this figure reflects quite well what pre-
sented in Figures 2 and 3.
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Figure 2: Four snapshots of the MAC at four dif-
ferent values of the inversion strength N (top to bot-
tom): 6, 8.5, 11.5 and 14 mHz. Each plot shows the
MAC as a function of distance from the source (hor-
izontal axis) and ABL depth h up to 500 m (vertical
axis).

Figures 6 and 7 show the absolute magnitude error
as a function of h and N . The magnitude error is small
close to the source and resembles the pattern of the high
wavenumber error found in MAC and phase. The magni-
tude error is relevant only where interference occurs. Be-
fore 2 km there is no interference and the magnitude of
both sound fields is only affected by spherical divergence.
Beyond 2 km, the direct, reflected and refracted waves in-
teract. In this region, the discrepancy in wind speed and
the amount of downward refracted energy generate dif-
ferent interference patterns, introducing a magnitude er-
ror. Notwithstanding the low magnitude error before 2
km, successful applications of sound field control would
be limited to 1 km due to the phase error.

4. DISCUSSION

In the results we see how the magnitude error becomes rel-
evant beyond 2 km, while the phase error can be as large
as 60◦ at around 1 km. Beyond this distance the phase
difference grows at a rate that largely depends on the in-
version strength at the top of the ABL. In a sound field
control application, a phase error of 60◦ marks the transi-
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Figure 3: Four snapshots of the MAC at four differ-
ent values of the ABL depth h (top to bottom): 200,
350, 500 and 1000 m. Each plot shows the MAC as a
function of distance from the source (horizontal axis)
and inversion strength N (vertical axis).

tion from noise reduction to amplification.
There are two main sources of error, visible as two

different patterns. The low wavenumber pattern is the
main source of error and is associated with the phase dif-
ference introduced by the wind speed mismatch close to
the ground which is consistent with the findings in [15].
Without the ABL-capping inversion, the profile from Eq. 6
is equivalent to the logarithmic one. Subsequently, this
pattern is only weakly affected by the ABL depth h while
showing a strong dependence on inversion strength (N ).

The high wavenumber pattern is instead coupled to
both parameters. In general, a deeper ABL or a stronger
inversion increases the height of the region where sound
waves are refracted downward. As this region gets taller,
the amount of downward refracted energy also increases
and produces more complex interference at the ground.
Since the correction term depends on both the inversion
strength (stability condition given by N ) and the normal-
ized height coordinate ξ, they both affect the prediction
error. Increasing N also moves this interference closer
to the source. Compared to a logarithmic profile, the
increase in N results in a steeper wind speed gradient
around the ABL top. The steeper gradient reduces the ra-
dius of curvature of the sound rays, decreasing the dis-
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Figure 4: Four snapshots of the absolute phase er-
ror at four different values of the inversion strength
N (top to bottom): 6, 8.5, 11.5 and 14 mHz. Each
plot shows the absolute phase error as a function of
distance from the source (horizontal axis) and ABL
depth h up to 500 m (vertical axis).

tance from the source where interference becomes sig-
nificant. Furthermore, a stronger inversion produces a
stronger upper-ABL jet; this increases the maximum el-
evation angle at the source that will result in downward
refraction, when compared to a profile ignoring the ABL
top.

The error introduced by using a logarithmic profile in
a CNBL affects mainly the phase. The magnitude error
becomes relevant beyond 2 km. From this distance, the
refracted waves produce an error magnitude that is, how-
ever, confined to limited regions. On the other hand, the
phase error can be as large as 45◦ already at 1 km and
affect large portions of the domain.

The case considered here is representative for sound
field control application for open air events [14,22], which
often take place over grass and where sound sources are
typically placed on the ground. In this study the position
of the source and type of ground were chosen to limit the
influence of ground reflections, to better isolate and study
the influence of the propagation medium. Moving the
source away from the ground produces reflections closer
to the source that are not independent of the medium. A
hard boundary allows such reflections to propagate over
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Figure 5: Four snapshots of the absolute phase er-
ror at four different values of the ABL depth h (top
to bottom): 200, 350, 500 and 1000 m. Each plot
shows the absolute phase error as a function of dis-
tance from the source (horizontal axis) and inversion
strength N (vertical axis).

larger distances due to the reduced attenuation. In this
scenario, the additional reflections produce more interfer-
ence making it harder to analyze the effects produced by
the medium alone and the different profiles. The resulting
interference pattern is more complex and the interaction
between direct and refracted wave would not be as clear.

5. CONCLUSION

In this work we analyzed the prediction error introduced
by using a logarithmic profile in a CNBL, where it is not
suitable due to the larger wind speed resulting from the
stable stratification at the CNBL top. We described an
alternative formulation for the wind and temperature pro-
files suited to a CNBL. This formulation is tested against
a logarithmic profile by generating the two corresponding
sound fields using the Crank-Nicholson parabolic equa-
tion. The two sound field are then compared through the
MAC metric and in terms of the absolute phase and mag-
nitude errors. For distances shorter than 1 km, both phase
and magnitude errors are small and the two sound fields
present a large spatial correlation. Beyond this distance,
the prediction error appears as two overlapping patterns,
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Figure 6: Four snapshots of the absolute magnitude
error at four different values of the inversion strength
N (top to bottom): 6, 8.5, 11.5 and 14 mHz. Each
plot shows the MAC as a function of distance from
the source (horizontal axis) and ABL depth h up to
500 m (vertical axis).

one with low and one with high wavenumber. The former
is the most important one since it affects large portions of
the entire domain. It is mainly dependent on the inversion
strength N and it is a results of the wind speed mismatch
close to the ground. The ABL depth h has only a weak
influence. The high wavenumber component instead de-
pends on both parameters. When either of them increases,
so does the error due to an increase in downward refracted
energy. This increase results in more complex interactions
between direct, refracted and reflected waves than with a
logarithmic profile. The reason is an increase in the height
of the downward refracting region due to an increase in h
and an increase in the maximum turning angle due to H .

The magnitude error is relevant only in very limited
regions far from the source (more than 2 km). The phase
error instead is considerable at shorter distances (already
at 1 km) and affects large regions of the domain. In cases
where many sound sources are involved, it is crucial to
limit such an error since the total sound field will not
only inherit the phase error but the interaction between
the sources will result in a larger magnitude error.
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Figure 7: Four snapshots of the absolute magnitude
error at four different values of the ABL depth h (top
to bottom): 200, 350, 500 and 1000 m. Each plot
shows the absoluite magnitude error as a function of
distance from the source (horizontal axis) and inver-
sion strength N (vertical axis).
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