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ABSTRACT

Scattering from rigid, convex objects can be computed
accurately and efficiently using the Edge Source Integral
Equation. Here, we study the scattering from a rigid object
where a part of the surface has an impedance boundary
condition (BC). Secondary sources, in the form of virtual
pistons, are introduced at the impedance part of the sur-
face. The vibration velocities of the pistons are derived
such that they, together with the primary sound field for a
rigid BC, fulfill the impedance BC. To derive the virtual
piston vibration velocities, the load on the front side of the
piston is computed with the rigid BC, and for the rear side
a locally reacting impedance BC is specified. Results with
this approach are compared with finite-element calcula-
tions for a 2D geometry (a 3m by 0.2m box with a 0.3m
strip of locally reacting impedance surface) and excellent
agreement is found across a frequency range from 50 Hz
to 2.5 kHz. Known numerical challenges for the ESIE
method are observed for certain scattering directions.
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1. INTRODUCTION

The scattering of sound by objects generally has to be
computed numerically since there are very few shapes
which have analytical solutions. Popular numerical
methods include the surface-oriented boundary element
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method (BEM) and volume-oriented methods such as the
finite element method (FEM) and finite differences. All
of these numerical methods can handle scattering objects
with arbitrary shapes and surface impedances. Common
for these numerical methods is that the computational cost
grows fast with frequency, which might limit their useful-
ness for larger domains/higher frequencies.

For a special set of scattering objects - convex-shaped
objects with rigid surfaces, the so-called edge-source in-
tegral equation (ESIE) has been shown to give very ac-
curate results compared to analytical solutions [1] and re-
sults computed with the BEM [2]. The edge-source inte-
gral equation can not handle non-rigid surfaces directly, so
the aim of this paper is to present a method to handle small
impedance patches in otherwise rigid objects, based on the
ESIE formulation. The approach is to introduce secondary
surface sources in the form of virtual pistons, at the loca-
tions of impedance surfaces. This secondary-source ap-
proach, using solutions for all-rigid boundary conditions,
can be found in many studies under various names, such
as the blocked impedance method, Thevenin equivalents,
or the surface-impedance approach, [3].

2. THEORY

2.1 The ESIE diffraction model for objects with rigid
surfaces

For a scattering problem with a primary sound source
and a rigid, convex scattering object, the ESIE diffrac-
tion model decomposes the sound field into a sum of ge-
ometrical acoustics (GA) and diffraction components. A
monopole primary source is located at a source position
xS, a receiver at x, and furthermore a time-harmonic fac-
tor ejωt is assumed but omitted. Then we can introduce
transfer functions, H , for the various components, where
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Figure 1: The secondary source approach in Eqn. (2)
adds (a) the sound field generated by the primary source
S and the rigid scattering object, and (b) the sound fields
radiated by secondary piston sources SSi with vibration
velocities uSS,i, when pistons are set in a rigid scattering
object. Only the GA components are illustrated; diffrac-
tion components should be added to both (a) and (b).

we also leave out the notation H(x← xS),

ptotal(x) = QS (Hdirect +Hspec. +Hdiff. 1 +HHOD) (1)

where QS = jωρ0U0/(4π) is the source signal amplitude
with ρ0 being the density of the fluid or gas, and U0 is the
volume velocity of the monopole source. The details are
described in [1] and will not be presented here. Briefly,
the two first terms, Hdirect and Hspec., represent the direct
sound and specular reflection, and they involve visibility
tests such that the direct sound is zero for receiver posi-
tions that are hidden from the source etc. The third term,
Hdiff. 1, represents first-order diffraction which is gener-
ated by every edge which can be seen by the source and
the receiver. Hdiff. 1 is computed as an integral over each
visible finite edge, [1]. Finally, the fourth term, HHOD,
contains all second- and higher-order, computed via di-
rectional edge source amplitudes which result from solv-
ing an integral equation. The edge source amplitudes are
then propagated to receiver positions [1].

2.2 The secondary source approach, ESIE+SS

If the scattering object has some part of the surface with
a non-rigid boundary condition, secondary sources can
be introduced to represent such an ”impedance patch”.
A numerically simple approach is to introduce NSS vir-
tual pistons centered at locations xSS,i, and then let these
secondary source pistons get a vibration amplitude uSS,i
which, together with the field from the primary sound

source (for a rigid scattering object), generates a field
which fulfills the boundary condition at the impedance
patch. Once the vibration velocities of the secondary
source pistons have been determined, the sound radi-
ated from these pistons can be computed with the ESIE
method, for the boundary condition of a rigid scattering
body. This can be illustrated as in 1 and formulated as

ptotal(x) = QS ·H +

NSS∑
i=1

uSS,i ·G (2)

where the G transfer functions give the sound pressure
for a piston source, with the vibration velocity uSS being
the source signal instead of the QS used for the point-to-
point H transfer functions. The same decomposition as
in Eqn. (1) can be used for all the G transfer functions.
The piston velocities, uSS,i, are found by storing the NSS
unknown, to be determined, values in a vertical array, uSS,
and formulating a matrix equation,

[Gfront +Grear]uSS = pexcitation (3)

where pexcitation is a vertical array of the sound pressure
amplitudes caused by the primary source at the secondary
source pistons’ central points with a rigid boundary con-
dition at the piston locations,

pexcitation = [pexcitation(xSS,i)] = QS [H(xSS,i ← xS)]

The values in uSS can then be found via a matrix in-
version based on Eqn. (3), where it is assumed that
this inversion exists and can be computed. In Eqn. (3),
Gfront is a square matrix of interaction transfer func-
tions between all the NSS secondary source pistons,
Gfront,ij = Gfront, SS mid-point i← SS piston j . The second ma-
trix in Eqn. (3), Grear, describes the transfer functions into
the impedance surface. For a locally reacting impedance
material model, there is no cross-coupling between the
secondary source pistons on the rear side, so Grear =
Zs,targetI, where I is the identity matrix of size (NSS, NSS)
and Zs,target is the target (specific acoustic) impedance
value at the impedance material.

3. NUMERICAL EXAMPLE

To evaluate the ”ESIE+SS” approach, a rigid box with a
small impedance patch was modeled in 2D. The scatter-
ing was computed using the FEM, as implemented in the
COMSOL software [4], as a reference result, and with the
ESIE+SS method. Fig. 2 shows the ESIE model as well
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as the FEM geometry, with a circle of receivers around
the box. The impedance patch was given a locally react-
ing impedance boundary condition, with values represent-
ing a 200 mm thick porous material against a rigid wall.
The flow resistivity was 10 kPa s/m2 and Mechel’s model
was used for the modeling, as implemented in the Norflag
software [5].

For the FEM modeling, COMSOL Multiphysics, v
6.1, with the Acoustics module was used. The ”pres-
sure acoustics” domain indicated in Fig. 2(b) was meshed
with triangular elements with a maximum element side
length of 6.88 mm. The perfectly matched layer, PML,
had a thickness of 5 elements in the radial direction. The
ESIE+SS method used the Matlab EDtoolbox available at
[6], extended with extra Matlab scripts that implemented
the SS approach. In order to model a 2D case with the
ESIE method, a 3D model of length L (in the third di-
mension) had to be constructed, and some additional steps
had to be taken. For the point-to-point H transfer func-
tions, the direct sound and specular reflection used the
free-field expression for a line-source in 3D, H = H0(kr),
where H0 is the Hankel function of zero-th order, re-
placing the point-source GA components in the EDtool-
box (after proper re-scaling). The first-order diffraction
transfer functions were computed with the modal sum ap-
proach in [7] while the higher-order diffraction transfer
functions were computed by representing the line source
by a set of 501 monopoles distributed along the length
L/2 (half the length due to symmetry). For the piston-
to-point G transfer functions, the GA components were
computed via impulse responses for strip pistons using
the method in [8] that were converted to transfer func-
tions via the FFT. The first- and higher-order diffraction
components all used a set of 501 monopoles at the center
of each strip piston. Table 1 gives the lengths that were
used for different frequencies, as well as number of Gaus-
sian quadrature points (edge points) for the higher-order
diffraction computations, which used up to 6th order.

4. RESULTS

The sound pressure was computed for the third-octave
band frequencies from 50 Hz to 2.5 kHz, the results
for two of which are shown in Fig. 3. The receiver
ranges marked with grey are those where the computa-
tion of higher-order diffraction converges (by increasing
the quadrature order) very slowly, as also indicated in
Fig. 2 (a). As shown in [2], the so-called ESIEBEM ap-
proach could be used to overcome these challenges but it

(a) (b)

Figure 2: Geometrical details for the numerical exam-
ple with a mostly rigid box, sized 3 m by 0.2 m, and a
small patch with a locally reacting impedance boundary
condition. A 2D point source is marked S and a half/full
circle of receivers is shown as well. In (a), the model
for the ESIE+SS approach is shown, and the numeri-
cally most challenging receiver directions, for the higher-
order diffraction, are marked with darker grey areas, and
the more benign challenging directions are marked with
lighter grey areas. In (b), the FEM geometry is shown,
indicating an outer circle of a perfectly matched layer
(PML).

was not implemented here. Since these known challeng-
ing positions cause very large errors, median and quan-
tiles for the errors are presented in Fig. 4. The errors
with the ESIE+SS method might be dominated by the 3D-
representation of a 2D case, with a mix of approaches for
the various components of the G and H transfer func-
tions. For the higher frequencies, the number of secondary
sources might contribute to the discrepancy. The results
can be viewed as accurate, with 5%- and 95%-percentile
values for the error of the whole set of 181 · 21 = 3801
data points being, respectively, -0.30 dB and +0.33 dB,
with a median error of -0.04 dB.

The computation load for the ESIE+SS method is
much higher than for the FEM since the study of a 2D case
actually requires more computations than a 3D case, with
the ESIE(+SS) method. The efficiency of the ESIE+SS
method for 3D cases will be studied in future work.

5. CONCLUSIONS

It has been demonstrated that secondary sources in a rigid
scattering object can simulate impedance boundary con-
ditions for parts of the scattering object. For the presented
numerical comparisons, a 3D version of a 2D case was
implemented using the ESIE diffraction method, and 2D
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(a) f = 100 Hz

(b) f = 1.6 kHz

Figure 3: Computed results for two frequencies. Grey
areas indicate receivers with known numerical challenges
for the ESIE method.

f [Hz] Length L [m] NSS Gaussian
quad.

50-125 40 2 449
160-400 20 2 399
500-1k 10 5 399

1.25k-2.5k 7 11 449

Table 1: Numerical settings for the secondary source
method, ”ESIE+SS”

FEM calculations were used as reference. The agreement
was excellent except for a few known problem receiver
positions. The method seems to have good potential for
3D scattering cases where the scattering object has small
impedance parts in a largely rigid object.

Figure 4: Median values, with 95% and 5% percentiles,
across the 181 receiver positions.
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