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ABSTRACT

Ambisonics is an efficient spatial sound acquisition and
reproduction technique in the spherical harmonic domain.
At low frequencies, lower-order ambisonics reproduction
is accurate, but at high frequencies, the spatial resolution
suffers. An increase in frequency shrinks the radius of
the error-free region and degrades the spatial resolution.
Higher-order ambisonics (HOA) provided better spatial
resolution in this context. However, sound spatial ac-
quisition in HOA is constrained by hardware complexity
and storage space, in contrast to low-order ambisonics (B-
format). So, it is worthwhile to acquire the sound scene
at low order to reduce hardware complexity and storage
requirement and upscale to a higher order while repro-
ducing to improve the spatial resolution. This work in-
vestigated algorithms based on minimizing the diversity
measures for obtaining higher-order ambisonics from the
B-format signals. In particular, we are interested in the
FOCUSS (FOCal Underdetermined System Solver) class
of algorithms, which is an alternative and complementary
approach to the sequential forward method to solve the
sparse inverse problem. The performance of the proposed
upscaling method is evaluated using the mean square er-
ror metrics. The subjective evaluation is performed using
a listening test and compared with state-of-art methods.

*Corresponding author: priyadw@iitk.ac.in.
Copyright: ©2023 routray et al. This is an open-access article
distributed under the terms of the Creative Commons Attribution
3.0 Unported License, which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided the original au-
thor and source are credited.

Keywords: Higher-order ambisonics, Super resolu-
tion, Upscaling, Diversity minimization

1. INTRODUCTION

Sound can be recorded and played back in a 3D space
using ambisonics. HOA provides more detailed spatial
information and uses the spherical harmonics (SH) basis
to represent the spatial sound field [1, 2]. The hardware
complexity and storage space requirement hinder the per-
formance of this method, though. The sequence of the
HOA signal and the source frequency limits the spatial
resolution of the reconstructed sound field. The sweet spot
is the zone where low-frequency sounds are reproduced
faithfully. However, the sweet spot radius and spatial res-
olution decrease as frequency increases. The relationship
between the size of the “sweet spot” and the order of the
HOA is shown by the equation N = ⌈kr0⌉ [3]. Where
⌈·⌉ is rounded to the nearest integer, r0 is the radius of the
sweet spot, k = 2πf

c is the wave number that goes with
the frequency f , and c = 343 m/sec is the speed of sound.
Because of this, the order at specific frequencies directly
affects the spatial sharpness. The following reasons make
it imperative to upscale the order of ambisonics.

• Higher order Ambisonics can record more sound
field details, improving spatial accuracy. Increas-
ing Ambisonics order improves spatial resolution,
making sound sources and their places in repro-
duced audio more accurate.

• Upscaling Ambisonics can improve listening im-
mersion. Recording and recreating spatial detail
can generate a more immersive sound field.
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• Higher order Ambisonics improves sound source
localization. Increased order makes sound source
direction and places easier to identify. Virtual and
augmented reality requires excellent spatial aware-
ness for immersive and participatory experiences.

• Upscaling Ambisonics allows lower-order content
to be adapted to higher-order reproduction systems
without losing fidelity or spatial accuracy as tech-
nology advances.

Using an emphasis operator [4–6] or increasing the
order of encoded ambisonic signals [7–17] can improve
spatial resolution. In [4, 5], an objective estimator is built
to localize sources while conserving energy. Methods
based on sparsity are presented in [7–16]. In [7–12], the
solution matrix is obtained by using a uniform overcom-
plete spherical harmonics basis matrix, while in [16], a
non-uniform spherical harmonics basis dictionary is em-
ployed. These sparse approaches rely on the conditioning
of the dictionary matrix for their effectiveness. In [17], the
authors presented a learning-based technique for upscal-
ing ambisonics. A neural network with a dual path trans-
form function is proposed to upscale the sampling rate and
layers in [18]. However, such learning-based techniques
are computationally intensive.

This study constructs a framework for plane-wave de-
composition by investigating the sparseness of the source
signals. Further, we extend our earlier work [12,15] by ex-
ploring a diversity minimization class of algorithms called
FOCUSS. Compared to frequency domain upscaling [7],
this method’s implementation in the time domain is also
computationally efficient and applicable to broadband au-
dio sources. In addition, the FOCUSS approach has ben-
efits in computing efficiency, flexibility, adaptability, and
the estimation quality gained by iterative optimization of
the estimation process. These features are helpful in vari-
ous signal-processing applications that require identifying
and isolating individual sources. Since the solution matrix
must be evaluated for each frequency bin, the computa-
tional cost of frequency domain methods is considerable.
In addition, a uniform sub-band filter is used as a window
on the lower-ordered encoded signals to speed up calcu-
lations. Error in upscaled HOA signals and examination
of replicated sound field performance matrices are used
to evaluate the suggested FOCUSS approach. A hearing
test is used for the subjective evaluation, and the results
are compared to those obtained using state-of-the-art tech-
niques.

The rest of the paper is structured as follows. A sparse

framework decomposes the lower order ambisonics sig-
nal in Section-2. Later, the FOCUSS method is adopted
to solve the sparse plane wave decomposition problem.
Section-3 compares the suggested approach to the CS and
MP methods. Section-4 finishes the paper.

2. PROBLEM FORMULATION

The ambisonics encoded signals are represented using the
ambisonics coefficients and given as [19]

B = Ys (1)

where, s = [s1, . . . sQ]
T is the source vector

comprises of Q distinct source in the direction
(θs1 , ϕs1), . . . , (θsQ , ϕsQ), (θ, ϕ) denotes the elevation
and azimuth. Y ∈ C(N+1)2×Q is the SH basis coefficient
matrix corresponding to the source and given as

Y = [y(θ1, ϕ1),y(θ2, ϕ2), . . . ,y(θQ, ϕQ)]

y(θ, ϕ) = [Y00(θ, ϕ), Y1−1(θ, ϕ), . . . , YNN (θ, ϕ)]T (2)

where Ynm(θ, ϕ) is the spherical harmonics basis function
of order n, n = 0, . . . , N and degree m, m = −n, . . . , n,
defined as

Ynm(θ, ϕ) =

√
(2n+ 1)(n− |m|)!

4π(n+ |m|)!
Pnm(cos θ)eimϕ

(3)

Pnm(·) is the nth order mth degree associated Legen-
dre function. Based on the design and space constraints,
the order is limited to Nl (lower order). Subsequently,
the lower-order ambisonics signals are passed through
the time-domain overlapping sub-band filter of length w.
Plane-wave decomposition is applied to each sub-banded
encoded ambisonics signal. The decomposition of the sig-
nal encoded in the τ th sub-band is represented as

Bτ = YD ŝ (4)

where YD ∈ C(Nl+1)2×D, represents the overcomplete
dictionary defined similar to (2) and D is chosen such that
D ≫ (Nl + 1)2. The rows of ŝ represent the decom-
posed plane waves, and the corresponding directions are
determined from the columns of YD. The upscaling of
the order of ambisonics is carried out after that. Since
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D ≫ (Nl + 1)2 and few numbers of plane waves are suf-
ficient to represent the encoded ambisonics coefficient, ŝ
is sparse. The following assumptions are made about ŝ

• Each ŝ column must have the same sparsity profile,
meaning that the nonzero entry index is unrelated
to the column in which it appears.

• Fewer plane waves are needed to characterize the
primary source; hence ŝ is sparse. [20].

Considering a high number of sample points transforms
YD into a matrix with full row rank, i.e., (rank(YD) =
(N+1)2). In addition, (4) stands for an under-determined
and consistent system so that there are always many solu-
tions. The goal now is to identify the best option available.
The situation gets more complicated when the nonzero
row indices shift between subbands. A sub-optimal so-
lution is selected in such a scenario as a compromise be-
tween complexity and optimality.

2.1 FOCUSS algorithm for sparse plane wave
decomposition

In contrast to the forward sequential approaches [12, 15],
the FOCUSS algorithm is a diversity minimization algo-
rithm used for sparse plane wave decomposition. In this
technique, all the columns of the SH dictionary matrix
are selected, and an iterative strategy is followed to re-
move the columns until a few remain. This method be-
gins with the noiseless issue and assumes an exact diver-
sity solution that fulfils (4). The solution is expressed as
s̄ = YD†

B, YD†
= YDH

(YDYDH

)−1 (Moore–Penrose
pseudo-inverse), and represents the norm-2 solution to (4).
The term τ is dropped for the ease of representation. To
begin with, the diversity measure is defined as

Ep(ŝ) =
D∑
i=1

|̂s(i)|p, 0 ≤ p ≤ 1 (5)

where ŝ(i) = [ŝ1(i), . . . , ŝw(i)] is the ith row of ŝ. It is
similar to lp norm and called p−norm diversity measure.
The diversity measure for multiple measurements is

J p,q(ŝ) =
D∑
i=1

(∥ŝ(i)∥q)p , 0 ≤ p ≤ 1, q ≥ 1 (6)

where ∥ŝ(i)∥q =
∑w

l=1

(
∥ŝl(i)∥q

)1/q
. For simplicity

q = 2, and the diversity measure is written as J p and
expressed as

J p(ŝ) =
D∑
i=1

(
w∑
l=1

|̂sl(i)|2
)p/2

, 0 ≤ p ≤ 1 (7)

The choice of cost function is inspired in two direction

• If p → 0, it finds the number of nonzero rows of ŝ
and obtains a sparse solution to (4).

• Minimizing the computational complexity.

The objective function is defined as

argmin
s̄

J p(ŝ), s.t. YD ŝ = B (8)

Representing the objective function in the Lagrange form

L(ŝ,Λ) = J p(ŝ) + Λ(YD ŝ − B) (9)

where Λ is the vector of Lagrange multipliers. At the sta-
tionary point of the Lagrangian function

∇ŝL(ŝ∗,Λ∗) = ∇ŝJ p(ŝ) + YDH

Λ∗ = 0

∇Λ∗L(ŝ∗,Λ∗) = YD ŝ∗ − B = 0 (10)

The partial derivative of L(ŝ∗,Λ∗), w.r.t ŝ in the tractable
form is expressed as [21]

∇ŝJ p(ŝ) = |p|Π(ŝ)ŝ (11)

where, Π(ŝ) = diag(∥(ŝ)∥p−2) and is independent of the
columns. Now substituting in the stationary condition the
optimal solution is obtained as

ŝ∗ = Π−1(ŝ∗)YDH

(YDΠ−1(ŝ∗)YDH

) (12)

where, Π−1(ŝ) = diag(∥(ŝ)∥2−p) and the solution ŝ∗ is
obtained iterative and expressed as

ŝ+ = Π−1(ŝ)YDH

(YDΠ−1(ŝ)YDH

) (13)

For computation purposes, the FOCUSS algorithm is ex-
pressed as

W+ = diag
(
∥ŝ(i)∥1−p/2

)
YDH+

= YDW+

X+ = YDH+

B

ŝ+ = W+X+

(14a)

(14b)

(14c)

(14d)
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The algorithm when the convergence attains the stopping
criteria and given as

∥ŝ+ − ŝ∥F
∥ŝ∥F

< δ (15)

where,∥ · ∥F being the Frobenius norm.

2.2 Upscaling HOA

Upscaled spherical harmonics basis dictionary matrix
YDu

is calculated and the upscaled HOA is derived as

Bu = YDu

ŝ (16)

where Bu is the encoded ambisonics of order Nu > Nl.
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Figure 1: Illustration of the upscaled ambisonics sig-
nal for B−1

4 channel, (a) reference signal, Upscaling
using (b) CS, (c) MP, (d) ORMP, and (e) FOCUSS
method for diffused noise (10 dB) scenario.

3. PERFORMANCE EVALUATION

The proposed upscaling method’s performance is evalu-
ated utilizing metrics such as upscaled error analysis, re-
produced sound field analysis, and subjective evaluations.
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Figure 2: Illustration of MSE between the reference
and upscaled ambisonics signal with (a) order varia-
tion form 2 to 7 (left), and (b) SNR variation from 5
dB to 30 dB (right).

Following that, the proposed approach’s performance is
compared to the state-of-the-art compressed sensing (CS)
[7], matching pursuit (MP) method [15], and order recur-
sive matching pursuit (ORMP) [12] methods.

3.1 Upscaling Error Analysis

A sound scene has been generated for upscaling error
analysis, as shown in [15]. It is made up of four differ-
ent Gaussian-modulated sinusoidal sources. The core fre-
quencies of the transmitted source signal are 0.8 kHz, 1.5
kHz, 2 kHz, and 3kHz, respectively. The signals are en-
coded in B-format using order-1 ambisonics. The encoded
signal is windowed using a 1024 sample-size rectangu-
lar window with 50% overlap. The dictionary spherical
harmonic basis matrix is developed for sparse plane wave
decomposition using 512 directions derived from uniform
sphere sampling.
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Reference CS [7] MP [15] ORMP [12] FOCUSS
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Figure 3: Sound pressure plots for order n = 2, 4, and 7 (top-bottom)) for a frequency 2000 Hz. Column-
1 represents the reference sound field, Column 2 -5 represent the sound field for the CS, MP ,ORMP, and
proposed FOCUSS based upscaled sound fields respectively.

CS [7], MP technique [15], ORMP [12], and proposed
FOCUSS-based algorithms are used to upscale B-format
signals. For comparison, reference upscaled signals are
obtained. Figure 1 depicts the B−1

4 channel signal across a
single window. At the top is the upscaled reference signal
for the B−1

4 channel. Figure 1(b)-(e) depicts the upscaled
signal of the B−1

4 channel for anechoic conditions utiliz-
ing the CS, MP, ORMP, and FOCUSS techniques. Fur-
thermore, the robustness of the suggested FOCUSS-based
upscaling approach for diffuse conditions is investigated
by introducing uncorrelated white noise to the B-format
signal, as described in [7,12,15]. The diffused noise level
is adjusted to 10dB in this scenario. The mean square error
of the upscaled signals is calculated by comparing them
to the reference and altering the order from 2 to 7 and the
signal-to-noise level from 5 dB to 30 dB, as shown in Fig-
ure 2. The MSE for the suggested FOCUSS approach is
the lowest compared to the CS, MP, and ORMP, as shown
in Figure 2. In the diffused noise condition, the MSE falls

as the signal-to-noise ratio grows. In this scenario, the
MSE is the smallest possible for the proposed FOCUSS
based upscaling.

3.2 Analysis of Reconstructed Sound Fields

To evaluate the performance, the upscaled sound field is
recreated using the CS, MP, ORMP, and the proposed FO-
CUSS methods and analyzed. This analysis is carried out
by considering a plane wave with a frequency of 2 kHz
and an amplitude of 1 in the direction (π/4, π/4). The
sound pressure plots are obtained as

p(r, k) =
N∑

n=0

n∑
m=−n

4πinjn(kr)

Y ∗
nm(θs, ϕs)s(k)Ynm(θ, ϕ) (17)

where r = (r, θ, ϕ) represents the observation point and
j(kr) represents the spherical Bessel function. The spher-
ical harmonics coefficient for the source direction is repre-
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Figure 4: Box plot showing the perception score for
upscaled sound scene using CS and MP

sented as Y ∗
nm(θs, ϕs). The CS, MP, and proposed ORMP

methods calculate the upscaled spherical harmonics co-
efficient. These coefficients are used to calculate sound
pressures, and the sound fields are presented in Fig. 3. The
plane wave’s sound field is reconstructed on a horizontal
plane of 0.64 m2 area. The reconstructed sound field for
N = 2 (top row), N = 4 (middle row), and N = 7 (bot-
tom row) is shown in Fig.3. The first column represents
the reference sound field. The reconstructed sound field
employing the CS, MP, ORMP, and FOCUSS methods is
shown in the second to fifth columns. The spatial resolu-
tion improves with the order, as shown in Fig. 3.

3.3 Subjective Evaluation

For the subjective evaluation, an audition is performed.
First, a B-format (order 1) ambisonics encoded signal is
obtained and upscaled to higher orders using CS, MP,
ORMP, and the proposed FOCUSS techniques, taking it to
orders 2, 4, and 7. An adequately spaced loudspeaker ar-
ray is used to decode these higher-order encoded signals.
Orders 2, 4, and 7 of the decoded HOA signals are played
through 10, 25, and 64 equally-spaced loudspeakers. Fif-
teen subjects evaluated the spatial audio quality from their
listening experience. They are to assess the sound quality
of the provided audio recordings on a scale from 0 to 100,
with 0 representing the worst possible quality and 100 rep-
resenting the best possible quality. Box plots of the results
are shown in Fig. 4. Figure 4 shows that the listeners’
aural acuity improves as the list is sorted. The proposed
technique provides a better listening experience than the
CS, MP, and ORMP methods. Further, it is observed that
the listening experience improves with the increase in the
order of ambisonics.

4. CONCLUSION

Sparse plane wave decomposition of lower-order am-
bisonics is developed using the diversity minimization
algorithm FOCUSS. The lower-order ambisonics is up-
scaled to improve the spatial resolution, such as to give the
listeners an improved immersive spatial audio experience.
Time-domain upscaling algorithms use sub-band filters
for efficient computing. CS, MP, ORMP, and FOCUSS-
based methods are used to upscale lower-order encoded
ambisonics signals. The replicated sound field, signal er-
ror, and listening test evaluate upscaling procedures. The
proposed technique outperforms CS, MP, and ORMP in
clear, diffused noisy situations and improves spatial reso-
lution. Research is needed to produce low-complex, effi-
cient spatial resolution, and real-time implementation ap-
proaches.
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