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ABSTRACT

Sound intensity is related to human’s perception of sound
at mid to high frequencies. Traditionally, sound inten-
sity vector is measured at a sweet spot using an intensity
probe. To cover a spatial region, the intensity probe must
be placed at multiple sampling points. To reduce hard-
ware cost and measurement complexity, this paper pro-
poses the cylindrical harmonic coefficients of the sound
intensity vectors (CH-I coefficients) in a circular listen-
ing area. The CH-I coefficients are derived from cylindri-
cal microphone array measurements of the pressure in the
circular listening area. Hence, there is no need to employ
multiple intensity probes or move the intensity probe to
different sampling points. For application, this paper pro-
poses the intensity matching algorithm, which reproduces
the sound intensity vectors in the circular listening area by
matching the desired CH-I coefficients. Simulations show
the proposed intensity matching algorithm accurately re-
produces the sound intensity vectors and requires fewer
loudspeakers than pressure-based method to achieve sim-
ilar accuracy in reproduced sound intensity vectors.

Keywords: Sound intensity vectors, cylindrical harmon-
ics, spatial sound field reproduction.

1. INTRODUCTION

In spatial sound field reproduction system, the aim is to
reproduce the desired spatial perception to the listener. In
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many cases, spatial sound field reproduction concerns ac-
curately reproducing the pressure throughout the listen-
ing region. Relevant methods include wave field synthe-
sis [1-7] and higher-order Ambisonics [§—10]. Numerous
loudspeakers are usually required, yet a high accuracy in
the reproduced pressure alone does not translate to im-
proved perception [11].

To improve perception, vector quantities such as the
acoustic velocity vectors (AVVs), the energy vector and
the sound intensity vectors were introduced to spatial
sound field reproduction systems. The AVV is related to
the Gerzon’s velocity vector (a.k.a. the ry vector), which
is relevant to human’s localisation of sound at low fre-
quencies [12, 13]. The AVVs have been used in spatial
sound field reproduction systems [14-21]. The spherical
harmonic and the cylindrical harmonic decompositions of
the AVVs have also been derived [16,20-22]. The energy
vector is also known as the Gerzon’s energy vector or the
rg vector [12, 13]. The energy vector is widely used in
Ambisonic decoding [14, 15].

This paper focuses on the sound intensity vectors,
which are related to human’s localisation of sound at mid
to high frequencies [23]. Sound intensity vectors can be
matched at multiple sampling points within the listening
region [24] or can be used to control the planarity of the
reproduced sound field [25]. The spherical harmonic de-
composition of the sound intensity vectors were intro-
duced in [23] and were used in reproduction at multiple
sweet spots [26] and in multiple listening zones [27], This
paper reduces the listening region to a two-dimensional
(2D) circular area, which can be on the plane where lis-
tener’s ears are located. 2D scenarios are useful when in-
stalling a spherical loudspeaker array is impractical. A 2D
sound field is often described using cylindrical harmonic
expansion. This paper derives the cylindrical harmonic
coefficients of the sound intensity vectors (CH-I). To use
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CH-I coefficients in spatial sound field reproduction sys-
tem, this paper proposes intensity matching (IM), which
matches the CH-I coefficients on the boundary of the lis-
tening area. Simulation shows that when compared with
pressure matching, IM results in a higher accuracy in the
reproduced sound intensity vectors throughout the listen-
ing area.

2. SOUND INTENSITY VECTORS IN A
LISTENING AREA

This paper concerns the sound field in a circular listen-
ing area. In polar coordinate system, a point r = (r, @)
in which the radius » = ||r|| and the azimuth angle ¢ is
defined counterclockwise from the positive x-axis. The
pressure in a circular listening area can be measured by
a cylindrical microphone array. The cylindrical harmonic
decomposition of the pressure is of the form

N

plk,r, ) = Y an(k)Jn(kr)e™® 0]

n=—N

in which k is the wavenumber, «,, (k) represents the cylin-
drical harmonic coefficients of the pressure, .J,, (-) denotes
Bessel function of the first kind and N is the truncation
order. It was shown in [21] that by using the sound field
translation formula, the AVVs in the listening area can
also be expressed using cylindrical harmonic decompo-
sition of the form

N-1

> (Be)mlk)Im(kr)e™ ()

m=—N+1

Ué(k7 T, ¢) =

in which é € {&, 9} and (8¢).m (k) denotes the cylindrical
harmonic coefficients of the AVVs. (8s)., (k) is related to
ay, (k) via

14
(ﬁa‘:)m( = 5@[0@;@4—1(@ - am—l(k)] 3)
(B9)(F) = =5 o—fomsa(h) +ana(B)]

in which c is the speed of sound and pg is the density of
air. The derivation of (3) and (4) is covered in [21].
The sound intensity vector is defined as

Ié(kvrv (b) :p(k,T, d)) vé(kaTa ¢) (5)

in which (-) denotes conjugation. Substituting (1) and (2)

into (5) gives

Is(k, 7, ¢) :< i an(k)Jn(kr)ei"¢>

n=—N

N M -
= > an®)(Be)m(F)Ju(kr)

n=—Nm=—M
T (k) e =m)¢ (6)

in which M = N — 1. The sound intensity vector can
be expressed using cylindrical harmonic decomposition of
the form

Q
Le(k,r,0) = > (ve),(kyr)e’™ (7)
=—Q

in which the CH-I coefficients

1 or N M o
(ve)q (K, 1) =%/ SN an(k)(Be)m (k)T (kr)
0 p=—Nm=—M
T (k)€ (" =m0 7199 gy
N M -
=Y S ) Be)m (R Ju(kr) J (kr)
n=—Nm=—M
L o i(n—m—gq
oy J, €T
M

= Z O‘m+q(k) (Bé)m(k)Jm-&-q(kr)Jm(kT)-
m=—M
(3

Equation (8) shows that the CH-I coefficients (ve), (k,7)
are directly related to the cylindrical harmonic coefficients
of the pressure (k). Instead of placing an intensity
probe at multiple sampling points in the listening area, the
sound intensity vectors in the listening area can be calcu-
lated by manipulating o, (k), which can be measured us-
ing a cylindrical microphone array. The CH-I coefficients
can be truncated upto Q = N + M.

3. AVERAGE SOUND INTENSITY VECTOR IN A
LISTENING AREA

The CH-I coefficients in (8) depend on the radial distance
r. To cover the whole listening area, the CH-I coefficients
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must be calculated on multiple concentric circles. When
the listening area is small, it may be sufficient to calculate
the average sound intensity vector in the listening area.
The average sound intensity vector in a spherical listening
region is covered in [22]. This paper focuses on the 2D
case. Let R denote the radius of the listening area, the
average sound intensity vector is defined as

21 R
- /0 /0 C(k,r, @) ek, 1 $)rdrdd ()

in which ((k,r, ¢) is a real-valued weight function with
cylindrical harmonic decomposition

C(k,r, ) = Z &k, 7)ei®
b=—B
B
= > &(k,r)e . (10)
b=—B

Substituting (10) and (7) into (9) gives

[ (E )

< XQ: (ve) (K, r)eiq¢>> rdrdo

=—Q

Z Z/ &(k,m)(ve) (K, 7)

b=—Bq¢=—Q

2
/ ei(q*b)d’dgb rdr
0

=27 Z / fb (k,7)(ve),(k,r)rdr. — (11)

b=—B
Like [22], this paper assumes the real-valued weight

function is angular independent, ie., ((k,r,¢) =
C(k,r) =&k, ) = & (k,r). Equation (11) becomes

R
Ze(k) = 27r/0 C(k,7)(ve)o(kyr)rdr. (12)

Substituting (8) into (12) gives

M

R _
—or / k) S (k) (Be)m(R)

[T (k7)) ?rdr
M

= > an(k)(Be)m(k) G (k) (13)

m=—M

0 é ‘IIO 15
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Figure 1. Amplitude of G,,(k) with upper summa-

tion limit p = 50.

R
k) = o /0 ¢l 1) [ o (kr

As an example, suppose the weight function (k,r) =
k%/(2m),

in which

)2rdr. (14)

R
Gm (k) :/0 K2 [T (kr)]rdr

R
= /0 (k) [T (k7)) kedr

kR
_ /0 (k) [ (k) 2d (k) (15)
=23 (et 14 2 R (16
n=0

in which property 10.22.27 in [28] is used to convert the
integral in (15) to the summation in (16). Figure 1 shows
the amplitude of G,,, (k). The amplitude converges to 0.5.

4. INTENSITY MATCHING

This section presents intensity matching (IM), which re-
produces the desired sound field by matching the desired
CH-I coefficients on the boundary of the listening area. In
the recording stage, a cylindrical microphone array first
captures the cylindrical harmonic coefficients ald )(k) of
the desired pressure. Next, the cylindrical harmonic co-
efficients (,Bé)Sf)(k) of the desired AVVs are calculated
by using (3) and (4). Then, the desired CH-I coefficients
('ye)( )(k r) on the boundary of the listening area are
found by using (8). A similar process is used to find the
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CH-I coefficients ('Yé)‘(f) (k,r) when the input to the (-th
loudspeaker with ¢ € {1,2,---,L} is a unit sinusoidal
signal. In the reproduction stage, the squared weights of
the loudspeakers are found by solving a system of equa-
tions

'y(d)(kz,r) = H(k,r)|w(k)|2. (17)

Let [-]T denote matrix transpose, the column vector
7 (k1)
d d
=[Re{vy" (k)" Im{g
T
im{y” (k7))

d

T}, Re{vy" (k, 1)},

(18)

(k,r)

in which the column vector 'yéd) (k, ) is the concatenation
of (’Yé)((]d) (k, r). The matrix

H(ka T) = [7(1)(k7 ’I"), 7(2) (k7 T)v e av(L)(lﬁ 7”)] (19)
in which the ¢-th column

'Y(Z)(kv T)
=[Re{~Y (k, )T}, Im{~y (k, )T}, Re{~\) (k, 1)},

Im{~$ (k,r)T}]" 20)

with 'yg)(k, r) being the concatenation of (’Yé)((f)(k, T).
The squared weights

w(k)? = [w (&), [w® (k) D (k)]
2
in which w(® (k) is the weight of the ¢-th loudspeaker.
Since the squared weights are non-negative, they can be
solved by using the non-negative least squares method.
The weights can then be found by first taking the square
roots of the squared weights, followed by finding a suit-
able minimum-phase system through Hilbert transform.

This paper compares IM with the traditional pressure
matching (PM) approach. In PM, the desired sound field
is reproduced by matching the cylindrical harmonic coef-
ficients of the desired pressure in the listening area. Simi-
lar to (17), the system of equations for PM is

aY(k) = G(k)w(k). (22)

The column vector (¥ (k) is the concatenation of
a%d)(k). The matrix
G(k) = [aW(k), P (k),- -

oDk (23)
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Figure 2. Simulation setup. The listening area is
bounded by the cyan circle of radius 0.15 m. The
loudspeakers denoted by “x” are located on the yel-
low circle of radius 1.5 m.

in which the ¢-th column is the concatenation of .’ (k),
which represents the cylindrical harmonic coefficients of
the pressure when the input to the ¢-th loudspeaker is a
unit sinusoidal signal. The weights

w(k) = [w® (), w® k), w PR @4)
The weights can be solved by using Moore-Penrose pseu-
doinverse or Tikhonov regularisation.

Figure 2 shows the simulation setup. The circular
listening area bounded by the cyan circle is 0.15 m in
radius. The loudspeakers are located on a circle of 1.5
m radius. The azimuth angles of the loudspeakers are
[0,7/4,3m /4,57 /4, Tn /4] rad. The loudspeakers are as-
sumed to be infinite line sources with cylindrical harmonic
coefficients
—1

ol (k) = — H2 (kre)e™ " (25)
in which Hr(f)(-) is the Hankel function of the second
kind. The desired sound field is a plane wave with inci-
dent direction ¢p = 87/9 rad. The cylindrical harmonic

coefficients of the desired pressure are

(k) = imemmom, (26)
The cylindrical harmonic coefficients of the pressure in
(25) and (26) are truncated to +3. As a consequence,
the CH-I coefficients are truncated to ¢ = +5. At each
wavennumber k, the dimension of H(k) is 44-by-5 and
the dimension of G(k) is 7-by-5. The squared weights
in (17) are found by using the 1sgnonneg function in
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Figure 3. Real part of the reproduced sound inten-
sity vectors at 800 Hz. The desired sound field is a
plane wave with incident direction 87/9 rad. (a) is
obtained from PM, whereas (b) is obtained from the
proposed IM.

MATLAB and the weights in (22) are found by using the
pinv function in MATLAB with the default tolerance.

Figure 3 illustrates the reproduced sound intensity
vectors at 800 Hz. Figure 3(a) is from PM and Figure 3(b)
is from the proposed IM. The reproduced sound intensity
vectors from IM closely align with the direction of arrival
of the desired plane wave, whereas the reproduced sound
intensity vectors from PM deviate from the desired direc-
tion. The performance is evaluated as in [29] and [23].
The direction error

e(k) = cos ' (DOT(k)) rad (27)
with
_ IO(k,r) 10k, r) 17
POTH) = @, ol [||I<r><k,r>||2] 28

in which the desired sound intensity vector I (k, r)
I t(ﬁd) (k,r), I ;d) (k,r)] and the reproduced sound intensity

vector 10 (k,r) = [ (k, r),Ig)(k, r)]. Figure 4 shows
the average direction errors in the real part of the repro-
duced sound intensity vectors. The direction errors are
averaged across 317 evaluation points within the cyan cir-
cle of radius 0.15 m in Figure 2. IM consistently achieves
lower direction errors. Note that the direction error will
change if the desired plane wave is from a different direc-
tion. Future work will evaluate the performance of IM
when a listener is present in the listening area. Future
work will also consider different loudspeaker layouts.

5. CONCLUSION

This paper proposed the CH-I coefficients, which were
the cylindrical harmonic coefficients of the sound inten-
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Figure 4. Direction errors in the reproduced sound
intensity vectors.

sity vectors on the boundary of the circular listening area.
The CH-I coefficients were only defined on the boundary
since they were unique to the radius of the circle. The
CH-I coefficients were used in intensity matching, which
reproduced the desired sound intensity vectors on the lis-
tening area’s boundary. Simulation showed that intensity
matching resulted in higher accuracy in the directions of
the sound intensity vectors in the listening area when com-
pared with pressure matching. This paper also proposed a
formulation of average sound intensity vectors. The pro-
posed formulation was independent of the radius of circle
on which CH-I coefficients were calculated.
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