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ABSTRACT

Locally resonant metamaterials enhance sound and vibra-
tion reduction within specific frequency ranges when at-
tached to a base plate. Typically, these metamaterials are
designed with periodically distributed elements across the
surface, maintaining subwavelength spacing. Using pe-
riodic boundary conditions simplifies calculations and re-
duces the computational power needed compared to finite-
sized models. However, no other practical background
states that the elements should be distributed evenly in
the whole available space for maximum metamaterial ef-
fectiveness. The effectiveness of each resonant element
depends on the displacement amplitude of the base plate,
making elements placed in areas with lower vibration am-
plitude less effective than those in higher vibration re-
gions. This work presents a topological optimization of
the distribution of locally resonant elements. The Method
of Moving Asymptotes is employed to minimize the num-
ber of resonant elements while preserving the initial sound
reduction achieved by periodic metamaterials. Calcu-
lations were conducted in COMSOL Multiphysics with
MATLAB, using a combined analytical and numerical ap-
proach for sound insulation simulation. The results con-
firm that the number of resonant elements, and therefore
the additional mass of the metamaterial on the base plate,
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can be reduced while maintaining the initial effectiveness
of the solution.
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1. INTRODUCTION

Locally resonant structures (LRS) are widely exploited in
the literature in noise and vibration suppression problems.
Resonant elements are based on a mass-spring-damper
system and when attached to a base plate create a stopband
effect. In the stopband frequency range, flexural waves
cannot propagate in the base plate, causing vibration and
noise mitigation. Typically, LRS consists of a periodi-
cal mesh of resonant elements distributed equally over the
plate surface at sub-wavelength distances [1]. The pe-
riodic distribution is beneficial due to the simplification
of manufacturing and the lower computational costs. In
the literature, most of the LRS simulation examples are
based on unit cell simulations with periodic boundary con-
ditions, as a simplified model that gives information about
the whole structure [2]. However, the periodicity is a
proper solution in model simplification, and gives a good
approximation of how the finite system will behave, it also
narrows the possibility of creating quasi-periodic or non-
periodic solution. It can be stated that the effectiveness
of the resonant elements distributed on the plate depends
on the displacement of the base plate at the attachment
point [3,4]. Therefore, in places where the base plate
has lower displacement amplitude, resonant elements may
have lower effectiveness.

In this paper a topological optimization procedure is pre-
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sented, which allows for resonant element number mini-
mization, while preserving the metamaterial effectiveness
in noise and vibration reduction at specified level. This
gives the possibility to create quasi-periodic element dis-
tribution on the base plate, by removing unnecessary mesh
elements, which leads to mass reduction.

2. SOUND INSULATION FOR PLATE WITH
RESONANT ELEMENTS
Sound reduction index is a logarithmic variable dependent
on transmission coefficient 74 and is given as
1
R =10log;, —. (1)
Td
Coefficient 7,4 for a diffuse field can be described in ap-
proximate form as

/2
Td & 80000/
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where pg is air density, ¢y is wave speed in the air, 6
stands for elevation incident wave angle, Zg, is radia-
tion impedance, and Z.g is mechanical impedance of
the structure [3]. In the analyzed case, the radiation
impedance is calculated for a finite-size rectangular plate
according to the equations given in [5] and [3]. The ef-
fectiveness of resonant elements can be determined based
on the effective modal mass [6], calculated for the natural
frequencies of the single resonant element. The effective
modal mass can be used to calculate the effective parame-
ters of the plate with LRS. One of the parameters is effec-
tive mechanical impedance Z.¢ which can be calculated
according to equation
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In Eq. (3) B’ stands for plate bending stiffness, m; is
the surface mass of the plate, m/, s” and 7, are the sur-
face mass, stiffness and damping of the resonant element
with a resonant frequency wy. The variables k., k, are
wavenumber components, and w is frequency. Based on
these equations the effectiveness of the plate with LRS can
be determined.

3. OPTIMIZATION OF THE RESONANT
ELEMENTS DISTRIBUTION
The Method of Moving Asymptotes algorithm was se-
lected for the topological optimization of the LRS distri-
bution [7]. The problem solved in this chapter was defined

).
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as a constrained cost function. The cost function mini-
mizes the number of resonant elements while constrain-
ing the mechanical impedance of the base plate. In this
case, the constraint was defined as the smallest possible
difference between the effective mechanical impedance
of the optimized solution and the effective mechanical
impedance of the reference solution with uniformly dis-
tributed resonant elements.

The contribution of each resonator in the model is de-
termined by the variable (¢, which is assigned individu-
ally to each resonator. The variable (¢ can be defined by
the following equation

o=

where P, is a vector of resonant elements included in the
model. When a resonant element is absent in the P, vec-
tor, (¢ = 0. The optimization problem is meant to find the
values of (¢ through cost function f. minimization, while
fulfilling the constraint g at the same time, which can be
described as [8]

0,dlae € P,

1, dlae ¢ P, “)

min fe(C)
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To minimize the number of resonant elements, the cost
function was defined as follows
>7 (6)

where N,.., is the overall number of resonant elements,
and « is weighting factor forcing (€ to achieve values 0 or
1. The constraint function can be written as
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where A is the target difference between the mechanical
impedance level of the basic and optimized case, and dz
is the level difference in the current iteration.

4. HYBRID SIMULATION MODEL
In order to perform topological optimization of reso-
nant elements distribution, a hybrid analytical-numerical
model was created. Hybrid modeling allowed for a finite-
size plate with resonant elements implementation with
reduced time needed for a single calculation. Simula-
tions were conducted using COMSOL Multiphysics with
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MATLAB LiveLink. The numerical model created in
COMSOL is shown in Fig. 1. 3D model consisted of
a shell plate with finite dimensions zpjate = 0.55 [m],
Yplate = 0.45 [m], and thickness 0.001 [m]. The plate
material was steel with the material parameters: density
p = 7850 [kg/m?], Young’s modulus E = 205 [GPal,
and Poisson ratio v = 0.33 [—]. For the base plate, an
excitation was defined in the form of a force per unit area,
expressed in [N/m?].

Yplate

y "
—
Xoffset

X

Xplate

Figure 1. Base plate model with periodically dis-
tributed resonant elements, with dimensions.

On the surface of the base plate, a grid of points

was created, in which resonant elements modeled as
mass-spring-damper systems were placed. The distance
between consecutive points is defined along the y axis
as L, and L, = L,. To model the resonant element,
the Lumped Parameter Modelling module was used,
which allows the parameters of a mass-spring-damper
system to be expressed through mechanical parameters,
without the need to model the geometry of the element.
The effective parameters of the resonant element were
determined using a hybrid model based on modal mass
calculations [6].
For the developed base plate model, it was possible to
determine the vibration velocity of the base plate and,
on this basis, the mechanical impedance Z.g¢ of the plate
with metamaterial. The mechanical impedance of the
plate can subsequently be used to calculate the acoustic
insulation of a plate with LRS according to equations
presented in Sec. 2.
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5. RESULTS

To determine the frequency range of interest, calculations
were performed for frequencies in the range 100 —300 Hz.
Resonant elements were tuned to one of the base plate res-
onant frequencies f = 153 Hz. The calculations were
limited to the implementation of a resonant element with
a natural frequency of wy = 153 Hz and effective mass
in the z axis. For these elements, the effective mass
was m, = 0.00051. The loss factor was assumed to be
1 = 0.05 (as for polycarbonate).

For the optimization of the resonator distribution, the
frequency range was narrowed to f = (140, 170) Hz with
a step of 3 Hz to reduce the computation time per itera-
tion. In optimization, a target error A = 3 dB was as-
sumed. The optimization was run for 600 iterations and
the solution was obtained after 225 iterations. The error
dz achieved after optimization was 2.8 dB, which met the
constraints defined by the constraint function.

In Fig. 2 optimized distribution of resonant elements
is presented. In color, the base plate displacement ampli-
tude for 153 Hz is presented. The positions of the resonant
elements resulting from the optimization procedure are
correlated with areas with larger displacement amplitudes.
The acoustic insulation characteristics obtained from the
simulation for an empty steel plate, a plate with a uniform
distribution of resonant elements, and a plate with an opti-
mized distribution of elements are shown in Fig.3. Despite
a 35 % reduction in the number of resonant elements, the
differences in the acoustic insulation values for individual
frequencies do not exceed 1 dB.
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Figure 2. Displacement of the base plate at the fre-
quency f = 153 Hz with the optimized distribution
of resonant elements on the surface of the base plate.

11™* Convention of the European Acoustics Association
Milaga, Spain * 23" — 26" June 2025 *

SOCIEDAD ESPAROLA

SEA DE ACUSTICA



FORUM ACUSTICUM
ails EURONOISE

@w w
S S

)
St

Sound Reduction Index R [dB]

T I
——empty steel plate 1 mm
plate with metamaterial - before optimization
—— plate with metamaterial - after optimization

L

0
100 125

160
Frequency f [Hz]

1
200 250

Figure 3. Comparison of the acoustic insulation simulation results for the empty steel plate, the plate with
uniformly distributed resonant elements over the entire available surface, and the plate with the optimized

distribution of resonant elements.

6. CONCLUSION

In this paper, an optimization procedure is presented,
which allows for resonant elements number minimiza-
tion while preserving the effectiveness of the solution
in noise and vibration mitigation in specified frequency
range. Thanks to the conducted optimization, the possi-
bility of optimizing the distribution of resonant elements
on the base plate in order to minimize the number of reso-
nant elements was confirmed. The effectiveness of the op-
timization algorithm was validated for the case of a rect-
angular plate with fixed edges and excitation by a plane
wave. The method of optimizing the distribution of el-
ements can be extended, for example, by optimizing the
distribution of elements in a three-dimensional machine
casing. The developed optimization procedure, combined
with algorithms based on hybrid models for LRS simula-
tion, constitutes a solution that enables the improvement
and extension of computational capabilities for vibroa-
coustic metamaterials.

7. REFERENCES
[1] C. C. Claeys, K. Vergote, P. Sas, and W. Desmet,
“On the potential of tuned resonators to obtain low-
frequency vibrational stop bands in periodic panels,”
Journal of Sound and Vibration, vol. 332, no. 6,
pp- 1418-1436, 2013.

M. Nouh, O. Aldraihem, and A. Baz, “Wave propa-
gation in metamaterial plates with periodic local res-
onances,” Journal of Sound and Vibration, vol. 341,
pp- 53-73, 2015.

(2]

2334

[3] J. H. Vazquez Torre, J. Brunskog, and V. Cu-
tanda Henriquez, “An analytical model for broadband
sound transmission loss of a Finite Single Leaf Wall
using a two degree of freedom resonant Metamate-
rial,” Proceedings of the International Congress on
Acoustics, vol. 2019-Septe, no. June, pp. 2091-2098,
2019.

A. Hall, E. Calius, G. Dodd, E. Wester, and K. Chan,
“Development of locally resonant structures for sonic
barriers,” Building Acoustics, vol. 21, no. 3, pp. 199-
220, 2014.

(4]

[5]1 J. Brunskog, “The forced sound transmission of finite
single leaf walls using a variational technique,” The
Journal of the Acoustical Society of America, vol. 132,

no. 3, pp. 1482-1493, 2012.

D. Giannini, M. Schevenels, and E. P. B. Reyn-
ders, “Rotational and multimodal local resonators for
broadband sound insulation of orthotropic metamate-
rial plates,” Journal of Sound and Vibration, vol. 547,
p- 117453, 2023.

(6]

[7]1 K. Svanberg, “The method of moving asymptotes—a
new method for structural optimization,” Interna-
tional journal for numerical methods in engineering,

vol. 24, no. 2, pp. 359-373, 1987.

J. Jung, J. S. Jensen, C. H. Jeong, O. Jeon, and
S. Wang, “Optimizing a distribution of resonators on
a thin plate for the desired sound radiation,” Journal
of Sound and Vibration, vol. 496, pp. 1-16, 2021.

(8]

11™* Convention of the European Acoustics Association
Milaga, Spain * 23" — 26" June 2025 *

SOCIEDAD ESPAROLA
SEA DE ACUSTICA



