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ABSTRACT

Recently, a volume penalization approach has been intro-
duced that enables acoustic finite-difference time-domain
(FDTD) simulations for complex geometries and supports
the modeling of boundary impedances [1]. In this method,
objects are modeled as porous materials by introducing an
effective volume (porosity) and additional friction terms
(flow resistance, permeability) into the governing equa-
tions. This contribution presents the approach in detail
and investigates the numerical modeling error inherent in
this methodology. The analysis focuses on rigid walls and
reflections at these boundaries, exploring modeling with
porosity, permeability, and their combination. The goal
is to achieve a realistic approximation of the physical be-
havior by optimizing the choice of modeling parameters.
This provides a deeper insight into the physics and func-
tionality of the volume penalization approach and paves
the way for further optimization possibilities.
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1. INTRODUCTION

Time-domain methods enable the simulation of acoustic
phenomena such as diffraction and variable sound prop-
agation speeds, which are difficult to account for in geo-
metrical acoustics [2]. Despite their high computational
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cost, increasing computing resources make them increas-
ingly feasible for practical applications. The simulations
are based on different sets of equations, including the
wave equation, the nonlinear Euler equations, and their
linearized form, the acoustic equations. Various numeri-
cal methods have been applied to solve these equations,
such as finite difference, finite element, finite volume, and
the discontinuous Galerkin method. A critical aspect of
all these approaches is the implementation of boundary
conditions, which significantly affects simulation accu-
racy [3]. Acoustic boundaries are often characterized by
their impedance, a complex-valued quantity that is pri-
marily used in frequency-domain analysis. Translating
impedance models into the time domain remains challeng-
ing and is an active area of research.

A recent study introduced an immersed boundary
method for time-domain simulations using finite differ-
ences [1], enabling impedance modeling. Immersed
boundary methods enforce boundary conditions not di-
rectly on grid lines or element boundaries but rather
through additional force-like terms in the governing equa-
tions. One such approach, the Brinkman volume penaliza-
tion, represents objects as porous materials and has been
widely applied in various fields, including aeroacoustics.
The acoustic reflectivity of porous materials in the time
domain has been analyzed in [4]. The volume penaliza-
tion method presented in [1] employs a Brinkman-type
approach that is physically motivated and capable of accu-
rately representing both rigid walls and objects with typ-
ical acoustic impedances. It is straightforward to imple-
ment, computationally efficient, fully parallelizable, and
does not require specialized grid adaptations near bound-
aries. The method is governed by two key parameters: a
linear friction term χ (Darcy term), which accounts for
fluid velocity (equivalent to particle velocity in a purely
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acoustic setting), and the effective volume fraction ϕ,
commonly referred to as porosity. Various formulations
incorporating these parameters exist, as discussed in [5].

Although previous work has qualitatively and quan-
titatively demonstrated that the volume penalization
approach [1] can effectively model solid walls and
impedance boundary conditions, a rigorous analysis of the
parameters ϕ and χ is still lacking. This study aims to pro-
vide such an analysis for the case of a solid wall. By sys-
tematically exploring different parameter combinations of
ϕ and χ, we evaluate the resulting error and determine the
order of convergence with respect to spatial resolution.

2. GOVERNING EQUATIONS

The Euler equations are commonly used in acoustics
as they describe both sound generation and propaga-
tion, including nonlinear effects. To introduce suitable
impedance boundary conditions, the penalization is incor-
porated into the Euler equations using an effective volume
ϕ [5] and a Darcy term proportional to χ [6].

ϕ∂t(ρ) + ∂xi
(ϕρui) = 0 (1)

ϕ∂t(ρuj) + ∂xi
(ϕρuiuj) + ϕ∂xj

p = ϕχ(−uj) (2)
ϕ∂t(ρet) + ∂xi

(ϕρuiet + ϕuip) = 0 (3)

Here, ρ is the density, uj the velocity in the xj-direction,
et the specific total energy, p the pressure, and γ the heat
capacity ratio. For brevity, the dependency of variables
on space and time is not explicitly stated. The summation
convention applies for i, j = [1, 2, 3]. Assuming a con-
stant heat capacity, the energy equation can be rewritten
using [7]

et = (p/ρ) · 1/(γ − 1) + (ujuj)/2, (4)

leading to:

ϕ∂tp+ γ∂xi
(ϕuip)− (γ − 1)ϕui∂xi

p = 0. (5)

2.1 Effective Volume (ϕ)

The dimensionless effective volume ϕ represents the vol-
ume fraction ϕ(xi) = Vfluid/Vtotal due to a porous
medium, with values ranging between 0 and 1. For ϕ = 1,
the original Euler equations remain unchanged. For ϕ =
0, the equations degenerate, which is avoided by choosing
a small but finite value in simulations. Negative values
or values greater than one are nonphysical and excluded.
While time-dependent ϕ has been studied [5], it is not con-
sidered here. The presence of ϕ does not alter the local

speed of sound and has minimal impact on the eigenval-
ues of the governing equations, allowing existing (aero-)
acoustic solvers to be adapted with only minor modifica-
tions [5].

2.2 Darcy Term (ϕχ(−uj))

The momentum equations include a penalization term
ϕχ(−uj), where χ(xi) determines both the spatial distri-
bution and the strength of the penalization. The parameter
χ varies between 0 and ∞ and has units of Ns/m4. For
χ = 0, the force term vanishes. Solid or semi-permeable
boundaries can be represented using sufficiently large χs

values [8]. However, increasing χ leads to larger negative
eigenvalues of the right-hand-side operator, which in turn
restricts the maximum allowable time step size and im-
pacts the stability of standard time integration schemes.
For acoustically damping porous materials modeled with
the Darcy term, however, such restrictions typically do not
arise.

2.3 Smoothing

To mitigate numerical issues such as stiffness [5], the val-
ues of the effective volume fraction ϕ(xi) and permeabil-
ity χ(xi) are subjected to smoothing. In this work, a hy-
perbolic tangent function is employed for this purpose.
For a wall located at x0, the effective volume fraction is
defined as:

ϕ(xi) = 1− (1− ϕϵ)
tanh((xi − x0)/δϕ) + 1

2
, (6)

where δϕ represents the smoothing width, and ϕϵ is the
residual volume fraction within the wall. Similarly, the
smoothing of the permeability is given by:

χ(xi) = χϵ
tanh((xi − x0)/δχ) + 1

2
, (7)

where δχ determines the smoothing width for permeabil-
ity, and χϵ is the residual permeability at the wall. Alter-
native smoothing functions are also commonly employed,
such as the error function (erf) or cosine masks, which
may be preferable depending on the specific application,
see [8]. However, it is the dominance of the parameters -
particularly the amplitude and steepness - that plays a cru-
cial role in shaping the acoustic behavior of the boundary.
This sensitivity highlights the importance of choosing an
appropriate smoothing function to accurately capture the
physical effects at the boundaries.
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3. NUMERICAL SETUP

To analyze the influence of the parameters and their inter-
dependencies, a simple reflection at a flat wall is consid-
ered. The one-dimensional computational domain, span-
ning from x = 0 to x = 3m, is discretized into equidis-
tant points along the x-axis. The error is computed us-
ing N1 = 769 points, and the convergence order is de-
termined by calculating the error with a higher resolution
of N2 = 1025 points. An implicit, compact, 4th-order
scheme is employed for the approximation of the spatial
derivatives. The time integration is performed using a 4th-
order Runge-Kutta scheme. The time step ∆t is chosen as
∆t = 7.9719 × 10−6 s, corresponding to a CFL number
of 0.7.

In addition to the volume penalization, the boundaries
are assumed to be non-reflective and are implemented us-
ing characteristic boundary conditions. The initial condi-
tion is given by an adiabatic pressure pulse in front of the
wall.

For evaluation, the following error is defined:

error =
∫ |p′ref − p′penalized|

|p′ref|
dx (8)

Therein, p′ref = pref−p∞ denotes the discretely exact solu-
tion of the reflection from a mirror source, while p′penalized
denotes the solution resulting from volume penalization
starting at the position x = 1.5m.

4. RESULTS

Figure 1 shows the error as a function of the amplitudes of
ϕϵ and χϵ. The steepness parameter was set to 1.25∆x for
both smoothing functions. As expected, the maximum er-
ror occurs at ϕϵ = 1 and χϵ = 0, which correspond to the
absence of a wall. Furthermore, as physically expected,
the error decreases with increasing permeability χϵ, while
the porosity remains constant at ϕϵ = 1. If no permeabil-
ity is modeled (χϵ = 0), but the porosity (ϕϵ) is reduced,
the error also decreases. The minimum error is found
with the smallest ϕϵ and no permeability. In this case, the
method achieves the highest convergence order O(∆x3),
in contrast to using χ alone, where only O(∆x0.5) can be
achieved. It should be noted that further increases in per-
meability, i.e.χϵ, are possible, but they would require time
integration methods that go beyond the stability properties
of the classical 4th-order Runge-Kutta method, which is
undesirable. The porosity, modeled by ϕ, places signifi-
cantly lower demands on the stability region of the time

Figure 1. Visualization of the error (8) via the am-
plitudes of the porosity ϕϵ and permeability χϵ for a
smoothing of δϕ and δχ = 1.25∆x. The white num-
bers correspond to the order of convergence of the
error. The factor k is defined as k = s

∆tPa sm
−2.

integration, as discussed in [1]. Figure 2 shows the error
as a function of the amplitude ϕϵ and the steepness param-
eter δϕ. For large values of ϕϵ, the smoothing parameter
has almost no influence. For small values of ϕϵ, the error
decreases with decreasing δϕ. The order of convergence
is nearly unaffected by this. It should be noted that a too
small δϕ for very small values of ϕϵ leads to instabilities,
as evidenced by the missing areas in the figure. Figure 3
shows the error as a function of the amplitude χϵ and the
steepness parameter δχ. As expected, the largest errors
are found for small values of the permeability χ. The er-
ror decreases for increasing values of χϵ; with this effect
being smaller for larger values of δχ. A maximum con-
vergence order of 0.5 was achieved at the minimum error.

5. CONCLUSION

A volume penalization approach was presented, physi-
cally motivated by modeling boundaries as porous mate-
rials. The method is based on two key parameters: the
effective volume fraction (porosity) ϕ and the Darcy term
(permeability) χ. An analysis was conducted to investi-
gate the influence of these parameters by varying their am-
plitude and smoothing properties, comparing the results
against a rigid wall test case. The findings indicate that
porosity ϕ is significantly better suited for representing
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Figure 2. Mapping of the error as a function of ϕϵ

and δϕ. The white regions indicate parameter combi-
nations that have led to an unstable simulation. The
white/red numbers correspond to the order of conver-
gence of the error.

Figure 3. Visualization of the error as a function of
χϵ and δχ. The white numbers correspond to the or-
der of convergence of the error. The factor k is de-
fined as k = s

∆tPa sm
−2.

acoustically hard walls, yielding lower errors and achiev-
ing a higher order of convergence. Additionally, ϕ im-
poses fewer constraints on time integration stability com-
pared to permeability χ. In general, the parameters must
be chosen in accordance with their physical interpretation:
porosity should be minimized where no air volume re-
mains, and high permeability should only be applied with
a sufficiently steep smoothing function. These insights of-
fer valuable guidance for the appropriate selection of pe-
nalization parameters in future applications.
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