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ABSTRACT

Hydrodynamic noise is an important component of the
overall noise radiated by a ship, particularly at low fre-
quencies where propeller noise could be dominant espe-
cially at high speed. This study proposes a simplified
analytical solution of the phenomenon of spectral humps
of propeller noise due to the interaction between a rotat-
ing propeller and an incident turbulent flow. The acous-
tic radiation is described by the Ffowcs-Williams and
Hawkings analogy in the compact approximation. The in-
flow turbulence field is assumed to be homogeneous and
isotropic and is modeled using a von Kármán spectrum.
Experimental validation and comparison with more costly
analytical solutions demonstrate the ability of the devel-
oped model to correctly capture the characteristics of the
humps related to turbulence ingestion. From the results
obtained, a parametric analysis enables us to define a cri-
terion for the emergence and shape of turbulence ingestion
humps according to the propeller advance ratio, improv-
ing the criterion proposed by Ffowcs-Williams and Hawk-
ings in 1969.
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1. INTRODUCTION

In the context of propeller hydroacoustics, turbulence in-
gestion noise is due to the interaction between the rotat-
ing blades and the turbulent wake of a submarine or a
surface vessel. The development of predictive models to
better understand the physical origins of turbulence inges-
tion noise and estimating its levels is critical to enhance
ship discretion. Understanding fundamental noise gener-
ation mechanisms allows architects to propose solutions
like optimized blade and hull geometries or operational
adjustments. Integrated early in design, it can reduce de-
tectability by passive sonar in defense contexts and miti-
gate environmental impacts on marine life (Fig. 1).

Figure 1. Detection of a submarine by passive
SONAR in anti-submarine warfare.

This study targets low-frequency noise, specifically turbu-
lence ingestion humps. When a turbulent flow is ingested
by a rotating propeller, the incoming eddies are periodi-
cally chopped by the propeller. This interaction can po-
tentially lead to a correlation (depending on the config-
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uration) between the broadband turbulence spectrum and
the periodic passage of the blades. This correlation cre-
ates a series of humps centered at blade passage frequency
(BPF ) harmonics on the resulting spectrum. The objec-
tive is to study the influence of propeller’s parameters on
the spectral humps and to define a criterion for the appear-
ance of these humps, building on prior research to fully
resolve turbulence-blade interactions while keeping com-
putational costs industrially feasible.

Figure 2. Fixed reference frame, with origin at the
center of the propeller. x corresponds to the re-
ceiver’s coordinate, and y to the coordinate within
the volume containing the sources near the propeller
(Ffowcs-Williams and Hawkings analogy).

2. NOISE RADIATION MODELING

To predict turbulence ingestion noise, this study employs a
simplified version of the Ffowcs-Williams formulation for
moving surfaces under the compact source approximation
: K0c < 1, K0R < 1, where K0 = ω/c∞ is the acous-
tic wavenumber, c is the blade chord and R the propeller
radius (see Fig. 2). For a propeller with N blades rotat-
ing at angular velocity Ω, the far-field (|x| ≫ R) acoustic
pressure spectrum is thus expressed as in [1] section 6.6.2:

p̂(x, ω) ≃ iKj

8π2|x|
eiK·xF̂j(ω), (1)

with the acoustic wave vector in a convected medium:

K =
ω

c∞

(
x

|x|
−M∞

)
, M∞ = (0, 0,M∞), (2)

F̂j(ω) represents the force fluctuation spectrum and is ex-
pressed as [2],

F̂j(ω) =

N−1∑
n=0

∫ +∞

−∞

∫
S(τ)

fj(y
(n), τ)dS(y(n))eiωτdτ,

(3)
with fj is the surface force fluctuation, N the number of
blades and S the surface of each blade. The radiated pres-
sure spectral density in the far-field, is then derived as:

Spp(x, ω) ≃
KiKj

64π4|x|2
SFiFj

(ω), (4)

where the force spectral density SFiFj
(ω) is computed

using a rotating reference frame and Taylor’s frozen tur-
bulence hypothesis. For propellers with low twist angle,
SFiFj (ω) can be approximated only by it’s axial contribu-
tion SF3F3

(ω), that can be expressed as an integral over
the blade radius r and the chordwise wavenumber k2 (see
[1] section 6.6.2) for waves propagating from the leading
edge to the trailing edge (k2 ≥ 0):

SF3F3(ω) =

∫ R

R−b

∫ ∞

0

A(r)|H(k2)|2

·B(k2, r)ψ33(ω, k2, r) dk2 dr. (5)

Here, A accounts for the axial force amplitude,

A(r) =
1

U∞
(2π2ρ∞c(r)U(r))2, (6)

where U(r) is the total effective speed perceived by the
blades:

U(r) =
√
U2
∞ + (rΩ)2. (7)

B captures inter-blade correlations,

B(k2, r) =
sin2(πk2r)

sin2 (πk2r/N)
. (8)

H is the blade response function, given in the low fre-
quency regime by the Sears function [3] of modulus ap-
proximated by [4] equations 6.4.3 and 6.4.4:

|H(k2)|2 ≃ 1

1 + πc(r)k2
, k2 ≥ 0. (9)

Finally, ψ33 is the turbulence spectrum in the rotating
frame in the axial direction and will be given in the next
section. This framework provides the foundation for the
parametric analysis detailed later.
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3. TURBULENCE MODELING

The incident turbulence is modeled as homogeneous and
isotropic using the von Kármán spectrum [5] section 9.1:

ϕij(k) =
E(k)

4π|k|2

(
δij −

kikj
|k|2

)
, (10)

E(k) = Aϕ
|k|4/k4e

(1 + |k|2/k2e)
17/6

, (11)

where k = (k1, k2, k3) and the constants are defined by:

Aϕ =
55

9
√
π

Γ(5/6)

Γ(1/3)

u2

ke
, (12)

ke =
Γ(5/6)

Γ(1/3)

√
π

L
, u2 = ItU∞.

where It is the turbulent intensity. In the rotating frame,
the turbulence spectrum is given by

ψ33(ω, k2, r) = ϕ33

(
0, k2,

ω − k2rΩ

U∞

)
, (13)

providing the turbulence inputs for the the equations (5)
and (4) of the noise model.

4. MODEL VALIDATION

The model is validated against Blake’s analytical results
[1] associated with Wojno experimental data [6] reproduc-
ing a similar configuration of the famous Sevik’s study [7]
with a ten-blades rotor. The parameters used for this con-
figuration are listed in Tab. 1. The comparison, shown in
Fig. 3, demonstrates good agreement, despite differences
arise because Blake uses the frozen turbulence hypothe-
sis on the chordwise wavenumber k2 = ω/U(r) while
we use the frozen turbulence hypothesis on the upstream
axial wavenumber k3 = ω/U∞. Moreover, an offset of
10log10(U∞) has been removed from Blake’s data due
to the absence of normalization by U∞ in Blake’s model.
This normalization is necessary when making the frozen
turbulence hypothesis.
The compact source approximation leads to good predic-
tions when the observer is located near the rotor rotational
axis, where the sound level is maximum. It is underpre-
dicted when the observer is positioned far from the axis
of rotation. This underestimation is illustrated in Fig. 4,
where the compact model is compared to the non-compact
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Figure 3. Comparison of radiated pressure spectrum
with Blake’s model and Wojno’s measurements. The
green solid line corresponds to the model (4) used
with data from Tab. 1 and the red solid line corre-
sponds to the same but with B = 1 in (5) (uncorre-
lated blades noise).

Table 1. Parameter values from Blake’s study [1].

Parameter Value Unit
pref 20 µPa
ρ∞ 1.2 kg/m3

c∞ 340 m/s
M∞ 0.037 -
It 0.06 -
L 1.9 cm
JΩ 1.14 -
c 2.54 cm
R 10 cm
b 7.6 cm
N 10 -
(x1, x2, x3) (64, 0, 64) cm

model of Raposo and Azarpeyvand [8] for an observer lo-
cated at 90 degrees from the axis of rotation. Used pa-
rameters values correspond to the wind turbine case from
Table 1 in [8].
Despite this, it is observed in Fig. 3 and Fig. 4, that the
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Figure 4. Comparison of radiated pressure spectrum
with Raposo and Azarpeyvand’s untwisted model.
The green solid line corresponds to the model (4)
used with data from Table 1 in [8] data and the red
solid line corresponds to the same but with B = 1 in
(5) (uncorrelated blades noise).

shape of the turbulence ingestion humps is correctly re-
produced. Moreover, it is precisely this criterion (humps
shape) that will be important later in the analytical defini-
tion of the emergence of these humps.

5. PARAMETRIC ANALYSIS

This section leverages the noise radiation model, specifi-
cally equation (5), to conduct a detailed parametric study
of the spectral humps generated by turbulence inges-
tion. The analysis focuses on hump positions, their band-
widths, and the critical conditions under which these
humps emerge or disappear, providing insights into noise
characteristics and design implications.

5.1 Positions of the spectral humps

The positions of the spectral humps are determined by
analyzing the peaks in the radiated pressure spectrum.
The peak frequencies of the force spectrum (5) are de-
rived by finding the maximum of the turbulence spectrum
ψ33(ω, k2, r) with respect to ω. Setting the partial deriva-
tive ∂ψ33/∂ω = 0, the resulting frequencies are:

ωT,n = rΩk2 = nNΩ. (14)

These frequencies correspond to the blade-passing fre-
quency (BPF = NΩ) harmonics of harmonic number
n reflecting the periodic chopping of turbulent eddies by
the blades. In (14), the condition k2 = nN/r has been
used indicating that the inter-blade interference term B
reaches its maximum, as illustrated in the force spectrum
construction process (Fig. 5).
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Figure 5. Normalized construction of the pressure
spectrum Spp (solid line lower figure) and force spec-
trum SF3F3 (dotted line) from the integration over the
chordwise wavenumber of the diffracted turbulence
|H|2ψ33 (wide curves upper figure) times the inter-
blade interference function B (narrow curve).

5.2 Bandwidths of the spectral humps

The bandwidths of the spectral humps, defined as the fre-
quency range at half-height of their peaks, quantify their
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spread and influence their distinguishability in the spec-
trum. For turbulence humps, the bandwidth at half-height
is calculated by solving ψ33(k2, ω) = 1

2ψ33(k2, ωT ),
yielding:

∆ωT,n ≃ U∞

√
n2N2

R2
+ k2e . (15)

This expression shows that the bandwidth increases with
the inflow velocity U∞, the harmonic number n, and the
number of blades N , while being moderated by the radial
position r and the turbulence integral scale L ∝ 1/ke.
In Fig. 5, shaded zones correspond to the bandwidth pre-
dicted by (15). The relative bandwidth, normalized by the
peak frequency, is:

∆ωT,n

ωT,n
=

√
J2
Ω

π2
+

9

16n2N2
h

, (16)

where JΩ = πU∞/RΩ is the propeller tip advance ratio
and Nh = NΩL/U∞ is the chopping number introduced
by Ffowcs-Williams and Hawkings in their humps predic-
tion criterion [9] eq. 8, predicting ∆ωT,n/ωT,n ∝ 1/Nh

implying narrow humps when Nh ≫ 1. This criterion is
used in several studies such as Homicz and George [10],
Martinez [11], Glegg et al. [12], Glegg and Devenport [4],
Raposo and Azarpeyvand [8]. Unlike Ffowcs-Williams
and Hawkings prediction, the present criterion (16) in-
dicates a stronger dependence on the advance ratio JΩ,
meaning that a large Nh does not necessarily imply nar-
row humps. Note that this new formulation is equivalent
to that of Ffowcs-Williams and Hawkings when JΩ → 0.

5.3 Hump emergence criteria

The emergence of spectral humps is a pivotal concept in
this study, as it directly informs strategies for noise control
in propeller design. Turbulence humps are distinguishable
in the spectrum when their bandwidths do not exceed the
frequency spacing between consecutive humps, given by
NΩ. If the bandwidth ∆ωT,n surpasses this threshold, the
humps overlap and the spectrum flattens into a broadband
signature. Mathematically, this condition is expressed as:

∆ωT,n

NΩ
> 1. (17)

Substituting the bandwidth from Equation (15), this in-
equality becomes:

JΩ >
π√

n2 +
r2k2

e

N2

, (18)

meaning that the n-th turbulence hump vanishes if JΩ is
superior to a critical advance ratio, as their bandwidth ex-
ceeds the BPF spacing. This critical advance ratio is de-
fined by:

JΩ,c(n) =
π√

n2 +
r2k2

e

N2

. (19)

The most restrictive case occurs at the first harmonic
(n = 1), where overlap eliminates all subsequent humps
if exceeded. Fig. 6 illustrates this effect, showing how in-
creasing JΩ beyond the critical value leads to a loss of dis-
tinct humps. A trend consistent with experimental obser-
vations where humps disappear at higher inflow velocities
relative to rotation speed even with the number Nh being
fixed (see [8] section 4.2). Given the expression (19), we
can reformulate the relative bandwidth (15) only in terms
of the advance ratio :

∆ωT,n

ωT,n
=

JΩ
nJΩ,c(n)

. (20)

Physically, a high JΩ implies a faster axial inflow U∞
compared to the rotational speed RΩ, increasing the fre-
quency at which eddies are chopped and thus broadening
the spectral humps to the shape of the turbulence spec-
trum. For the Blake’s parameters in Tab. 1, JΩ,c(1) ≃
2.92, JΩ,c(2) ≃ 1.54 and JΩ,c(3) ≃ 1.04. Thus the ex-
perimental JΩ = 1.14 suggests overlap after the second
humps, which is what we observe in Fig. 3. This criteria
for hump emergence offer actionable insights for propeller
design. Optimizing parameters like blade count N , turbu-
lence integral scale L, and rotor’s radius R can suppress
humps, by diminishing the critical advance ratio JΩ,c an
thus reducing ship’s detectability.

5.4 Spectral humps perceived by the observer

The spectrum perceived by the observer is that radiated
by the pressure fluctuations (4) resulting from the prop-
agation and deformation of the force spectrum from the
blades such that Spp ∝ ω2SF3F3 . The frequency of the
perceived humps ωp,n (peaks of Spp) is therefore differ-
ent from that of the turbulent humps (peaks of SF3F3

).
The link between the perceived humps and turbulence’s
humps is established by expressing the peaks of Spp in
function of the peaks of SF3F3 using (4) and (2):

ωp,n ≃ ωT,n

2
+

1

2

√
ω2
T,n +

∆ω2
T,n

ln(2)
. (21)
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Figure 6. Impact of critical advance ratio on turbu-
lence hump visibility, showing JΩ,c versus harmonic
number (upper figure) and normalized force spec-
trum flattening (lower figure). Parameters values are
from Tab. 1.

It is therefore noted that the position of the humps per-
ceived by the observer is slightly shifted to the right
(higher frequencies) as the humps bandwidths increases,
consequence of the propagation from the propeller to the
observer. This phenomenon is illustrated in Fig. 5. Re-
cently, this ’blue shifting’ phenomenon has been qualita-
tively described by Huang [13] and numerically studied by
Qin et al. [14]. Moreover, Martinez [15] made a theory for
large N , predicting the first hump’s ’blue shifting’ of the
force spectrum SF3F3 (i.e. on the shift of ωT,n > nNΩ
which is not seen here) but not for the pressure spectrum
Spp (i.e. not for ωp,n). By injecting the expression (15)
obtained for the bandwidths into (21), we derive the ex-
plicit expression of ωp,n as a function of the problem’s

parameters:

ωp,n =
ωT,n

2

(
1 +

√
1 +

1

n2 ln(2)

J2
Ω

J2
Ω,c

)
. (22)

with ωT,n = nNΩ. It is interesting to note that there
exists a maximum shift, dependent only on n, when
JΩ = JΩ,c, since the n-th peak overlaps for higher ad-
vance ratio (when JΩ > JΩ,c). The first peak satis-
fies max(ωp,1) ≃ 1.28ωT,1, corresponding to a maxi-
mum shift of 28%. The maximum shift then rapidly de-
creases with n, such that max(ωp,2) ≃ 1.08ωT,2 and
max(ωp,3) ≃ 1.04ωT,3, corresponding to 8% and 4%, re-
spectively. For the parameters of Tab. 1, we obtain a shift
of ωp,1 ≃ 1.06ωT,1 = 1.06BPF , which is a better pre-
diction of the experimental shift observed in Fig. 3 (dotted
vertical lines).

6. SPECIFIC CASES

In this last section, an analysis of special cases of the pre-
vious model is presented to demonstrate its equivalence
with theories in the literature dealing with limit cases.

6.1 Static propeller

When the propeller is static (Ω = 0) and has only one
blade (N = 1), the model reduces to leading edge diffrac-
tion noise as in section 14.3 of [4]:

SF2F2
(ω) = 4π4ρ2∞c

2U∞b

∣∣∣∣H( ω

U∞

)∣∣∣∣2 Φ22

(
0,

ω

U∞

)
,

Spp(x, ω) =

(
ωx2

8π2c∞|x|2

)2

SF2F2(ω). (23)

with Φ22 (k1, k3) =
∫ +∞
−∞ ϕ22(k1, k2, k3)dk2 the two-

dimensional turbulence spectrum in the blade plane. This
model thus reproduces the result of Glegg and Deven-
port [4], for a fixed wing in turbulent flow, modulo a factor
2π, given that the normalization of the Fourier transform
used is not the same as here (see appendix).

6.2 Uncorrelated blades

The cross-correlation function between the bladesB is re-
sponsible for the periodic reproduction of the turbulence
spectrum (and thus the production of the humps) in (5).
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Setting B = 1 amounts to neglecting the interaction be-
tween the incident turbulent field and the periodicity of the
blade passage, which thus eliminates the humps while still
preserving the average trend of the spectrum (red mean
line without humps in Fig. 3 and 4) given by the diffrac-
tion of the turbulence corresponding to |H|2 · ψ33 in (5).
This uncorrelated approach has already been theorized by
Sevik during his experiment in 1971 [7].

7. CONCLUSION

This study has successfully developed a simplified analyt-
ical model to predict turbulence ingestion noise for ma-
rine propellers, focusing on the characterization of spec-
tral humps. The key steps undertaken include: (1) the
adaptation of the Ffowcs-Williams and Hawkings formu-
lation to model acoustic radiation from moving surfaces,
incorporating a homogeneous and isotropic von Kármán
turbulence spectrum; (2) validation of the model against
Blake’s and Raposo’s analytical and experimental results,
confirming its ability to reproduce hump shapes despite
some underpredictions in non-compact scenarios; (3) a
detailed parametric analysis to determine hump positions,
bandwidths, and emergence criteria, introducing a refined
critical advance ratio JΩ,c(n) that improves upon the orig-
inal Ffowcs-Williams and Hawkings criterion; and (4) an
exploration of special cases, such as static propellers and
uncorrelated blades, demonstrating equivalence with es-
tablished theories. Future works will focus on implement-
ing realistic propeller geometry (with twist, sweep and
skew angles, etc.) into the models and relaxing compac-
ity hypothesis to study the potential influence on humps
positions, and bandwidths.

8. APPENDIX

8.1 Fourier transform conventions

For the Fourier transforms in time and space, the follow-
ing conventions and notations are used:

f̂(ω) =
1

2π

∫ +∞

−∞
f(t)eiωtdt,

f(t) =

∫ +∞

−∞
f̂(ω)e−iωtdω
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