DOI: 10.61782/fa.2025.0680

FORUM ACUSTICUM
aiils EURONOISE

PERIODIC BOUNDARY CONDITIONS IN FINITE DIFFERENCE TIME
DOMAIN

Jaime Galiana-Nieves'*

David Ramirez-Solana®

3

Rubén Picéo!?
Javier Redondo' 2

! Universitat Politécnica de Valéncia, Valencia, Spain
2 Instituto de Investigacion para la Gestion Integrada de zonas Costeras,
Gandia, Spain
3 Structured Materials and Dynamics Lab, School of Civil Engineering,
University College Dublin, Ireland

ABSTRACT

Finite difference time domain (FDTD) is a numerical tech-
nique that has been well-established for cases where the
time signature of an acoustic system is required. As with
other volumetric methods, it involves discretely meshing
the full spatial domain under study. In the case of periodic
structures, such as sonic crystals, periodic boundary con-
ditions can be used to minimise the computational cost of
the simulation, since they allow for the consideration of
an infinite number of periodic elements. The normal inci-
dence case is straightforward; however, a number of inci-
dence angles are required for the proper characterisation
of a periodic material. There are several methods for im-
plementing periodic boundary conditions with varying in-
cident angles, each with its advantages and disadvantages.
In this work, we present a review of the aforementioned
techniques and compare their performance in a particular
case.

Keywords: FDTD, Periodic Boundary Conditions, Sonic
Crystals, Sound Reduction

1. INTRODUCTION

Noise, defined as unwanted sound from human activities,
negatively impacts health and quality of life [1]. When
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source mitigation is unfeasible, noise barriers (NBs) are
commonly used during the transmission phase [2]. To
plan solutions with NBs, it is essential to understand their
acoustic properties, especially their insulation. There are
two standards for measuring insulation: EN 1793-2:2019
[3] (referred to as diffuse incidence), which is conducted
in a laboratory with a diffuse sound field, and EN 1793-
6:2019+A1:2022 [4] (or in situ method), which is ap-
plied directly at the installation site with normal incidence.
Although the in situ method has gained popularity due
to its direct applicability, the laboratory method is still
used in countries like Spain and Portugal because of the
accumulated experience and the complexity of the post-
processing required by the second method.

Both methods assume very different incidence con-
ditions: diffuse in the first, normal in the second. How-
ever, in real-life situations—such as roads or railway
tracks—the sound strikes the barrier in a plane. There-
fore, a third method, called Flat Average, is proposed to
reflect this realistic incidence.

Traditional NBs, made of dense, rigid materials, re-
flect, diffract, or absorb sound energy [5], but they lack
permeability, aesthetic appeal, and frequency selectivity
[6]. To overcome these limitations, Sonic Crystal Noise
Barriers (SCNBs) have been proposed. These structures
rely on Bragg interference from multiple scattering (MS),
which generates frequency-dependent attenuation bands
called Bragg band gaps (Bragg-BGs), determined by the
lattice constant [7]. The concept was introduced theoret-
ically by Kushwaha in 1997 [8] and experimentally val-
idated by Séanchez-Pérez in 2002 using arrays of rigid
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cylinders [9].

As will be shown later, the differences between previ-
ously methods are small when the insulation varies little
with the angle, like the case of traditional NBs. How-
ever, in devices with strong angular dependence—such as
SCNB—the discrepancies between methods can be sig-
nificant.

In the present work, the results of the three insula-
tion measurement techniques previously mentioned are
compared through numerical simulation, both for homo-
geneous screens and SCNB. The following section will
present the numerical technique used, section 3 will cover
the calculations of the insulation for each of the three
methods, and section 4 will describe the simulation mod-
els. Section 5 will show the results, and finally, section 6
will present the conclusions drawn.

2. OBLIQUE INCIDENCE IN FDTD

The finite differences time domain method (FDTD) was
first introduced in electromagnetics [10] to study wave
propagation and was later adapted to acoustic wave eval-
uation [11]. It comes from the discretizations of the mass
and momentum equations, discretized in time and space
and staggering the grids of acoustic pressure and parti-
cle velocity. For the acoustic pressure p, we define a set
of two different components p, and p,. This separation
serves the purpose of implementing Perfectly Matched
Layers (PMLs) that reduce the unwanted reflections on
the boundaries of the system.

_ n—1
Pr(ij) = Pa(ig)
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Az (u“:(iﬂ/?,j)_ x(i—1/271)> M
n _ n—1
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p" =py +py. (3)

Here, n is the time step in which the simulation is updated.
Each time step represents an advance of At seconds in
time. The mesh precision comes defined by the distance
between grid points in each direction, Az and Ay. Each
pressure or velocity point is in a position defined by iAx
and jAy. The sound particle velocity is then updated in a
similar manner:

5382

n+1/2 n—1/2

Yo it1/24) = Mo (i+1/2,9)
At
= (= 4
P (p<z+1,]> p(w)) )
n+1/2 o n—1/2
Uy (i +1/2) = Yy(ij+1/2)
At n n
T ohy (p(z',j+1) *p(m‘)) )

It can be observed that the velocity points u, and u, are
both staggered in time and space by a factor of 1/2. Par-
ticle velocity in each direction. After iteratively updat-
ing the pressure and velocity fields using Egs. (1) to (5),
the propagation of sound waves in the medium can be ob-
tained. The values of the medium density p and propaga-
tion speed c can be a function of the position within the
model. Altogether with the boundary conditions designed
for these models, it can perform accurate simulations of
wave propagation through complex models.

To study the propagation of sound through infinite peri-
odic or semi-infinite structures its necessary to implement
periodic boundary conditions on the limits of the model to
emulate an infinite structure. This can be easily done for
normal incidence by just substituting the edge values on
the periodic direction with those from the opposite side.
The problem arises when the wave impinges the struc-
ture presents a non-normal incidence. There are some
methods that can be used to study those cases. In this
work we are going to focus on three different methods for
the implementation of FDTD simulations with periodic
boundary conditions for the study of periodic structures
with different angles of incidence. The main issue with
the implementation of periodic boundary conditions with
non-normal angles of incidence resides in the need of fu-
ture instants of the wave propagating through the model to
achieve the periodicity. Since it is not possible to predict
the future characteristics of a wave propagating through
complex media, some methods have been developed to
avoid this problem [12].

2.1 Multiple Unit Cells

One of the methods widely used for the study of peri-
odic structures with different angles of incidence is the
Multiple Unit Cells method. Given a periodic structure,
a model made of a series of rows of this structure is im-
plemented. The amount of rows has to be enough for the
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periodicity effects to be observed. The boundaries of the
model, except the one at the top, are designed with ab-
sorbing boundary conditions. In this case, the boundary
at the top is where the process to obtain the periodicity of
the model is applied.

If we have an incident wave with an angle of inci-
dence of 0, the time delay between the particle velocity at
the top boundary and the y position at the beginning of the
last row of the periodic structure is

(6

tg = yYesinb/cy,

where y. is the thickness of the individual periodic row
and cy is the propagation speed in the medium.

To implement the periodicity using this method, we
inject in the top row of particle velocities in the y direction
the particle velocity in the first row of the final periodic
subdivision and apply the time delay defined. This can be
expressed as

(N

uy(x, Ytop t) = uy(xv Ytop — Yp, t — td),

where u,, is the particle velocity in the y direction, Y.,
is the y position of the last row of the system and ¢ is the
instant of the model update. The excitation chosen for this
method is a wide band Ricker wavelet with a time delay
applied for every position in the y direction that allows the
wave to propagate with the desired angle of incident. This
also means that this model is capable of evaluate a great
number of frequencies for each angle of incidence. For
the evaluation of the model, only the results at the upper
set of scatterers is taken into account.

2.2 Sine-Cosine Method

The Sine-Cosine method is a single frequency approach to
the periodic problem. Similar to the Multiple Unit Cells
method, it relies on a delay applied to the periodic bound-
aries of the model. However, since the model evaluated is
conformed by a single row of scatterers, the implementa-
tion needs to be carefully adjusted.

To properly implement periodic boundary conditions, it
has to affect both the top and bottom limits of the model.
Given an angle of incidence 6, the wave propagating at the
top line of the model is delayed by a time ¢, as defined in
Equation 6. The issue appears in the implementation of
the periodicity for the bottom row, which has to be a fu-
ture value of the sound velocity in the top row. Since we
can not predict future values of the sound velocity in these
cases, a phase shift is applied to create these conditions.
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This can be made if the excitation is defined by a single
frequency. This phase shift is defined as

2r f
)

)

Ye sin 6
)

w=e ()
where y. is the length of the model in the y direction and
f is the excitation frequency.

When updating the model, the velocity points on the edges
of the system need to be evaluated by applying the defined
phase shift. For the lower row of particle velocity in y the
update equation is defined as follows

upt 26, —1/2) = up 2 (i,-1/2)

At
- POAZ/ (p(zvo) —p(uyc)w).

€))

It can be observed that the phase shift w is applied to the
upper row of sound pressure values to add them below
the lower velocity points in the y direction to implement
a boundary condition which causes a continuum in the
model that depends on the frequency and the angle of the
incident wave. As for the update equations of the upper
velocity row, it is important to conjugate the phase shift,
so for this case the wave needs to be ”delayed” in order to
fulfill the periodicity condition:

UZ+1/2(i7yc + Ay/z) — uZ*1/2(Z.,yC + Ay/2)

B 0(6,0)"0" — pliye))

- 10
poAy (10

This method allows the evaluation of periodic structures
with different angles of incidence utilizing way smaller
grids than the Multiple Cell method. However, since it
only allows to study one frequency at a time it is needed
to run a number of simulations in order to obtain a precise
response of the structure under study.

2.3 Mapped Field Method

The last method studied in this work is the Mapped Field
Method. This method comes from the Field Transforma-
tion Techniques proposed in electromagnetism to study
wave propagation through periodic structures with broad-
band results for each angle of incidence. For that purpose,
it is needed to modify the update equations of the classical
FDTD method [13].

First of all, a series of auxiliary variables are defined
to eliminate the phase shift caused by the angle of inci-
dence. This phase shift comes from the fact that the wave
vector in the z and y directions depend on said angle of
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incidence. For that purpose, that phase shift is added to
the initial values of pressure and particle velocity. Assum-
ing we have a periodicity set in the y direction, the new
pressure and velocity expressions result in

P :pefiksiney, (11)

V — uefiksiney. (12)

where k is the wavenumber defined as k = w/co and y
is the position in the vertical direction. Substituting these
new values in the original wave equations and properly
discretizing we obtain a new set of update equations.
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This new set of variables are divided in two main groups.
The first one are the pressure variables, composed by the

global acoustic pressure P, the acoustic pressure in the
x direction P,, the acoustic pressure in the y direction
P, and the auxiliary pressure needed to implement the
method without taking into account the frequency depen-
dence of the equations Py. The second group of velocity
values follow the same notation.

It can be observed that all the equations are updated in the
same instant n + 1. This simultaneous updating cannot
be achieved with classic leapfrog FDTD scheme. That is
the reason why the variation of FDTD Centered in Time
(CIT-FDTD) has been utilized for the implementation of
this method. That variation synchronizes the update of all
the variables with the cost of having to save an additional
time step to perform the discrete derivative through two it-
erations. This method allows us to obtain a broadband re-
sponse of a periodic structure for each angle of incidence
using a single row of scatterers with a simple periodicity
set on its boundaries.

3. EVALUATION OF THE SOUND INSULATION

In real studies, mainly two measuring techniques are used
to assess the isolation provided by any type of barrier.
The normal incidence measurement, also known as in situ
measurements, and the diffuse field method, performed in
transmission chambers under laboratory conditions. An-
other way of measuring the real transmission of a barrier
would be to average the transmission for each angle of
incidence equally, since in real conditions the sound inci-
dent to the barrier will have the same importance regard-
less of the angle of incidence [3,4, 14].

3.1 Diffuse field

Under laboratory conditions, the isolation provided by a
barrier is assessed by applying a diffuse field onto the sur-
face of the barrier. The statistical model that defines the
relevance of each angle of incidence under diffuse field
conditions can be described using the Paris formula [15],
resulting in a global transmission coefficient of

1 fogmaz fo maw 7_(0, ©, f) Sine COS ed(bda

Pmax foamax fogomaz SiIl 9 COS 0d¢d9

m(f) =

(20)
where a global transmission coefficient 7(f) is obtained
from averaging the angle dependent transmission coeffi-
cient 7(0, ¢, f) through with all possible angles of inci-
dence.
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3.2 In situ measurements

One of the most widely used methods of characterization
of acoustic barriers is the in situ method. This proce-
dure only takes into account the normal incidence when
it comes to assessing the insulating characteristics of a
barrier. Thus, this method does not take into account the
range of angles of incidence that can act on the barrier in
areal situation.

3.3 Simple average

Under real conditions, barriers are not usually surrounded
by diffuse field conditions. However, the barrier prevents
the sound to reach the receiving point regardless of the in-
cidence angle. This is the case for linear sound sources
such as roads or train tracks. If each sound source if as-
sumed to be incoherent with the others, it is possible to
calculate the overall intensity that reaches the receiver as
the sum of each differential element of the linear source.
Without taking into account the sound attenuation caused
by the propagation through air, each differential element
will provide a sound intensity defined as dI which will be
proportional to the inverted distance from that element to
the receiver

=" _d 21
. 22 21

where [ is proportional to the sound power per length of
the sound source. The total intensity at the receiver can be
calculated as

Iy
1= | ——dy. 22
/ 212 (22)
To solve this, a variable switch can be made in a way that
y=xtanf (23)
Vo +y? = x (24)

cosf
finally obtaining that

1
I=[ 4. (25)

x

Both Iy and x are constant values. The integration lim-
its for the angle of incidence apply to every possible an-
gle and so it is defined as [—7/2, 7/2]. We finally obtain
that the overall intensity is proportional to the inversion of
the distance to the nearest point of the lineal source. So
this translates to the conclusion that every angle is equally
relevant when assessing the transmission coefficients of a
barrier placed next to a linear source.

4. SIMULATED MODELS

For the purpose of validating the simulation methods and
obtaining the sound insulation provided by barriers made
by periodic structures, two sets of simulations were im-
plemented. All simulations are 2-dimensional.

4.1 Thin layers

The transmission coefficient of an homogeneous layer
with a density different of airs but the same propagation
speed is known theoretically [16] and can be obtained by
the following formula:

1
T = T SR (26)
1+ 3 (Z2/Zy — Z1/Z3)" sin” (kL cos 0)

where Z; and Z, are the acoustic impedance of the
medium surrounding the layer and the impedance of the
layer respectively. The wavenumber inside the medium
k gets modified by the angle of the incident wave 6. Fi-
nally, the thickness L of the barrier allows us to obtain the
behavior of the system.

For each simulation technique described, we have ob-
tained the results for an homogeneous layer with a thick-
ness L = 0.2m and a density p = 10pg, being pg the
density of air.

The matching of the results from the simulations and
the theoretical results can help us validate the simula-
tion models to obtain the sound transmission coefficient
of more complicated systems.

4.2 Sonic crystals

Our main objective of this work is to properly assess the
sound insulation provided by sonic crystals and so, a set of
numerical simulations has been performed to study the re-
sults from the aforementioned evaluation procedures. The
periodic structures simulated are identical for each simula-
tion method previously described: a sonic crystal formed
by three cylindrical scatterers periodically repeated. The
distance between the center of each scatterer, also known
as the lattice constant is defined as [, = 0.17m and each
scatterers have a diameter of d = 0.75[...

5. RESULTS

In this section we present the results obtained with the 3
methods under analysis.
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5.1 Homogeneous layer

First we observe the results for an homogeneous layer
of thickness L = 0.2m and a density p = 10pg with
po = 1.21kg/m?>. In Figure 1 it shows the sound re-
duction index provided by such a barrier at normal inci-
dence with each simulation method and compared with
the theoretical result provided by Eq (26). It shows a

20 Transmission coeficient at 0°
= [—Theory
Mult. Cells
- Sine-Cosine
15 l—Mapped Field

10 -

R(dB)

125 250 500 1000 2000
Frequency(Hz)

Figure 1. Sound reduction index provided by a layer
of dense material with a density 10 times that of
airs and a thickness of 0.2m at normal incidence.
The theoretical result (red) is compared with those
from the simulations: Multiple Unit Cells (black),
Sine-Cosine Method (blue), Mapped Field Method
(green).

proper matching between the three simulation techniques
and the theoretical results. However, if we increase the
angle of incidence as shown in Figure 2 to 30° we start
to observe a subtle mismatch between the Multiple Unit
Cells Method and the rest of results. This is more notice-

2 Transmission coeficient at 30°
= [[—Theory
Mult. Cells
+Sine-Cosine
15 —Mapped Field:

0 "'/

R(dB)

125 250 500 1000 2000
Frequency(Hz)

Figure 2. Sound reduction index provided by a layer
of dense material with a density 10 times that of airs
and a thickness of 0.2m with an angle of incidence of
30°.

able the bigger the angle. As in Figure 3, with an angle of
incidence of 75°, the Multiple Unit Cells method suffers
a severe frequency shift as well as an important ammount
of numerical noise. The sine-cosine method also deviates
from the theoretical solution, but not in a unassimilable
way. It has been observed that the Multiple Unit Cells

20 Transmission coeficient at 75°
“ [[—Theory
Mult. Cells

+~Sine-Cosine
15 || —Mapped Field

|

|
‘\
[

125 250 500 1000 2000
Frequency (Hz)

Figure 3. Sound reduction index provided by a layer
of dense material with a density 10 times that of airs
and a thickness of 0.2m with an angle of incidence of
75°.

method falls apart at great angles of incidence. For that
reason, only the Sine-Cosine and Mapped Field methods
are taken into account to obtain the different transmission
coefficients by means of the procedures described in sec-
tion 3. In Fig.4 we can observe the different assessment
results for the theoretical solution, the sine-cosine method
and the mapped field method, showing a good agreement
in every case.

5.2 Sonic crystal

After validating the simulation techniques by comparing
the results with the theoretical values of a thin homoge-
neous layer, simulation of sonic crystals have been per-
formed. The sound reduction index obtained by each tech-
nique is shown in Figure 5. It can be observed a good
agreement between the three methods, mostly at small
angles of incidence. However, the mapped field method
starts to differ from the others after around a 30° incidence
angle. Then, observing just the sine-cosine method and
the mapped field method, we apply the aforementioned
assessment aproaches to try to obtain the real reduction
index provided by a barrier made of rigid periodic scatter-
ers. In Figure 6 are shown the results for each assessment
procedure applied to the results of both simulation tech-
niques. We observe that the Mapped Field method pro-
vides higher values of sound reduction at high frequen-
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Figure 4. Comparison between different ways of as-
sessment of the sound transmission provided by a
barrier. On the left, the transmission coefficient at
normal incidence. Then, the flat average as described
in 3.3. Finally, on the left, the Paris formula average
from 3.1. The results for the theoretical formula (red)
are compared with those from the sine cosine method
(dashed red) and the Mapped Field method (dashed
black).

cies. And with both techniques, the results for the flat
average and the Paris formula average appear to be quite
similar, showing a great difference with isolation provided
at normal incidence.

6. CONCLUSIONS

In this work, we have compared three simulation tech-
niques for obtaining sound transmission through semi-
infinite periodic structures with different angles of inci-
dence.

From the three different methods implemented, the Multi-
ple Unit Cells method shows poor accuracy when the an-
gle of incidence approaches large values. However, this
method allows to simulate a wide band of frequencies at
a time. The sine-cosine method solves the problem of the
low accuracy at large angles of incidence but only one fre-
quency can be simulated at a time, so multiple simulations
need to be run for every angle of incidence.

Finally, the Mapped Field method solves both issues, al-
lowing to analyze all the frequency range defined for each
angle of incidence simulated. It only requires the defini-
tion of some auxiliary variables that increase the memory
usage of the system, but it still is a fraction of that used by
bigger models such as the ones used for the Multiple Unit
Cells method.

Once the results for each angle of incidence were ob-

5387

Figure 5. Color map of the sound reduction index,
R, in decibels, for each of the simulation methods
studied in this work for a sonic crystal made of three
columns of scatterers with a lattice constant of 0.17m
and a diameter of a 75% of the lattice constant. The
x axis sets the frequency and the y axis is the angle
of incidence 6.

Sine-Cosine Mapped Field

R(dB)
R(dB)

10° 10*

Frequency (Hz) Frequency (Hz)

Figure 6. Comparison of the results for the sound
reduction assessment of a sonic crystal by using the
Sine Cosine (left) and Mapped Field methods (right).
The blue line represent the results at normal inci-
dence. The flat average is shown in red and the Paris
formula averaging is shown in black,

tained, we have assessed the sound transmission with dif-
ferent measurement procedures. It is observed that the
normal incidence measurements differ greatly from the
results obtained by the two averaged methods proposed.
In real life conditions, it is improbable that normal sound
incidence nor diffuse field conditions are present upon a
sound barrier.

From here it would be interesting to perform laboratory
studies comparing each different measurement method
and analyze how it compares with real life measurements.
Also, the implementation of more complex simulation
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models for periodic structures and other kinds of acous-
tic materials with periodic boundary conditions is a field
that needs to be further studied.
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