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ABSTRACT

Reducing broadband noise in enclosed spaces, such as
rooms or the cabins of cars and airplanes, is a challenge
for acoustic comfort. In recent years, sonic black holes
(SBHs) have been investigated to achieve anechoic ter-
minations in ducts, but their potential for room acoustics
remains unexplored. A conventional SBH consists of a
wave-guide with concentric inner rings of decreasing ra-
dius separated by cavities that are partially filled with ab-
sorbing material. This arrangement slows down and traps
incident sound waves dissipating their energy, which re-
sults in very little reflection beyond the cut-on frequency
of the SBH. In this work we study the acoustics of a res-
onant cavity with an array of SBHs coupled to one of its
walls. The patch transfer function (PTF) method is ap-
plied to couple the cavity and the set of SBHs. For the
former, an analytical modal model is used, while the re-
sponse of the SBHs is characterized by means of the fi-
nite element method (FEM). This substructuring approach
provides a low-cost numerical method to investigate how
SBH design parameters influence the acoustic response of
the cavity.
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1. INTRODUCTION

In connection with the need to develop engineering solu-
tions to control vibrations and noise, research in acoustic
black holes (ABHs) has been increasing in recent years. In
theory, these devices are capable of slowing down imping-
ing elastic waves to a singularity point where the propaga-
tion and the reflection become impossible, delivering per-
fect energy focusing [1]. Two main classes of ABHs are
investigated: the vibrational black holes (VBHs), which
absorb mechanical vibrations [2, 3], and the sonic black
holes (SBHs), that are intended to dissipate sound waves
and which were first proposed in [4]. While VBHs con-
sist of thin beams and plates with decreasing thickness
profile indentations that can capture and dissipate bend-
ing waves, their acoustic counterpart, the SBHs, achieve
the black hole effect by means of a waveguide whose in-
ner radius decreases according to a power law profile and
whose wall admittance has a specific spatial variation [5].
If a perfectly continuous SBH with a null final radius was
possible, perfect absorption could be attained [4, 5].

The most common realization of an SBH is made of a
homogeneous wave-guide equipped with various concen-
tric rings of decreasing inner radii that follow the power
profile and are separated by cavities. Manufacturing con-
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straints such as the end truncation, number and dimen-
sions of rings and cavities and damping mechanisms will
limit the performance of the SBH (see e.g., [6-8]). To
date, most works have been devoted to better character-
ize the SBH as a single system by using different numer-
ical approaches [7,9, 10] and to enhance its performance
at low frequencies using microperforated panels for the
cavities [11, 12] or periodic SBHs [13, 14]. Efforts have
been also made to optimize the SBH design [15, 16] for
a better performance, to find alternative approaches based
on metafluid analogies [17, 18] and slow-down lattice ab-
sorbers [19], or to design SBH inspired mufflers [20].

However, none of the above works have considered
coupling a set of SBHs to a cavity, which could be im-
portant for many industrial applications. That is the goal
of this paper. Given that aiming at a full finite element
method (FEM) simulation of the problem would be com-
putationally very costly, it is herein proposed to resort to
a substructuring technique. In this context, the so-called
patch transfer function (PTF) is used, which has proven
to be very effective in characterizing vibroacoustic sys-
tems [21-23]. This method offers a viable option to cou-
ple linear subsystems through transfer functions evaluated
over patch surfaces at a very low computational cost. We
will use the PTF to assess the acoustics of a homogeneous
cavity when we couple a set of SBHs to it. The cavity and
SBHs will be characterized separately and coupled using
continuity conditions in the framework of the PTF [21].
The coupled model will be validated against a full FEM
simulation of the complete model.

The main technical aspects of the modelling strategy
of the proposed approach are presented in Section 2. The
validation of the method is provided in Section 3. Conclu-
sions and future research lines are drawn in Section 4.

2. PTF MODELLING PROCEDURE

2.1 PTF approach to describe the coupling between
the cavity and the SBHs

As shown in Fig. 1, let us consider a rectangular cav-
ity with dimensions L, x L, x L. coupled to N iden-
tical SBHs on face y = 0. For simplicity, it is assumed
that there is no direct interaction between the SBHs. A
monopole source is located inside the cavity at point .S
of coordinates (xg,ys,2s). Our goal is to predict the
mean quadratic pressure inside the cavity taking into ac-
count the effect of the SBHs. To this end, we use the
PTF substructuring approach to partition the problem into
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two subsystems. The cavity constitutes one single subsys-
tem whereas the N SBHs constitute the other one. There
are NV coupling surfaces between the cavity and the SBHs
which compose the so-called "patches” in the PTF method
(see Fig. 2). The following two conditions must be satis-
fied:

* the patches must be smaller than than half the
acoustic wavelength to respect the PTF criterion,
i.e., the frequencies of interest must be lower than
a critical frequency corresponding to an acoustic
wavelength equal to twice the size of the patch;
the area of the patches must correspond to that of
the opening of the SBHs, but their shapes do not
need to be the same. For instance, the opening of
the SBH may be in the form of a disk while the
patch of the cavity in front of it may be square for
convenience. It was shown in the past that this ap-
proximation is valid if the previous condition is re-
spected.

z
Y.t.x

Figure 1. General case of a cavity coupled to N
SBHs.

For acoustic domains, the PTFs can be defined as the
acoustic impedance of each patch, that is, the ratio be-
tween its mean pressure and its mean velocity. The PTFs
should be estimated for each subsystem separately (cavity
and set of SBHs). For an acoustic subsystem m, the PTF
between patches ¢ and j corresponds to a cross-impedance
and is defined by,

ey

where <p§"> is the mean pressure on patch 7 when a mean
normal velocity is imposed on patch 7 and all other patches
have zero normal velocity. For the sake of brevity, the
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N patches

Figure 2. PTF sub-structuring of a cavity coupled to
N SBHs.

brackets ( ) will be hereby suppressed, and it is under-
stood that all PTFs are defined from mean values.

Similarly, to account for an arbitrary receiver point R,
the patch-to-point impedance is defined as

p(R)
um’

(@)

m __
RRi =

where p (R) is the pressure at R when a mean normal ve-
locity is imposed on patch 7. Finally, the external source
(i.e. the monopole at .S in our case) is characterized by the
patch blocked pressure p''s, corresponding to the mean
pressure on the patch j induced by the source when all
other patches are rigid (null normal velocity), i.e.,
75 =pis. 3)
Once all the PTFs of interest for both subsystems have
been calculated by any suitable method, we couple them
to calculate the total system response by applying continu-
ity conditions on the patches. In the following, we denote
by ss1 the subsystem 1 (cavity) and by ss2 the subsystem
2 (N SBHs). Looking at Fig. 2, it is clear that the mean
pressure in each patch will be the same for both the cavity
and the SBHs, while the surface normal velocity will have
opposite signs when pointing toward the cavity or toward
the SBHs. Pressure and velocity continuity at each patch
implies,

ss2

ssl __ ¢
b =D;
ussl — —US»S2

J J

vVji=1,...N

vj=1,..,N. )
The superposition principle allows one to compute the

pressure at an arbitrary patch j of subsystem 1 as,
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N
B = 2 Vi=1 N )
i=1
and for subsystem 2 we have,
N
p3? = Z Z3Pus? Vj=1,..,N. (6)
i=1

Applying the continuity condition of Eqn. 4 to Eqns. 5
and 6, we are left with the following matrix system that al-
lows us to compute the coupling velocities in the patches
from the impedances of subsystems 1 and 2 and the exter-
nal pressure,

ssl

[USSZ:I — [Zssl 4 ZSS2]_1 [pS

]

2.2 Estimation of the PTFs of the cavity using the
modal expansion method

(7

The PTF method presents a substructuring strategy that
does not depend on how the susbsytem impedances are
calculated. Analytical, numerical or experimental ap-
proaches, or a mix of them, can be used [21]. In the
present study, a modal expansion will be used for the cav-
ity as it is rectangular and homogeneous.

The acoustic pressure inside the cavity admits a stan-
dard modal expansion,

p(x,y,2,w) = qurs (w) bars (7,9,2), 3
q,r,s
with eigenmodes,
Dars ( ) = cos UML) cos (719 cos [ 212
qrs x,Y,z) = La: Ly Lz )
©))

and eigenfrequencies,

quszco\/( )2+< )2+( )2. (10)

The expansion coefficients 'y, (w) in Eqn. (8) are
given by

ST

L.

qm

Ly

rm

Ly
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In the above Equations ¢y is the speed of sound, j =
v/—1, 7. is the modal damping factor and 4,5 = (3)7,
being = the number of indices of the mode that equal zero.

From the modal expansion, we can compute the
patch-to-patch impedance in Eqn. 1, needed to character-
ize the cavity (subsystem 1), as in Eqn. 12 below. Modal
expressions from Eqns. 2 and 3 can be derived in a similar

way,

jw [5, barsdSs: [ darsdS

qus (_w2 +jwncwqrs + wgrs) '

ssl __
7zt = —

q,7,8

12)

Note that, to ensure a reliable description of the cav-
ity dynamics and considering that one patch is dedicated
to each SBH, the number of vibration modes consid-
ered must be such that, for each propagation direction
g > N ¥ and r > NngH [21].

2.3 Estimation of the SBH impedance using a FEM
model

The SBH has been characterized by means of a FEM
model to solve the wave equation using the commercial
software COMSOL, see Fig. 3.

UUUUHU““””HHH u
nnnMﬂHHH”HHM JL

Figure 3. SBH model built in COMSOL: 3D and
mid-plane cut view.

Given that we have neglected any interaction between
the SBHs the impedance matrix of subsystem 2, Z%52, is
diagonal. Furthermore, all the values on the diagonal will
be equal to the impedance of a single SBH, Zspys, since
we have considered all of them to be identical. Zgp is
defined as the mean pressure on the SBH opening surface
over the mean normal velocity prescribed at the opening.
A unitary harmonic velocity is imposed at the entrance of
the SBH FEM model, while the rings and external waveg-
uide that comprises the SBH are considered rigid. By
means of a direct FEM computation in the frequency do-
main, we obtain the pressure in the SBH aperture and get
the impedance as,

ZsBH = (13)

Since the SBH has a retarding effect on the waves
traveling through its interior, causing their effective wave-
length Ac¢s to diminish as the SBH termination is ap-
proached, a conservative criterion was established for the
maximum mesh element size to be Amax < Acff/12,
where \.y is the minimum wavelength achieved inside
the SBH. The SBH domain was meshed using tetrahedral
elements.

2.4 Coupling of the subsystems and computation of
the mean quadratic pressure

Having obtained the impedance matrices for subsystems
1 and 2 in the previous sections, we can now compute the
mean velocities at the patches from Eqn. 7. Next, it is
straightforward to calculate the acoustic pressure at any
receiver point inside the cavity, R € €, as

N
p(R) =pg" (R) + ) 25 us. (14)
=1

The mean square sound pressure inside the cavity is
finally obtained by averaging over the cavity volume,

SS 1
=g [ p®e@ ., as)
c JQ.

with Q. = L, L, L, and the overbar denoting the complex
conjugate.

3. VALIDATION OF THE PTF STRATEGY
AGAINST FEM

To validate the proposed PTF method for the current cav-
ity plus SBH problem, a first case study was conducted.
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Fig. 4 shows the tested case. This comprises an air cav-
ity of dimensions 0.24 x 0.20 x 0.18 m3 and a monopole
source located at (0.034, 0.16, 0.36) m with volume ve-
locity 10~ m?/s. The air has density py = 1.297 kg/m?,
sound speed ¢y = 340 m/s and damping 7551 = 0.01.
The two SBHs in the model are identical and have a
quadratic profile with entrance radius Ry 23 mm,
length L. = 0.175 m, truncation [ = 1 mm, 35 rings
of thickness A, = 1 mm and minimum radius at trun-
cation ; = 0.5 mm. Viscothermal losses inside the SBHs
are accounted for by means of a constant damping fac-
tor nss2 = 0.05. The two SBHs are positioned on the
plane zz at coordinates ¢ = (0.192, 0.135) m and b =
(0.048, 0.045) m. The cut-on frequency of a quadratic
SBH is given by feuon = co/mL ~ 618 Hz [24] while the
cut-off frequency of the duct, beyond which non-planar
waves propagate, is extremely high in this case given the
small radius of the duct f = 1.84co/Ro ~ 27.4 x 103.
Results will be presented for the frequency range between
600 and 2000 Hz.

0.2 7‘0.2

0.15
0.1

m

0.05

z
Y.t x

Figure 4. Nominal system to validate the proposed
method.

From the SBH impedance obtained in Section 2.3, we
can compute the reflection coefficient, R,
Z — 7
_ 4sBH 0 7 (16)
ZsBH + 2o

where Zy = pgco is the characteristic impedance of air.
The absorption coefficient, «, is given by,

a=1-|R?

; a7
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and has been represented in Fig. 5. As seen, its values are
very close to 1 for the analyzed frequency range.

I 4 e o ©
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Figure 5. Absorption coefficient of the SBH.

Finally, the complete coupled system (subsystem 1 +
subsystem 2) has been modelled using a FEM model and
is taken as a reference for comparison with the proposed
PTF substructuring methodology. In Fig. 6, we present the
mean square sound pressure of the cavity (see Eqn. (15))
without SBHs (black line), with SBHs using the complete
FEM model (dashed blue line) and with SBHs using the
PTF approach (dashed orange line). The influence of the
SBHs on the cavity is very significant for all modes, as it
is clearly observed. Surprisingly, for higher frequencies,
where the coefficient o remains very high, the influence
of the SBHs seems to be less important than at lower fre-
quencies. This is attributed to the fact that the SBHs are
located close to the nodal planes of the involved modes.

As for the comparison between the proposed PTF
method and the FEM complete model, it is seen that the
mean error over the analyzed range is 0.58 dB and that
the maximum observed error is ~ 3 dB at 1400 Hz. The
FEM model has 345579 elements and took 105 minutes to
compute, while the PTF, coded and simulated in Matlab,
took only 0.5 seconds.

4. CONCLUSIONS

In this work, a numerical procedure based on patch trans-
fer functions (PTFs) was presented to calculate the re-
sponse of a closed cavity coupled to sonic black holes
(SBHs) when an inner sound source is excited. The cavity
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Figure 6. Mean quadratic pressure inside the cavity
- Validation.

plus SBHs system was divided into a cavity subdomain
and an SBHs subdomain. The former was characterized
by means of a modal expansion while a FEM model was
used for the SBHs. Also a FEM model of the complete
system was built for comparison. The comparison be-
tween the latter and the proposed PTF approach shows a
very good agreement, and that the PTF requires much less
calculation time.

Given the efficiency of the presented approach, in fu-
ture work it will be easy to test different and optimal dis-
tributions of SBHs in cavity walls, as well as to improve
their modelling for better characterization. Different types
of SBHs, such as those cited in the introduction with, for
example, improved behavior at low frequency, could also
be easily tested in the proposed framework.
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