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ABSTRACT

Previous publications suggest that the acoustic attenu-
ation rate in lined two-dimensional ducts with grazing
flow depends on the shape of the boundary layer’s mean
velocity profile. Nayfeh et al. (1974) showed that for
downstream-propagating waves, similar attenuation rates
can be achieved for different profile shapes if the boundary
layer displacement thickness remains constant. However,
for upstream propagation, the attenuation rate also varies
with the boundary layer shape factor. This study revisits
Nayfeh et al.’s work, focusing on small ducts, particularly
within the typical Helmholtz number range used in acous-
tic liner impedance eduction test rigs. Three profile shapes
are considered: the sinusoidal flow profile, the hyperbolic
tangent profile, and the universal law of the wall, which
represents a more realistic turbulent boundary layer. The
exact wavenumbers from the Pridmore–Brown equation
for these flow profiles are compared with the approxima-
tion obtained using a uniform flow and the Ingard–Myers
boundary condition applied to the lined wall with slipping
grazing velocity.

Keywords: duct acoustics, acoustic liners, sheared flow
profile, impedance eduction.

1. INTRODUCTION

Acoustic liners are essential noise-reducing treatments ap-
plied to the nacelles of turbofan engines. They typically
consist of a perforated facesheet, a honeycomb core, and
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a hard backplate. These liners are characterised by their
acoustic impedance, Z̃(ω) = θ + iχ, where θ is the resis-
tance and χ is the reactance. The impedance, which de-
pends on both liner geometry and operational conditions
such as grazing flow velocity and incident Sound Pres-
sure Level (SPL), serves as a boundary condition in noise
propagation models, enabling accurate noise predictions
while circumventing the computational cost of explicitly
modelling the liner.

Liner impedance is typically characterised using ex-
perimental methods under conditions as close as possible
as those in turbofan engines, with impedance eduction be-
ing the most widely used approach [1]. These techniques
often assume uniform mean flow and apply the Ingard–
Myers boundary condition to describe liner interaction
with acoustic and flow fields. However, recent findings
challenge these assumptions.

One key issue is the dependence of educed impedance
on the wave propagation direction relative to the mean
flow, which contradicts the locally reacting hypothesis.
This discrepancy has been consistently observed across
different experimental facilities, suggesting a fundamen-
tal limitation in the standard modelling approach. Ini-
tial studies [2] attributed this behaviour to a failure of the
Ingard–Myers boundary condition, prompting alternative
formulations that introduce additional degrees of freedom,
such as viscosity [3], shear stress [4,5], or boundary layer
effects [6]. These modifications aim to remove the direc-
tional dependence of the educed impedance. However,
experimental validation remains inconclusive, as adjust-
ments to the model fit experimental data regardless of the
specific physical mechanism introduced.

An alternative line of research replaces the uniform
flow assumption with a sheared velocity profile. While
several studies have employed one-dimensional shear flow
models [5,7,8], results indicate that incorporating sheared
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flow alone does not fully resolve the impedance mismatch
[9]. A recent parametric study [8] found that shear effects
become more significant at higher frequencies and larger
Helmholtz numbers but remain a reasonable approxima-
tion for small ducts at low frequencies.

Beyond one-dimensional shear models, some stud-
ies have explored the impact of fully three-dimensional
flow. Numerical experiments comparing solutions from
the Convected Helmholtz Equation (CHE) with those
from the Linearised Euler Equations (LEE) [10] indi-
cate that assuming uniform flow introduces a bias error.
This bias appears to be a significant contributor to the
upstream-downstream impedance mismatch observed ex-
perimentally. Furthermore, when impedance eduction is
performed using wavenumbers derived from a more phys-
ically accurate flow representation, the mismatch is sig-
nificantly reduced, especially at higher frequencies [11].

A common assumption in the literature is that the spe-
cific formulation of the boundary layer profile does not
significantly influence acoustic propagation, provided that
the displacement thickness remains unchanged. However,
early investigations [12] suggest that while this holds for
downstream propagation, upstream propagation is sensi-
tive to the boundary layer shape. Despite this, the influ-
ence of boundary layer shape on impedance eduction re-
mains largely unexplored.

In this work, we propose a numerical experiment to
evaluate how different boundary layer formulations af-
fect impedance eduction. We use the Pridmore–Brown
equation [13] to obtain axial wavenumbers for a sheared
mean flow and apply these wavenumbers in a traditional
impedance eduction routine [14] assuming uniform flow.
By comparing realistic turbulent boundary layer profiles
with simplified formulations commonly used in the liter-
ature, we assess the extent to which small variations in
wavenumbers influence the educed impedance. Our find-
ings aim to provide further insight into the limitations of
current eduction methods and their sensitivity to flow rep-
resentation.

2. GOVERNING EQUATIONS

For this study, we consider the infinite 2D duct depicted
in Figure 1. The duct has width W and an axial flow
u0 = U0(x)êz , assumed invariant in the axial direction.
The wall at x = −W/2 has a locally reacting impedance
Z(ω), while the other wall is rigid.

Acoustic propagation of a wave with exp(iωt) time-
dependence follows the Pridmore–Brown Equation (PBE)

z

x

Z(ω)

U0(x)

W

Figure 1. Schematic duct and coordinate system.

[13], given by
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Assuming an axial modal solution of the form p̃′(x, z) =
p̃′(x) exp(−ikzz), with kz the axial wavenumber, we ob-
tain

0 =

(
∇2

⊥ +
ω2

c20
− k2z

)
p̃′

− kz

(
U0

ω
∇2

⊥ − 2

ω
∇⊥U0 · ∇⊥ +

3ωU0

c20

)
p̃′. (2)

For boundary conditions, at the rigid wall x = W/2,
the normal acoustic velocity vanishes, while at x =
−W/2, the impedance boundary condition is

dp̃′

dx
= − iω

Z
p̃′. (3)

For a uniform flow, the PBE simplifies to the Convected
Helmholtz Equation (CHE), and the impedance bound-
ary condition reduces to the Ingard–Myers condition [15].
The problem is discretised using Chebyshev polynomi-
als [16] and solved as a generalised eigenvalue problem.

3. VELOCITIES PROFILE SHAPE FUNCTIONS

The simplest formulation considered in this work is the
sinusoidal flow profile, as presented by Ref. [17]. In this
case,

U0(x)

c0
=

Ms sin

(
πξ

2δs

)
, 0 ≤ ξ ≤ δs

Ms, ξ > δs,
(4)

where Ms is the free-stream Mach number, and δs is the
boundary layer thickness.
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A commonly employed formulation nowadays is the
hyperbolic tangent profile introduced by Ref. [18], given
by

U0(r)

c0
= Mc

[
tanh

(
1− r

δt

)
+ (1− tanh (1/δt))

×
(
1 + tanh (1/δt)

δt
r + (1 + r)

)
(1− r)

]
, (5)

where Mc is the centreline Mach number, r is the radial
position, and δt is a shape factor. In this work, we use the
coordinate transformation r = 2|x|/W to obtain the flow
profiles in the x coordinate system.

For a realistic boundary layer velocity profile, we em-
ploy the universal wall law [19]

U+ = Π+∫ y+

0

2

1 +
√
1 + 4κ2y+2(1− exp(−y+/A+))2

dy+,

(6)

where Π is given by∫ y+
max

0

2

1 +
√
1 + 4κ2y+2(1− exp(−y+/A+))2

dy+

× (y+max − y+)

(
y+

y+max

)2

= Π. (7)

where y+max,x = Wuτ/ν/2. This formulation ensures con-
tinuity in the velocity profile derivative at the duct centre-
line.

4. MATERIAL AND METHODS

In this work, we consider a small rectangular duct rep-
resentative of traditional liner impedance eduction facili-
ties. The initial dimensions follow the Liner Impedance
Test Rig from UFSC (LITR/UFSC), with a width of W =
40mm, and a parametric study on the effect of duct width
is planned.

For the lined wall impedance, we adopt an SDOF-like
impedance given by

ZSDOF(ω) = 2− i
(
cot (k0h)− (0.03k0)

2
)
, (8)

with h = 35mm, k0 = ω/c0 is the free-field wavenum-
ber, with ω the frequency in rad s−1 and c0 the speed of

sound in ms−1, which is representative of a typical liner
in the considered frequency range and Mach number. The
frequency range considered is 500–3000Hz. The refer-
ence impedance is shown in Figure 2.

Velocity profiles are examined using three formula-
tions presented: the turbulent universal wall law, Eqn. (6),
a hyperbolic tangent profile, Eqn. (5), and a sinusoidal
profile, Eqn. (4). The wall law parameters are fitted to
experimental data from LITR/UFSC, yielding an average
Mach number of M = 0.279, boundary layer thickness
δ99% = 15.72mm, and displacement thickness δ∗ =
1.70mm.

To assess the impact of velocity profiles on impedance
eduction, we fit the hyperbolic tangent and sinusoidal pro-
files to match either the same bulk Mach number and
boundary layer thickness or the same bulk Mach number
and displacement thickness. The considered flow profiles
are depicted in Figure 3

The number of points in the computational domain
used for the pseudospectral solver was determined based
on the critical case, which, for this study, corresponds to
the universal wall law due to its high gradient near the
walls.

For the numerical experiment eduction, we con-
sider the traditional straightforward wavenumber based
impedance eduction first proposed by Ref. [14]. Applying
the Ingard–Myers boundary condition on the lined wall
the CHE solution, it leads to the eigenvalue problem

kx tan(kxW )− 1

ik0Z
(ik0 − iMkz)

2
= 0, (9)
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Figure 2. Reference impedance for the numerical
experiments.
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Figure 3. Flow velocities profiles in linear (a) and
logarithmic (b) and velocities gradient (c) considered
in the first step of this work.

where kx is the transverse wavenumber, and the dispersion
relation given by

k2x = (k0 −Mkz)
2 − k2z . (10)

Once the axial wavenumber is known, it is straightfor-
ward to calculate the liner impedance from Eqn. (9) and
Eqn. (10).

5. RESULTS AND DISCUSSION

First, we examine the wavenumbers obtained from the
Pridmore–Brown equation for different velocity profile
shapes, all with the same boundary layer thickness, δ99%,
and average Mach number M . These results are com-
pared with the wavenumbers derived from the Convected
Helmholtz equation with the Ingard–Myers boundary con-
dition, which models the refraction at the boundary layer
considering the average Mach number. The wavenumbers
for the least attenuated mode, for both upstream (k−z ) and
downstream (k+z ) propagation (corresponding to upstream
and downstream sources, respectively), are presented in
Figure 4.

Results suggest good agreement between all consid-
ered velocity profiles and the predictions from the CHE-
IMBC for the real component of the wavenumber in both
propagation directions. However, for the imaginary com-
ponent of the wavenumber, which corresponds to the at-
tenuation rate, significant differences are observed be-
tween the wavenumbers obtained for the hyperbolic tan-
gent and sinusoidal flow profiles, compared to those ob-
tained for the more realistic distribution given by the uni-
versal wall law, particularly for upstream propagation.
Good agreement is observed between the CHE-IMBC so-
lution and both the wall law and PBE solutions. This sug-
gests that the IMBC may provide a good approximation
for the typical range of impedance eduction. A possible
explanation is that, due to the high gradient near the wall,
even though the velocity distribution extends nearly across
the entire duct half-width, the region where refractive ef-
fects are significant is confined to a much thinner region,
making the infinitely thin hypothesis of the IMBC reason-
able

Next, we consider the case where the different veloc-
ity distributions are adjusted to match the average Mach
number and the boundary layer displacement thickness,
δ∗, rather than the boundary layer thickness, δ99%. This
approach is expected to improve the agreement between
the acoustic attenuation predicted by the different flow
profiles, particularly for downstream propagation [12].
The wavenumbers for the least attenuated mode in both
upstream and downstream propagation are shown in Fig-
ure 5.

As expected, a better agreement is observed for the
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Figure 4. Wavenumbers obtained with different velocities distributions for the same M and δ99.9%.

wavenumbers obtained for the different velocity distribu-
tions, especially for downstream propagation. However,
for upstream propagation, the wavenumbers for the hy-
perbolic tangent and sinusoidal flow profiles agree well
with each other, but diverge from the solution for the wall
law and the prediction for the CHE-IMBC. These initial
results suggest that assuming a uniform flow and compen-
sating for the refraction within the boundary layer using
the Ingard–Myers boundary conditions provides better es-
timates of the acoustic field in impedance eduction facili-
ties under typical test conditions, compared to solving for
an explicit velocity distribution that is not representative
of realistic conditions.

The next step, which is the main goal of this study,
is to evaluate the impact of considering different flow ve-
locity distribution shapes on the evaluation of the acous-
tic field in impedance eduction. We use the wavenum-
bers obtained for the least attenuated mode, considering
the different velocity profile formulations, in the classi-

cal straightforward impedance eduction routine. This rou-
tine assumes uniform flow and the Ingard–Myers bound-
ary condition to model the slip velocity at the wall. The
impedances educed with the proposed numerical experi-
ment, along with the wavenumbers obtained for the dif-
ferent velocity profiles in the PBE, are shown in Figure 6.

The impedances educed using the wavenumbers ob-
tained from the exact solution of the hyperbolic tangent
and sinusoidal flow profiles exhibit a similar trend re-
garding the mismatch observed experimentally between
upstream and downstream acoustic sources (downstream
and upstream propagation, respectively). At the lower fre-
quency end, the upstream source case results in a lower
resistance, with the opposite trend observed at higher fre-
quencies. This behaviour is similar to what has been ob-
served by Ref. [10]; however, in our case, the reference
impedance is not the midpoint between the two curves.
For the most realistic flow profile, the wall law, the con-
clusions differ significantly. At the lower frequency end,
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Figure 5. Wavenumbers obtained with different velocities distributions for the same M and δ∗.

the assumption of uniform flow with the IMBC introduces
a small bias for both acoustic source positions, with good
agreement observed between them. At higher frequen-
cies, the curves diverge, with the upstream source (down-
stream propagation) surprisingly showing a greater devia-
tion from the reference impedance.

6. CONCLUDING REMARKS

This work revisited the influence of sheared flow pro-
files on acoustic propagation in a 2D duct, extending
Ref. [12] to impedance eduction. Comparing wavenum-
bers from the Pridmore–Brown equation with those
from the Convected Helmholtz equation using the In-
gard–Myers boundary condition (IMBC) showed that the
IMBC performs well when the velocity profile is realis-
tic, with improved agreement when matching the bound-
ary layer displacement thickness.

A numerical experiment confirmed that IMBC-based
eduction may introduce errors for non-realistic profiles

but remains accurate for realistic flows. Iterative eduction
with experimental data supported the findings of Ref. [5],
showing reasonable agreement with the IMBC solution.

Overall, the IMBC is a reasonable simplification for
low Mach number, small-duct impedance eduction in 2D
ducts. Future work should extend this approach to realistic
3D ducts, as in Ref. [10], while preserving accurate flow
profile representation.
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[4] Y. Aurégan, “On the use of a stress–impedance model
to describe sound propagation in a lined duct with
grazing flow,” The Journal of the Acoustical Society
of America, vol. 143, pp. 2975–2979, May 2018.

[5] C. Weng, A. Schulz, D. Ronneberger, L. Enghardt,
and F. Bake, “Flow and Viscous Effects on Impedance
Eduction,” AIAA Journal, vol. 56, pp. 1118–1132,
Mar. 2018.

[6] E. J. Brambley, “Well-posed boundary condition for
acoustic liners in straight ducts with flow,” AIAA Jour-
nal, vol. 49, no. 6, pp. 1272–1282, 2011.

[7] X. Jing, S. Peng, L. Wang, and X. Sun, “Investigation
of straightforward impedance eduction in the pres-
ence of shear flow,” Journal of Sound and Vibration,
vol. 335, pp. 89–104, Jan. 2015.

[8] J. Yang, T. Humbert, J. Golliard, and G. Gabard,
“Shear flow effects in a 2D duct: Influence on wave
propagation and direct impedance eduction,” Journal
of Sound and Vibration, vol. 576, p. 118296, Apr.
2024.

[9] A. M. N. Spillere, L. A. Bonomo, J. A. Cordioli, and
E. J. Brambley, “Experimentally testing impedance
boundary conditions for acoustic liners with flow: Be-
yond upstream and downstream,” Journal of Sound
and Vibration, vol. 489, p. 115676, Dec. 2020.

[10] R. Roncen, E. Piot, F. Méry, F. Simon, M. G. Jones,
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