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ABSTRACT

In rooms with non-uniform distribution of absorption, the
sound field is generally subject to multi-exponential en-
ergy decay. This is especially prominent if absorption is
concentrated on a single surface, such as during the mea-
surement of Sabine’s absorption coefficient in reverber-
ation rooms. Accordingly, the sound field is subject to
directionally dependent damping. In this work, an experi-
mental inference method to identify the directional damp-
ing distributions from microphone array measurements is
presented. The method is based on a stochastic directional
energy decay model. The model hinges on the assump-
tion that the decay process is sufficiently described by a
small number of damping constants, assumed to be repre-
sentative of groups of modes with shared damping proper-
ties. A Bayesian variational inference approach is used to
jointly infer the model parameters - namely the damping
constants and the directional energy distributions of each
group of modes - from experimental data.

Keywords: reverberation, directional energy decay, mi-
crophone array

1. INTRODUCTION

The measurement of Sabine’s absorption coefficient ac-
cording to ISO-354 [1] is performed in a reveberation
room. Fundamental requirements for Sabine’s theory of
reverberation are the presence of a diffuse sound field and
uniform distribution of absorption. The latter requirement
is typically not easy to fulfill as the absorbing specimen is
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usually concentrated on the floor area of the room. Such
non-uniform distribution of absorption due to the presence
of the absorbing specimen results in a multi-exponential
decay with distinct directional properties. This was exper-
imentally quantified by Balint et al. who used a Bayesian
framework to estimate the decay constants from omnidi-
rectional Energy Decay Curves (EDCs) measured in a re-
verberation room [2]. Similarly, Xiang et al. estimated
the decay parameters for a multi-exponential decay model
based on the omnidirectional EDC measured in a coupled
room scenario [3]. A neural network based approach was
proposed by Götz et al. [4] and extended to the Common
Slope Model (CSM) in Ref. [5] to investigate the multi-
exponential decay behavior in coupled rooms.
In this paper, an inference method to identify the direc-
tional damping distributions from the experimental Di-
rectional Energy Decay Curve (DEDC) captured using a
spherical microphone array is proposed. Inspired by the
stochastic energy decay model by Kuttruff [6], a direc-
tionally dependent model using the Laplace transform of
the damping distribution is presented. A Bayesian varia-
tional inference approach is used to jointly infer the model
parameters, namely the damping constants and the di-
rectional energy distributions for groups of modes. The
model and parameter estimation methods are presented
in Sections 3 and 4. The experimental and inference se-
tups are introduced in Sections 5 and 6, respectively. Sec-
tions 7 and 8 present the results and conclusions of the
present study.

2. THE DIRECTIONAL ENERGY DECAY CURVE

Assuming that the modes constituting the sound field
within a room are well represented as propagating plane
waves, we decompose the sound field into a basis of plane
waves using a spherical microphone array [7]. The result-
ing spatio-temporal density function describing the sound
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field is given as the vector

g(t) = [g(t,Ω1), . . . , g(t,Ωq)]
T
, (1)

where Ωq contains the co-latitude and azimuth angles
(θq, ϕq) for the q-th steering direction of the plane wave
decomposition beamformer. Using the Schroeder inte-
gral [8], the DEDC is calculated as [9] which describes
the energy decay of the sound field with respect to time
and steering direction

d(t) =

∫ tχ

t

|g(τ)|2 dτ, (2)

where tχ is the time of truncation, which is typically cho-
sen as the time where the Directional Room Impulse Re-
sponse (DRIR) and the noise floor intersect. For a more
compact notation in discrete time, the DEDC is repre-
sented as a matrix D ∈ RQ×T , where T is the number
of discrete time samples and Q is the number of steering
directions.

3. THE DIRECTIONAL COMMON DAMPING
MODEL

Close to and above the Schroeder where a sufficient num-
ber of modes are excited, the energy decay of the sound
field can be represented using stochastic models [10].
Kuttruff showed that the energy decay function can be
calculated using the Laplace transform of the energy
weighted discrete density distribution of modal damping
constants [6]. Extending the model by Kuttruff to account
for the directional properties of the damping distributions,
a stochastic model representing the energy decay captured
in Eq. (2) can be written as

M = SHE, (3)

where H ∈ RV×K is a matrix representing the histogram
for V directions Θv and K damping constants δk, E ∈
RK×T is a matrix containing the Laplace transform ker-
nel for the respective damping constants, and S ∈ RQ×V

is a filter matrix representing the energy response of the
beamformer for all steering directions Ωq and directions
of propagation represented in the histogram Θv .

For sufficiently narrow frequency bands, the his-
tograms in Eq. (3) are usually compact and in the case of
non-uniform distribution of absorption multi-modal [6].
It can be assumed that these compact histograms are
well represented by their respective mean damping con-
stants. As a result the number of candidate damping con-
stants for inverse estimation can be chosen much lower

than the number of modes constituting the sound field.
This is equivalent to grouping a large number of modes
with respect to their shared damping properties, while not
imposing further assumptions on their directional ener-
getic properties. This approach is inspired by the multi-
exponential decay model by Xiang et al. [3] and is similar
to the recently developed CSM by Götz et al. [11].

While these simplifications reduce the number of pa-
rameters to be estimated to fewer than the number of ob-
servations, the problem is still severely ill-conditioned for
two reasons: Firstly, the entries of both model matrices
are unknown, resulting in a non-linear system of equa-
tions. Secondly, including the filter matrix S introduces
a directional smoothing of the DEDC, which results in an
ill-posed inverse problem. For this reason, the filter ma-
trix is replaced by a modified histogram matrix A = SH
resulting in

M̃ = AE, (4)

which will be inferred instead of the histogram matrix H.
It is important to note here that Ã ∈ RQ×K now repre-
sents a smoothed angular energy distribution relating the
damping constants to the steering directions.

Typically, the experimentally observed DEDC has fi-
nite length and is subject to additive noise. Here, the trun-
cation is performed for each steering direction individu-
ally – at the time tχ,v (see Eq. (2)) – where the DRIR and
the noise floor intersect. The resulting error terms due to
noise and temporal truncation can be calculated analogous
to the multi-exponential decay model by Xiang et al. [3].
Both terms can be represented as additive matrix contribu-
tions Rχ ∈ RQ×T and Rn ∈ RQ×T representing the di-
rectionally dependent truncation error and the noise terms,
respectively. The full model finally reads as

M̃ = AE−Rχ +Rn. (5)

In analogy to the CSM which relies on pre-evaluated
and exponential functions with fixed slopes, the model is
referred to as the Directional Common Damping Model
(DCDM) in the following, as it is based on groups of
damping constants which are common to multiple modes.
It should be highlighted here that, aside from the estima-
tion of the damping constants jointly with the directional
energy distributions, the model formulation is analogous
to the CSM proposed by Götz et al. [5] when using a mi-
crophone array.
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4. VARIATIONAL PARAMETER ESTIMATION

The vector of all DCDM parameters

Ξ = (a1,1, . . . , aV,1, . . . , aV,K , δ1, . . . , δK) (6)

is jointly inferred within a Bayesian framework. The
posterior distribution p(Ξ, σ|D) describing the proba-
bility density of the model parameters Ξ and hyper-
paramter σ, given the observed DEDC D, is approxi-
mated using Automatic Differentiation Variational Infer-
ence (ADVI) [12]. The likelihood – which is proportional
to the error between the model and the data – is assumed
to be normally distributed with mean M̃(Ξ) – i.e. the re-
sult of Eq. (5) – and standard deviation σ. The standard
deviation of the likelihood is jointly estimated with the
model parameters, assuming a half-normal prior distribu-
tion with zero mean,

σ ∼ N̂ (0, 0.1). (7)

The prior distributions for the model parameters are
equally chosen half-normal distributions

ãv,k ∼ N̂ (0, 0.1),

δ̃k ∼ N̂ (0, 1).
(8)

The priors are only weakly informative and purely
chosen to regularize the estimation problem analogous
to Tikhonov regularization. The introduced bias towards
small damping constants and small energy values is
designed to avoid over-fitting. In particular on specific
reflections during the very early part of the decay process.
The limitation to positive values follows the physical
constraints of the problem, i.e. positive energy and stable
system.
For additional information on stochastic inference, the
reader is referred to Gelman et al. [13].

5. EXPERIMENTAL SETUP

Experimental data was collected in a rectangular rever-
beration room at the Technical University of Denmark
(2800 Kgs. Lyngby, Denmark) in two configurations: The
room equipped with and without panel diffusers and in-
cluding an absorbing sample of glass wool (Ecophon In-
dustry Modus S with a thickness of 100mm and a surface
area of 10.8m2). The room has a volume of 245m3 and a
Schroeder frequency slightly above 300Hz.

The two layers of the array with 0.25m and 0.45m
radii consist of 144 sampling positions chosen according
to an equal-area grid on the sphere [14]. Additional sam-
pling positions inside the respective spheres were used to
stabilize the eigenfrequencies of the spheres [15]. Results
are presented for a microphone array position approxi-
mately centered above the absorbing specimen.

The DEDCs were calculated for third octave bands
from 250Hz to 2 kHz, from which the results for the
315Hz frequency band are presented here. The plane
wave decomposition is performed using a spherical har-
monic order of N = 5, additionally including Dolph-
Chebyshev beamforming weights to achieve a uniform
angular resolution. This results in a to main-lobe width
of 60◦. A total of 500 steering directions were used,
which were uniformly distributed on the sphere using the
method presented in Ref. [14]. The truncation times for
the Schroeder integration in Eq. (2) were estimated us-
ing the algorithm proposed by Lundeby et al. [16]. All
DEDCs were additionally truncated with a 20 dB head-
room above the noise floor to avoid influences on the
DEDCs.

6. INFERENCE SETUP

In order to reduce the inference time, the DEDCs were
down-sampled by a factor of 4fsT20

100 .The model was im-
plemented using the probabilistic programming frame-
work PyMC [17], which also provides an implementa-
tion of the used ADVI algorithm [12]. In a first step, a
mean-field approximation neglecting the correlation be-
tween the parameters was used to estimate an initial fit
for the posterior distributions of the model parameters. In
a second step, an extended posterior approximation using
multi-variate Gaussian distributions for the entries of the
smoothed histogram matrix Ã was used to take into ac-
count the correlation between them. This is crucial as the
entries are correlated through beamformer response repre-
sented by the squared filter matrix S. The ADVI algorithm
was configured using the smooth gradient and momentum
based optimizer ADAM [18]. In order to achieve faster and
more robust convergence avoiding local minima, the op-
timization target – that is the experimental DEDC – was
provided to the algorithm as a mini-batch with a size of
300 observations, randomly selected in each iteration step.
The best matching model order was selected based on the
temporal evolution of the median of the squared error be-
tween the experimental DEDC and the DCDM for each
configuration and frequency band.
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(a) Without panel diffusers.
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(b) With panel diffusers.

Figure 1: Mean and standard deviation of the energy distribution for the two damping groups at 315Hz. Grey
contour lines are proportional to color bar ticks. Black lines mark the outline of the room and absorbing
specimen.

7. RESULTS

Since in ADVI the posterior distributions are approxi-
mated by multivariate Gaussian distributions, it is suffi-
cient to present the mean ⟨·⟩ and standard deviation σ(·)
of the damping constants and directional energy distribu-
tions inferred using the DCDM. Note that the standard
deviation is scaled by a factor of two to represent the ex-
tended standard uncertainty. For both configurations, two
distinctly different damping groups are found. In the fol-
lowing, the mean and standard deviation are calculated on
the respective logarithmically scaled energy distributions
in decibel. The resulting mean energies are scaled by the
maximum energy across all steering directions and decay
constant groups. Values below −20 dB are clamped to the
same color encoding as the minimum of the color bar for
clarity. The inferred directional energy distributions and
uncertainties are presented using the Mollweide projection
of the sphere in Figs. 1a and 1b. The mean decay time of
each group – i.e. ⟨Tk⟩ = 6 ∗ log 10/⟨δk⟩ – is indicated in
the respective figure above the energy distributions. Black
lines in Fig. 1 represent a projection of the room and the
absorbing specimen. Grey contour lines mark the ticks in
the color bar.

For the configuration not including panel diffusers
(see Fig. 1a) it is most evident that the directional energy

distributions corresponding to the two different reverber-
ation time groups are well separated. The directional en-
ergy distributions for the short reverberation time is more
uniform over all directions of incidence, albeit with clear
minimum in the direction of the absorbing specimen. The
directional energy distribution for the long reverberation
time group shows distinct maxima at (θ, ϕ) = (0◦,±90◦),
corresponding well to the directions of axial modes in the
y-direction. Additionally, the directional energy distribu-
tion for the long reverberation time group shows clear
minima towards north and south poles. Accordingly,
these directions are not associated with short reverbera-
tion times, which is in agreement with the expected distri-
bution of axial modes in the y-direction.

The uncertainty of the directional energy distributions
is below 1 dB for most directions in both groups. Yet,
clear angular variations are visible. While the uncer-
tainty is less than 1 dB for directions close to (θ, ϕ) =
(0◦,±90◦) for the long reverberation time group, it is
increased to up to 2.5 dB for the respective other decay
time group. This increase in the parameter uncertainty
is most probably caused by the imperfect separation of
the directional energy distributions in the experimental
DEDC caused by the insufficient side-lobe attenuation of
the beamformer which is not considered in the DCDM.
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Additionally, a general increase in uncertainty is found for
directions close to the absorbing specimen due to small
quantities of incident energy in the experimental DEDC.

For the configuration including panel diffusers (see
Fig. 1b), the directional energy distributions are less well
angularly separated. This is to be expected, as the panel
diffusers are designed to increase the diffusion of the
sound field. Yet, distinct angular patterns are still visi-
ble for the group corresponding to the longer reverbera-
tion time. Most prominently, the maxima are observed at
ϕ = 0◦ and ϕ = 180◦, which is in agreement with axial
modes in the x-axis. Note that the elevation of the max-
ima is slightly tilted towards the north pole for ϕ = 0◦

and the south pole for ϕ = 180◦ which is most prob-
ably due to local diffraction effects. For the shorter re-
verberation time group, the directional energy distribution
varies less than 10 dB for all directions except for direc-
tions corresponding to maxima in the distribution of the
longer decay time group. Interestingly, for these direc-
tions uncertainties above 2.5 dB are observed, indicating
that the model neglecting the beamformer response does
not represent the experimental data as well as for the con-
figuration not including diffusing elements. Note that the
uncertainty is lower than 1.5 dB for the angular distribu-
tion corresponding to the longer reverberation time, which
is comparable to the results for the configuration without
panel diffusers.

8. CONCLUSION

The present work presents a stochastic model for direc-
tional directionally dependent sound field decay based on
the Laplace transform of the modal damping distribution.
A simplification capable of inferring the damping con-
stants as well as the respective directional energy distribu-
tions is proposed. Present results show that the proposed
DCDM can be used to infer common groups of damping
constants from experimentally captured DEDCs. Physi-
cally plausible directional energy distributions reflecting
dominant axial modes were obtained for the long rever-
beration time groups for both configurations. Yet, the
directional energy distribution for the short reverberation
time groups were not separated sufficient well. As a result,
higher uncertainty in the inferred directional energy distri-
butions was typically observed for directions with insuffi-
cient separation. Consequently, future work should focus
on considering the effect of the beamformer response on
the DCDM to improve the separation of the directional en-
ergy distributions for the two reverberation time groups.
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