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ABSTRACT

To tackle the issue of adaptability to in-situ conditions
while providing efficient acoustic absorption in a large fre-
quency bandwidth, impedance control of loudspeakers has
been brought as a solution. To control the impedance of
a loudspeaker, one should place microphones collocated
to the loudspeaker, supplied with a processor that calcu-
lates the needed electrical current to send to the loud-
speaker’s coil to target a specific impedance. This concept
has long been considered in the framework of linear dy-
namics, however the extension to nonlinear dynamics is a
current subject of interest. In this study, nonlinear dynam-
ics are enforced through a feedforward control tracking
a setpoint defined by a numeric exosystem. The use of
the exosystem allows to synthesize uncommon behaviors
such as nonpolynomial nonlinear restoring forces. How-
ever, nonlinear resonators may present many stable equi-
librium points for a single frequency, which may be tar-
geted via the choice of the initial conditions. The choice
of the initial conditions in electroacoustics is challenging
and would permit better sound absorption. In this study,
a method for targeting the equilibrium point of a nonlin-
ear dynamical system in the framework of electroacoustic
resonators is presented, and its experimental implementa-
tion is demonstrated, leading to many potential acoustic
applications.
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1. INTRODUCTION

An electroacoustic resonator (ER) is a loudspeaker collo-
cated to microphones and equipped with a processor run-
ning a controller that takes into input the measured pres-
sure, and provides as an output the electrical current to
enforce to the loudspeaker [1,2]. The benefits of an ER
lies in its efficiency in a bandwidth around its resonance
frequency, leading to the possibility of efficient acoustic
absorption at low frequencies. The resonance frequency
can be tuned through digital programming of the con-
troller. As this concept is widely studied for linear be-
haviors enforced to the loudspeaker [3], enforcing non-
linear behavior using a digital control at low excitation
amplitudes stands as a current subject of interest [4-7].
A nonlinear resonator offers larger frequency bandwidth
of efficiency and features nonlinear phenomena useful of
the mitigation of vibrations. However, a nonlinear sys-
tem may present multiple co-existing equilibrium points
at a single frequency, which do not have similar efficiency
results in acoustic absorption [7, 8]. indeed, the system
converges towards a specific equilibrium point depending
on the initial conditions. As a result, the acoustic absorp-
tion capabilities of a nonlinear resonator, compared to a
linear resonator, lies in the initial conditions. In this study,
a nonlinear ER created by a digitally programmed con-
troller is used for the mitigation of acoustic vibrations. As
the choice of the initial conditions proves to be difficult,
the choice of the equilibrium point might be done in the
digital programming. The method for targeting a specific
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equilibrium point is presented.

2. THE DIGITAL CONTROL ENFORCING
NONLINEAR BEHAVIOR

The linear dynamics are enforced through the infinite
input response method, which can not be used to enforce
nonlinear dynamics efficiently [4]. As a result, the
nonlinear dynamics are enforced through a real-time
based feed-forward controller tracking a setpoint defined
by an Exosystem (ES).

Considering a loudspeaker collocated with micro-
phones, the ER is created by assuming that the loud-
speaker’s response is dominated by its first mode, along
with the hypothesis of low amplitudes (to keep the res-
onator in its linear regime) and low frequencies (to keep
the excitation frequencies close to the ER’s first mode).
The ES simulates the targeted behavior of the loudspeaker
under the measured pressure. The ES model contains the
dynamic to enforce, and is supplied with the measured
pressure. Its numerical resolution can be realized using
classical numerical schemes for solving ordinary differ-
ential equations. Once the targeted displacement, speed
and acceleration are predicted, the electrical current is cal-
culated using the feed-forward controller containing the
loudspeaker’s model driven by the predictions. The equa-
tions of the control are presented in Eqn. (1):

X(t) = AX (), t, feur(t), ug(t)) (1a)
ua(t) = e(Xa(t), Xa(t), t, fi(t)) (1b)
Xa(t) = F(Xalt),t, f1,(t)) (Ic)

where Eqn. (la) is the equation of the system to control,
here the loudspeaker. The variable X stands for the
loudspeaker’s modal coordinate of its first mode, ¢ is the
time, fe,: represents the external forces applied on the
loudspeaker’s membrane (the pressure), and ugy is the
control variable allowing to apply the control, here the
electrical current. The Eqn. (1b) is the equation that
permits to determine the electrical current to send to the
loudspeaker, which is obtained by inversion of the system
Eqn. (la). The variable fI7, represents the measured
external forces. The calculation is done using the variable
X4 standing for the desired modal coordinate provided by
solving the ES Eqn. (Ic). The ES Eqn. (1c) provides the
nonlinear desired behavior by solving it using numerical
schemes. These control equations are evaluated at each
time step.
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3. TARGETING SPECIFIC EQUILIBRIUM
POINTS

By forcing the ES to target specific equilibrium points,
the feed-forward controller then tracks the setpoint to
enforce the ES behavior to the loudspeaker. As a result,
modifying the basin of attraction of the ES to raise the
size of the set of initial conditions to all the set of initial
conditions leads to enforcing the targeted equilibrium
point.

This goal can be achieved by adding synthetic vari-

ables to the ES equation to control the basin of attraction
of the solution. Three methods are considered: adding a
synthetic desired displacement X j, or a desired speed X 5
or an additional external force f7,.
The form of the synthetic added variable should be se-
lected to force the system onto an equilibrium point, and
then set to 0 in order to maintain a passive behavior of the
ER.

4. NUMERICAL SIMULATION OF THE
CONTROL

To demonstrate that the method allows to choose a specific
equilibrium point, numerical simulations are conducted.
The control is simulated with and without the added syn-
thetic variables, and solved using a fourth order Runge-
Kutta with the following control equations:

M()Z'L"(t) + R()j?(f) + Kol'(t) = feat(t) — Blud(t) (2a)

alt) = 7 (~Moa(t) = Roa(t) — Kowalt) + (1)
(2b)
My a(t) + Raia(t) + Kaza(t) + KaBra(t)® = fIh,(1)
(20)

with e corresponds to a time derivative. The parame-
ters My, Ry, Ky stand for the modal mass, damping and
stiffness of the loudspeaker without electrical current, and
Mgy, R4 and K represent the desired modal mass, damp-
ing and stiffness of the ES model. The parameter f is
the nonlinear constant coefficient of the cubic nonlinear-
ity. The simulations are conducted with the parameters
My = My=389%x10"*kg, Ry = Ry/8 = 3.29x 1072
kgs™t, Ky = Ko = 4.34 x 10° kg.s™2 and § = 10'°
m~2. The excitation is chosen to be a mono-harmonic sine
excitation of amplitude 1.5 Pa. The initial conditions are
taken as (24(0), £4(0)) = (0, 0). The sampling frequency
is chosen to be 50 kHz, with a 20 seconds duration of the
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Figure 1: Comparison of the analytical solution of Eq. (1c) obtained with a Harmonic Balance Method (HBM)
and the obtained equilibrium point with the numerical simulation of the control with (a) the classical control;

(b) the added synthetic variables.

mono-harmonic sine excitation.
The synthetic added variable is chosen as an added exter-
nal force of the form:

S = 200(1 — tanh(t — 2))

ext —

3)

The results of the simulations are presented in Fig. 2. The
obtained equilibrium point after 15 seconds of simulation
is represented as a black dot. The numerical solutions are
compared with a Harmonic Balance Solution (HBM) of
the ES equation. One can observe in Fig. 2a that the con-
trol without the added synthetic variables targets the lower
energy equilibrium point. However, with initial conditions
at (0,0), and with the added synthetic variable in Fig. 2b,
the control enforces the higher energy equilibrium point.
It is due to the control of the basin of attraction of the ES
equation with the added variable.

Numerical simulations validates the method, demonstrat-
ing its ability to drive the system towards a higher energy
equilibrium point, which offers improved acoustic absorp-
tion capabilities. The results showed that without the syn-
thetic control variable, the system naturally settled at a
lower energy equilibrium point, while the added external
synthetic force successfully guided the system toward the
desired state.
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5. CONCLUSION

In this study, we introduced a novel digital control strat-
egy to enforce nonlinear behaviors in electroacoustic res-
onators for enhanced acoustic absorption. By leveraging
an exosystem to generate targeted nonlinear dynamics, the
feed-forward controller successfully tracks and enforces
the desired equilibrium state of the loudspeaker. A key
challenge of nonlinear systems, the coexistence of mul-
tiple equilibrium points with varying efficiency, was ad-
dressed by incorporating synthetic variables into the ES
equation. This approach effectively reshaped the sys-
tem’s basin of attraction, enabling the selection of a spe-
cific equilibrium point through digital programming rather
than relying on initial conditions. The proposed approach
paves the way for digitally controlled nonlinear resonators
with tunable properties, opening new possibilities for vi-
bration and noise mitigation in advanced engineering sys-
tems.
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