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Abstract

This study investigates the transverse vibration of
tensioned membranes with spatially periodic surface-
mass variations that represent embroidered fabrics. A
two-dimensional membrane model is discretized using
finite differences with fixed boundary conditions. The
resulting generalized eigenvalue problem accounts for
heterogeneous surface mass density and is evaluated
for four representative designs inspired by the com-
mon weave bindings plain, satin and twill, and an
asymmetric layout. Computed natural frequencies
and mode shapes are compared with the analytical
solution for a uniform square membrane. Symmetric
patterns largely preserve classical modal symmetry
and near-degenerate mode pairs, whereas the asym-
metric layout breaks symmetry, lifts degeneracy, and
produces larger frequency shifts accompanied by dis-
torted mode shapes.

Keywords: tensioned membranes, textile acoustics, vi-
bration modes, modal analysis, mass heterogeneity

1. Introduction

Tensioned membranes are widely used in acoustics,
lightweight structures, and textile systems, where their
vibration characteristics influence sound radiation,
damping, and structural response [1], [2]. Classical
membrane theory describes transverse vibration using
a two-dimensional wave equation under the assump-
tions of uniform in-plane tension and homogeneous
surface mass density [3], [4].

In textile membranes, these assumptions are often
violated. Embroidered fabrics inherently exhibit spa-
tially periodic heterogeneity due to yarn interlacing
and overlapping in the weave structure [5], [6] and
locally added embroidery yarns, which lead to deter-
ministic variations in surface mass density. Previous
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studies have largely focused on homogeneous mem-
branes or have treated heterogeneity as a stochastic
perturbation. In contrast, embroidery designs gen-
erate repeatable and well-defined patterns that can
be intentionally selected and therefore treated as a
design parameter rather than an imperfection [7].
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Figure 1: (Left) Surface mass density distributions for the
studied emb01dery designs, from left to right: plain weave,
twill, satin and asymmetric (black yarn embroidered on
white fabric); (Right) Illustration of high density (HD)
and low density (LD) areas in the patterns.

In this work, we study tensioned membranes with em-
broidery as idealized surface-mass distributions using
a finite difference formulation. The designs introduce
varying levels of symmetry and anisotropy. Natu-
ral frequencies, mode shapes, and frequency-response
functions are computed for four representative embroi-
dery designs inspired by the common weave bindings
plain weave, satin and twill, and an asymmetric lay-
out. They are compared with the analytical solution
for a uniform square membrane to isolate the roles of
symmetry and mass contrast.

2. Model and Numerical Method

The transverse vibration of a thin membrane defined
on a square domain Q = [0, L], x [0, L], and subjected
to uniform in-plane tension T is governed by

0%u
p(xay)w = Tv2u7 (1)

where u(x,y,t) denotes the transverse displacement
and p(zx,y) is the spatially varying surface mass den-
sity (kg/m?). Assuming harmonic motion of the form
u(x,y,t) = ¢(z,y)e™! leads to the generalized eigen-
value problem
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TV = Mz, y)d, A =w? (2)

where w is the angular natural frequency and f =
w/(27) the corresponding frequency in Hz. Homo-
geneous Dirichlet boundary conditions are imposed
along the boundary,

=0 ondN. (3)

The domain is discretized on a uniform Cartesian grid
with spacing Az = Ay, and the Laplacian is approx-
imated using a standard five-point finite difference
stencil. After removing boundary nodes, the discrete
system is written in matrix form as

TL¢ = AMé, (4)

where L is the sparse Laplacian matrix and M is a
diagonal mass matrix constructed from the discretized
density field. The lowest eigenpairs are computed
using MATLAB’s eigs solver. For the special case of
uniform density p(z,y) = pg, the membrane has the
classical analytical solution

Omn(T,y) = sin(?) sin(%) , (5)

with corresponding natural frequencies

(G RIC R

where m,n € N. These analytical solutions provide
the reference case for evaluating the effect of mass
heterogeneity (Fig. 2).
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Figure 2: Analytical vibration modes of a square mem-
brane with uniform density. Each subplot shows a nor-
malized mode shape ¢mn(z,y) and corresponding natural
frequency frn.

The embroidered membrane designs are modeled as
piecewise-constant density fields with two surface-mass
levels (light and heavy regions, i.e., without and with
embroidery yarns). Four representative configurations
are investigated, in the following referred to as plain
weave, satin, twill, and an asymmetric layout (Fig. 1).

3. Results and Discussion

The influence of deterministic surface-mass heterogene-
ity is evaluated for the four chosen embroidery con-
figurations on a woven substrate (plain weave, satin,
twill, and asymmetric; Fig. 1).
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Figure 3: Normalized vibration mode shapes for the plain
weave mass pattern. Each subplot shows a computed eigen-
mode ¢(z,y) with the corresponding normalized frequency
f/f1,1 and mode index (m,n). A red asterisk marks modes
with near-degenerate eigenfrequencies (|Af| < 0.05 Hz).

Frequencies are reported in normalized form f/f 1,
where f11 denotes the fundamental frequency of
each configuration. All patterned cases employ a
two-level density field with pheavy = 0.8 kg/ m? and
Plight = 0.1 kg/m? (8:1 contrast). Although each spec-
trum is normalized by its own fundamental frequency,
higher modes remain sensitive to both the mean sur-
face density and the spatial organization of the mass
pattern.
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Figure 4: Normalized vibration mode shapes for the satin
mass pattern. Each subplot shows a computed eigenmode
¢(z,y) with the corresponding normalized frequency f/f11
and mode index (m,n). A red asterisk marks modes with
near-degenerate eigenfrequencies (JAf| < 0.05 Hz).

Figures 3—6 show the computed eigenmodes. Across
all configurations, the fundamental (1,1) mode re-
mains dominated by boundary conditions and retains
a single central antinode. Pattern-dependent effects
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become increasingly visible at higher orders. For the
symmetric layouts (plain, satin, and twill), the nodal
topology remains close to that of the uniform mem-
brane, and permutation mode pairs such as (1,2) and
(2,1) or (1,3) and (3,1) remain nearly degenerate.
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Figure 5: Normalized vibration mode shapes for the twill
mass pattern. Each subplot shows a computed eigenmode
¢(z,y) with the corresponding normalized frequency f/f1,1
and mode index (m,n). A red asterisk marks modes with
near-degenerate eigenfrequencies (|Af| < 0.05 Hz).

In the plain weave pattern, the checkerboard mass
distribution introduces a regular tile-scale modulation,
while the lobes themselves remain smooth and sym-
metric. Twill behaves in a similar way, with smooth
modal surfaces and no visible distortion of the lobe
geometry. Satin, however, shows slightly more pro-
nounced local variations within the lobes, where small
surface irregularities appear, even though global sym-
metry and degeneracy are still maintained.
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Figure 6: Normalized vibration mode shapes for the
asymmetric mass pattern. Each subplot shows a computed
eigenmode ¢(z,y) with the corresponding normalized fre-
quency f/f1,1 and mode index (m,n).

In contrast, the asymmetric configuration breaks mir-
ror symmetry and produces a clear lifting of degen-
eracy. Nodal lines become curved and uneven, and
several modes display visible hybridization, indicat-
ing stronger coupling between nearby modal families.

These effects are reflected quantitatively in Fig. 7,
where the satin configuration follows the analytical
uniform-membrane trend most closely across all modes.
The plain weave pattern exhibits larger downward
shifts due to the strong checkerboard mass contrast,
while twill introduces moderate but systematic devia-
tions associated with its directional periodicity. The
asymmetric layout shows the strongest departure from
the analytical reference, accompanied by a clear lift-
ing of modal degeneracy and progressive frequency
redistribution.
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Figure 7: Comparison of computed natural frequencies
for different weave patterns. The analytical reference cor-
responds to a uniform membrane. Labels indicate mode
indices (m, n). Simulations were performed with a surface
mass contrast of pheavy = 0.8 and piight = 0.1, correspond-
ing to an 8:1 density ratio.

The steady-state frequency responses under central
harmonic excitation are shown in Fig. 8. Resonance
peaks coincide with the computed eigenfrequencies
for all configurations. Satin exhibits pronounced and
well-separated peaks across the first modes, indicating
strong modal participation and preserved symmetry.
Twill also produces sharp low-order resonances, al-
though higher modes show slight redistribution of
amplitude. In contrast, the plain pattern shows com-
paratively reduced higher-order peak amplitudes. The
asymmetric configuration presents a dominant first
resonance followed by strongly suppressed and irregu-
lar higher modes, reflecting symmetry breaking and
reduced spatial alignment between the excitation re-
gion and modal antinodes.

The observed trends can be interpreted through two
coupled mechanisms. First, the mean surface den-
sity influences the global inertial loading and shifts
the frequency scale. Second, the spatial organization
of heavy and light regions governs symmetry and di-
rectional bias, thereby controlling degeneracy preser-
vation, modal distortion, and modal participation.
Regular symmetric designs act as structured pertur-
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Figure 8: Frequency response curves under harmonic
excitation for each pattern. Vertical dashed lines mark
the simulated eigenfrequencies.

bations of the classical membrane problem, largely
preserving nodal topology. In contrast, asymmetric
layouts break spatial symmetry more strongly, leading
to degeneracy lifting, hybridized mode shapes, and
reduced higher-order resonance participation.

4. Conclusions

A numerical study of tensioned square membranes
with surface-mass heterogeneity created by embroi-
dery was presented. Comparison with the uniform-
membrane reference shows that symmetric periodic
layouts (plain weave, satin, and twill) largely pre-
serve the classical modal families and near-degenerate
permutation pairs, with moderate and structured fre-
quency shifts without fundamentally changing the
nodal topology. In contrast, the asymmetric layout
breaks spatial symmetry, lifts degeneracy, and sup-
presses higher-order modal participation in the forced-
response spectrum. The results demonstrate that both
global mass scaling and spatial mass organization pro-
vide deterministic parameters for tuning membrane
resonances.
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