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Abstract

A direct numerical solution of the Navier-Stokes equa-
tions was used to obtain the time dependence of the
pressure and air velocity in and around a recorder as
it produced a musical tone. A Helmholtz decomposi-
tion was then applied to extract the irrotational and
solenoidal components of the velocity. The simulations
also yielded the Lamb vector, allowing a comparison
with predictions for the generation of acoustic energy
based on Howe’s energy corollary.

Keywords: recorder, flue instrument, Navier-Stokes-
based simulations, Helmholtz decomposition

1. Introduction

The player of a wind instrument provides a ”dc” input
of energy via an air jet established by blowing into
a mouthpiece. A portion of this energy is converted
into oscillations of the air inside the instrument, pro-
ducing the sound that is emitted, as illustrated very
schematically in Fig. 1. Far outside the instrument
the velocity field of the air is well-described by the
equations of linear acoustics (i.e., sound waves) and is
irrotational. However, inside the instrument and espe-
cially in the vicinity of the mouthpiece, the air motion
is more complicated, containing a combination of irro-
tational and solenoidal (vorticular) motion. General
theoretical treatments (e.g., [1-5]) predict how energy
is exchanged between the irrotational and solenoidal
components of the velocity field but applying these
theoretical expectations in more than a qualitative
way to musical instruments has proved to be extremely
challenging.

This challenge is also encountered and discussed ex-
tensively in studies of aeroacoustics in other contexts
(e.g., [6,7]). Many of these discussions begin by assum-
ing that the full (i.e., total) velocity field is separated,
at least conceptually, into irrotational and solenoidal
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Figure 1: Schematic of a recorder and the qualitative
nature of the velocity field in different regions.

components, known as a Helmholtz decomposition. A
well-behaved vector field, as expected to be produced
by a musical instrument, can be written as the sum
of irrotational and solenoidal components which are
unique. The irrotational component can be expressed
as the gradient of a scalar potential and in the lan-
guage of acoustics is commonly termed the acoustic
velocity [5]. The solenoidal component can be ex-
pressed as the curl of a vector potential, and contains
the vorticity of the velocity field. This vorticity and
the acoustic velocity play central roles in theories of
aeroacoustics [1-7].

There have been several studies of musical instruments
that have attempted to separate the irrotational and
solenoidal components of the velocity field for a flue
instrument. In essentially all cases, those works have
made use of either experimental [8,9] or computational
[10-12] approaches in which two different blowing ex-
citations are employed. One of these excitations pro-
duces the full velocity field (composed of the vorticular
and irrotational parts), while the second yields just
the irrotational field which is then assumed to be the
same as the irrotational motion created with the first
blowing excitation. While those studies have yielded
interesting results and found general agreement with
the theory, it is still of interest to carry out a study
that does not rely on this assumpton. That is, a study
in which the acoustical field is extracted from the full
velocity field obtained from a single blowing condition
in which the instrument produces a realistic musical
tone.

The work described in this paper uses Navier-Stokes-
based simulations of a recorder to investigate the
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velocity field inside and around what is arguably the
simplest of wind instruments. We have obtained re-
sults for this field with high spatial and time resolution
as a musical tone was generated. A Helmholtz decom-
position to extract the acoustical velocity from the
full velocity field, has been carried out with special at-
tention to the mouthpiece region. The vorticular part
of the velocity field has also used to calculate the effec-
tive force that, according to Howe’s energy corollary,
powers the acoustic velocity [3-5]. Comparison of this
driving force with the acoustic velocity obtained via
decomposition then allows a test of the theory. In the
following sections we describe our simulations followed
by results for the total velocity field, the vorticity, the
Lamb vector, and the acoustic velocity. Much more
analysis is needed, so these results should be viewed
as an initial progress report.

2. Computational method

A direct numerical solution of the compressible Navier-
Stokes equations for a model of a soprano recorder
was carried out using an explicit finite difference-time
domain algorithm as described in [13,14]. Those refer-
ences also describe previous results with this computa-
tional approach that has found good agreement with
experimental results for real recorders. For the model
considered in this paper, the mouthpiece was similar
to that found in a Yamaha YRS23 instrument while
the resonator was a straight cylinder of diameter 13
mm and length of 30 cm without tone holes. As in
most real recorders, the channel had a 45° chamfer
on the bottom edge. The ratio of the channel-labium
distance to the channel height (along the x direction
in Fig. 2), was 4.0 as commonly found in soprano
recorders. The base note of the instrument is C5 which
has a fundamental frequency of approximately 525 Hz.
The Navier-Stokes equations yielded the velocity field
on a Cartesian grid. Inside and near the outside sur-
faces of the instrument the grid steps were 0.1 mm
in all three dimensions. As explained in [13,14], the
instrument was situated in a rectangular box with di-
mensions 100 x 60 x 60 cm® and with weakly absorbing
surfaces. The total number of grid points was approx-
imately 1 x 10°. In our simulation the speed of the
air jet on the central axis of the channel was 8.0 m/s.
Starting from quiescent conditions (i.e., without blow-
ing), steady state oscillations of the air velocity and
pressure were reached about 100 ms after blowing was
initiated. The velocity field in steady state was used
in the Helmholtz decomposition analysis. We know
from previous work that this blowing speed is large
enough to produce a normal musical tone dominated
by the spectral component at the frequency associated
with C5 (525 Hz), but small enough that the spectral
powers at the higher harmonics are smaller by several
orders of magnitude or more.

A Helmholtz decomposition was carried out as de-
scribed by previous authors; see e.g., [6,15]. The scalar
potential ¢ was calculated by solving the Poisson equa-
tion using a successive over-relaxation algorithm, with

channel / labium tip
| I— / et

resonator
i h—r
X

Figure 2: Expanded view of the mouthpiece region. For
our computational recorder model, the channel had a
rectangular cross-section with a height along y of 1.0 mm
and width along z of 13 mm. The distance between the
exit of the channel and the tip of the labium was 4.0 mm.
Other dimensions are given in the text.

a source term equal to the divergence of the total flow
velocity w (bold symbols represent vector quantities)

Vo=V u. (1)

The gradient of the scalar potential then yielded the
irrotational component of the velocity which we denote
by wrg; this is also just the acoustic velocity,

UIR:V¢ . (2)

It is known [6,15] that this approach for decomposition
yields distorted results in regions near certain sharp
corners like those found at the channel exit in Fig. 2.
Regions where this distortion is significant are easily
identified by visual inspection and are not significant
in the results shown below. In the future we plan to
carry out the Helmholtz decomposition in a different
way, by first estimating the vector potential associated
with the solenoidal flow field. As shown in [6] this
approach for decomposition is not affected by the
distortion encountered with Eq. 1. Unfortunately, a
decomposition employing the vector potential is more
complicated numerically than dealing with the scalar
potential; we plan to explore that approach in the
future. Fortunately, we are still able to obtain useful
results by dealing only with the scalar potential.

As noted above, our Navier-Stokes computation di-
rectly yields the total flow velocity, from which the
vorticity w can be obtained

w=VXxu. (3)

According to Howe [3,5] this vorticular fluid motion
acts as a source of sound in the acoustic equations for
the (acoustic) velocity uyr with a effective force

fVN—wX’LL. (4)

which we can also extract from our results, indepen-
dent from the Helmholtz decomposition. The cross
product in Eq. 4 is also termed the Lamb vector.
There are important numerical aspects to the analysis
with regards to the evaluations involved in Egs. 1, 3,
and 4, and the Poisson solver. These will be discussed
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in Sec. 4 after some results are described in the next
section.

3. Results and discussion

Figure 3 shows an image of the air jet at one instant of
an oscillation cycle. Here the jet color is determined
by the magnitude of the total flow velocity w. Vortices
are clearly visible from the general shape of the air jet
and as regions where the speed is very small. While
the image in Fig. 3 shows only the air speed on
the midplane of the instrument and at one particular
instant of time, the full velocity field is known in three
dimensions both inside and outside the instrument,
as is needed to perform the decomposition. In this
image and in later figures the coordinate axes are as
defined in Fig. 2 with the z direction perpendicular
to the plane of the figure. Also note that the images
in later Figs. 4, 5, and 6 were recorded at the same
instant of time as in Fig. 3.

channel

/
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Figure 3: Image of the air jet on the midplane of the
instrument as it emerges from the channel and interacts
with the labium. The image color shows the magnitude of
the velocity, with the darkest red corresponding to 8 m/s
and dark blue to a speed of zero. The distance from the
channel exit to the labium tip is 4.0 mm. This image
shows only the region near the labium as shown roughly
in Fig. 2. The bottom edge of the resonator is near the
bottom of this image and is shown as the heavy horizontal
white line. The y — z edge of the resonator is shown as
the heavy vertical white line. The tick marks on all four
edges of the image are spaced 2 mm apart.

From the total flow field it is straightforward to find

resonator

Figure 4: Vorticity in the z direction, perpendicular to
the plane of the figure, in the mouthpiece region. This
result for the vorticity was obtained at the same instant
as image of the flow speed in Fig. 3. The image color
shows the value of the vorticity, with the darkest red
being 15,000 s~! and the dark blue corresponding to
—15,000 s™*, and with a positive sign indicating a vorticity
vector in the +z direction (see the coordinate system in
Fig. 2). The very small dark blue circular regions on the
top surface of the labium are due to the way the sloped top
edge of the labium projects onto the Cartesian grid used
in the calculation. This image shows the same area of the
mouthpiece as in Fig. 3, with the edges of the resonator
shown as heavy white lines.

the vorticity, Eq. 3. This vorticity is largest along
the z direction, and Fig. 4 shows the z component of
the vorticity. The divergence of the velocity field (not
shown here) is straightforward to calculate; it is used
to find the potential ¢ through Eq. 1.

We will also be interested in the force, Eq. 4, which can
be found from the vorticity along with the components
of the velocity w. The component of this force in the
z direction is shown in Fig. 5. We note again that this
image, like all the others in this paper, is captured at
the same time instant as in Fig. 3. From the image in
Fig. 5, and from examination of the images at other
times during an oscillation cycle, large values of fy
are found near the labium just as the air jet passes and
"breaks off” from the tip of the labium. (See also the
image of the vorticity in Fig. 4.) Note that we have
focused here on the x component of this force since
we expect the x component of the acoustic velocity to
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be largest at the entrance to and inside the resonator.

Figure 5: Force fy (i.e., component of the Lamb vector)
in the x direction at the same instant as in Figs. 3 and
4. This image shows an expanded view relative to those
in previous figures, with the bottom edge of the resonator
now below the bottom of the figure. The scale in this figure
can be judged from the distance from the channel exit to
the tip of the labium (4.0 mm). The image color shows
the value of fy- with the darkest red being 10° m/s™' and
the dark blue corresponding to —10° m/s™!, and with a
positive sign indicating +z direction (see the coordinate
system in Fig. 2).

Figure 6 shows a result obtained from the Helmholtz
decomposition. This image, like all the others shown
above, shows the behavior on the midplane of the
instrument; i.e., an x — y plane that cuts through
the central axis of the instrument. This figure shows
the = component of the compressible flow field, i.e.,
the acoustic velocity, at the same instant as shown in
previous figures.

At the instant shown in Fig. 6 the acoustic velocity
along x is large in the center of the mouthpiece region,
approximately half-way between the exit of the chan-
nel and the tip of the labium. This suggests that there
is a significant generation of acoustic energy at this
point. However, to understand the generation of the
acoustic velocity it is necessary to consider the time
dependence of u;r at this and other locations in the
mouthpiece region as functions of time. In Figure 7
we show the time dependences of the Howe force and
the acoustic velocity as functions of time at the point
marked by the ”"X” in Fig. 6. In both of the plots
in Fig. 7 we show the x components of each quan-
tity. Both exhibit a complex time depencence, with
spectral components at the fundamental frequency
of the note C5 (period approximately 2.0 ms) with
significant strength at what appear to be harmonics.
The fact that the peaks of the Howe force and the
acoustic velocity do not occur at the same time is
not surprising since the acoustic velocity is a propa-
gating quantity whose value at a particular time and
place is due to energy creation at other locations at
previous times. The results in Fig. 7 suggest that
acoustic energy is created at and near this location of
the mouthpiece, but much further analysis is needed

2%
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Figure 6: Result for the z (horizontal) component of the
scalar potential at the instant considered in Figs. 2, 3,
and 4. The edges of the labium and the walls of the chan-
nel and resonator are effectively broadened as compared
with previous figures due to the fact that the evaluations
required in solving for the scalar potential in Eq. 1 involve
derivatives that span multiple grid points. The ”X” is a
location in the mouthpiece region that will be important
in the discussion in connection with Fig. 7.

and planned.

4. Present analysis and future direc-
tions

As mentioned in the Introduction the results presented
in this paper are the result of an initial attempt to
implement a Helmholtz decomposition to extract the
acoustic velocity from “data” derived from a numerical
solution based on the full Navier -Stokes equations
for a compressible fluid. To the best of our knowledge
this is the first analysis of this kind applied for a wind
instrument blown so as to produce a normal musical
tone using either computational or experimental data.
While Sec. 2 outlined the basic theory that underlies
our analysis, in this section some of the important
numerical aspects of our analysis are described. We
will also discuss plans for further analyses that we
hope to pursue in the near future using these data.

Given a flow field, i.e., in our case the air velocity as a
function of position throughout the inside of the instru-
ment and in the neighborhood outside, Helmholtz de-
composition involves basically two calculations. First,
the calculation of the divergence of the velocity to
yield v2¢ through Eq. 1, and second, solving the
resulting Poisson equation to yield ¢. Both of these
steps contribute to the numerical accuracy of the fi-
nal result for the acoustic velocity through Eq. 2.
In the present work, the divergence of the velocity
was determined by differentiating u which was known
on a three dimensional Cartesian grid with spacing
A = 0.1 mm in all three dimensions. To reduce the
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Figure 7: Result for time dependences of (a) the z
(horizontal) component of the Howe force (Eq. 4) and
(b) the x component of the irrotational flow velocity, i.e.,
the acoustic velocity (Eq. 2) at a point near the center of
the window region.

effect of finite grid size the results for u were averaged
over cubical cells of size 2 x 2 x 2 A2. Results were
also obtained with other cell sizes, and it was judged
that this choice of cell size for spacial averaging was
a satisfactory compromise for obtaining good spatial
resolution together with adequate averaging. In order
to judge the uncertainties in the divergence computed
with these cell averaged values, we compared results
with the divergence computed to third and fifth order
in the step size and found that the results differed very
little in going from third to fifth order. The resulting
Poisson equation was solved to second order using a
standard simultaneous over relaxation algorithm, with
hard wall boundary conditions. Hence numerically,
the final results are accurate only to second order. One
of our plans for the future is to implement a fourth or-
der Poisson solver. Note that this decomposition was
performed for each time step in the overall calculation.
This time step was 3.1 x 107° s, giving a resolution
in time of approximately 0.015 of the acoustic period.
Another limitation of the numerical accuracy of our
final results was due to the acute interior angles in the
recorder geometry found at the exit of the channel.
As discussed in [6] the singularities at these corners

produce the distortions in the final result for ¢. Fortu-
nately, this distortion does not appear to be a problem
in the regions in the mouthpiece that are of greatest
interest for our purposes, and which yielded the re-
sults in Figs. 6 and 7. For the future we plan to
explore algorithms that can overcome these difficul-
ties, including performing the decomposition via the
vector potential. That is a problem that we leave for
the future.

One final note should be made concerning the results
in Figs. 5, 6, and 7. In those figures we considered
only the components of the Howe force fi and usgr
along the x direction. Both of these quantites have
significant values along y, especially in the region
between the channel exit and the labium tip (see [11]).
We plan to study in detail the full behavior of these
quantities along both the x and y directions and away
from the midplane of the instrument, and will report
those results in the near future.

5. Conclusions and outlook

This paper describes a successful Helmholtz decompo-
sition analysis of the velocity field in a wind instrument
while it is sounding a realistic musical tone. We have
shown that it is possible to extract considerable quan-
titative information relating to the time and space
dependencies of the vorticity and other aeroacoustic
quantities from Navier-Stokes-based simulations. Our
results give a qualitative picture of how motion of
the air jet and its interaction with the labium creates
acoustic energy during the course of its oscillation in
the window region. Further quantitative analysis of
these results is now in progress.
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