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Abstract
Wave-based simulation methods are well suited for
analyzing acoustic problems in which wave phenom-
ena such as diffraction and scattering play a domi-
nant role. Among these, the finite-difference time-
domain (FDTD) method is a robust and versatile ap-
proach. This work presents CRUNA, an open-source
3D FDTD solver with an integrated optimization
framework based on adjoint gradient computation.
While the modular codebase addresses a wide vari-
ety of flow-related problems, this contribution focuses
on the acoustic and aeroacoustic components of the
solver and their application to wave propagation and
optimization tasks.
The solver supports several sets of governing equa-
tions, ranging from linearized acoustic formulations to
more comprehensive aeroacoustic models. It provides
explicit time-stepping schemes, as well as explicit and
implicit spatial discretization methods. CRUNA is
highly parallelized to enable fast execution in high-
performance computing environments. Non-reflective
characteristic boundary conditions are implemented,
and immersed boundary methods based on effective
volume and flow resistivity enable an accurate repre-
sentation of complex geometries and impedance bound-
aries.
Representative examples demonstrate the framework,
including aeroacoustic simulations, sound source lo-
calization and synthesis, and pinna-related transfer
function computations. By providing CRUNA as
open-source software, this work aims to support trans-
parency, reproducibility, and further development
within the computational acoustics community.
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1. Introduction
Numerical simulations play an essential role in acous-
tics. They are used in a wide range of applications,
from fundamental research to practical engineering ap-
plications. The most extensively studied approaches
include the finite element method (FEM) [1], the
boundary element method (BEM) [2], and the finite-
difference time-domain (FDTD) method [3].
While commercial software packages, e.g., COMSOL1

or Treble2, provide robust environments for acous-
tic simulations, there remains a need for open-source
solvers that provide greater transparency. Exemplar-
ily, openFOAM [4] is a widely used finite volume
(FVM) solver in aeroacoustics. For purely acoustic
problems, the GPU-based FDTD solver PFFDTD [5]
is primarily used for room and virtual acoustics. How-
ever, they are all designed to perform direct (forward)
simulations. This is sufficient for evaluating predefined
setups. For the inverse task, e.g., finding an optimal
setup with respect to a predefined target, complex
pipelines with appropriate optimization methods must
be built. In ray-based acoustics, a differentiable room
acoustic renderer with an inherent optimization algo-
rithm was recently presented [6].
This paper presents CRUNA3 (compressible reac-
tive unsteady Navier–Stokes adjoint), an open-source
FDTD solver for acoustic and aeroacoustic simulations.
It includes an inverse optimization pipeline based on
the computation of adjoint gradients. Therefore, it
covers a wide range of acoustic applications.

2. Numerical Methods
This section presents the governing equations, the spa-
tial and temporal discretization, and the non-reflective

1 https://www.comsol.com/ 2 https://www.treble.tech/
3 https://github.com/cruna-toolkit
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boundary conditions. Owing to the modular structure
of the code, the framework can be readily extended by
additional methods or terms on the right-hand side
representing boundary conditions or acoustic sources.

2.1. Governing equations

Depending on the intended application and effects
to be studied, different sets of governing equations
are required. For the sake of brevity, only the direct
formulations are discussed here. For aeroacoustic
simulations, the full compressible volume-penalized
(VP) Navier-Stokes equations [7] are

Φ∂t(ρ)+∂xi
(Φρui) = 0 (1)

Φ∂t(ρuj)+∂xi
(Φρuiuj)+Φ∂xj

(p) = Φχ
(

usolid
j − uj

)

+∂xi
(Φτij) (2)

Φ∂t(ρe)+∂xi
(Φui(ρe + p)) = ∂xi

(Φλ∂xi
(T ))

+∂xj
(Φτijui) (3)

where ρ is the density, ui the velocity components in
the three spatial directions i, j = 1, 2, 3, p the pres-
sure, and e the total energy; the Einstein summation

convention applies. For brevity, we use ∂t = ∂(·)
∂t

and

∂xi
= ∂(·)

∂xi
. Φ denotes the porosity, i.e., the fraction of

the total volume accessible to the fluid phase [8], while
the Darcy-like term χ represents the flow resistivity.
The velocity inside the modeled material, usolid

j , is
taken to be zero in the following. For purely acoustic
problems, the terms in blue can be excluded to obtain
the nonlinear Euler equations. Therein, λ is the heat
diffusion coefficient, T the temperature, and τij the
stress tensor. If no flow is present, the amplitudes are
small and the atmospheric conditions are constant,
Eqs. (1)–(3) can be reduced to [3]

∂t (p′) +
ρ0c2

0

Φ
∂xj

(

Φu′

j

)

= 0 (4)

∂t

(

u′

j

)

+
1

ρ0
∂xj

(p′) = −
1

ρ0
χu′

j (5)

where c0 denotes the speed of sound, ρ0 is the atmo-
spheric density, and the continuity equation is written
in terms of the acoustic pressure p′.

2.2. Spatial and temporal discretization

Spatial derivatives in the governing equations are
approximated using high-order explicit and implicit
finite-difference schemes. Further details, as well
as the dispersion and dissipation properties of the
schemes, are provided in [3, Sec. 2.2 and Appendix].
Temporal integration can either be carried out by a
standard or a low-dispersion, low-dissipation Runge-
Kutta scheme of fourth order [9]. Spatial filters of up
to tenth order are implemented to suppress spurious
waves inherent to the FDTD approach [10].

2.3. Boundary conditions

Boundary conditions are treated in two ways. First,
non-reflective boundary conditions (NRBCs) can be

applied at the domain boundaries or within a desig-
nated boundary region. Local and zonal characteristic
boundary conditions (CBCs) are implemented [11].
When local CBCs are employed, an additional sponge
layer [12] may be used to improve the NRBC. For
impedance-type boundary conditions, such as rigid
walls or porous absorbers, the effective volume Φ and
the Darcy term χ can be used (see Eqs. (1)–(5)) [8].
A detailed parameter study is presented in [7]. The ef-
fective volume Φ requires a smooth transition from air
to the obstacle via blending functions. Consequently,
a minimum number of grid points, i.e., a finite ob-
stacle thickness, is required. An estimator for this
requirement is given in [13].

3. Code structure
The numerical framework is implemented in a modular
manner and is primarily written in Fortran 95, with a
design that ensures upward compatibility with more
recent Fortran standards. It follows a layered architec-
ture in which a generic core provides the main solver
infrastructure, while problem-specific components are
supplied through user-defined extensions. This sepa-
ration enables systematic reuse of numerical kernels
and facilitates the implementation of new simulation
and optimization cases.
Dedicated modules implement the spatial derivatives
and metric transformations for the spatial discretiza-
tion. The time-stepping routines are encapsulated
in separate modules and interact with the governing
equations through standardized interfaces, enabling
straightforward substitution or extension of integra-
tion schemes. The numerical filtering is implemented
in modules that operate independently in each spatial
direction and can be activated at user-defined frequen-
cies to ensure stability in long-time simulations. All
modules are selected at compile time through wrapper
modules.
The solver incorporates an adjoint-based optimization
framework for gradient-based control and design. The
framework consists of modules for objective function
evaluation, adjoint time integration, gradient com-
putation, and line search procedures. Forward and
adjoint solvers share the same discretization and filter-
ing infrastructure, ensuring discrete consistency. An
outer optimization loop controls the sequence of direct
simulation, adjoint computation, gradient evaluation,
and update, enabling efficient large-scale optimization
on distributed-memory systems. Figure 1 shows the
flowchart, including the direct part in light blue, the
adjoint part in light red, and additional components
for the adjoint analysis with white background.
Input/output operations are handled by a unified I/O
layer based on HDF54. Simulation parameters, field
data, and optimization results are stored in structured
datasets to support efficient parallel access and post-
processing. Auxiliary Python and MATLAB scripts
are provided for data reconstruction and visualization.
To reduce memory requirements in adjoint simula-

4 https://www.hdfgroup.org/solutions/hdf5/
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Figure 1: Sketch of CRUNA’s flowchart. The components for a direct / forward simulation are highlighted in light
blue and can be used independently. Components for solely adjoint / backward simulation are marked in light red and
can likewise be employed in a standalone manner. For optimization tasks as well as adjoint-based analyses such as the
construction of numerical twins, both light blue and light red as well as the components with white background are used.
The variable q comprises the primitive variables of the respective governing equations.

tions, the solver supports subset-based check-pointing,
in which forward-state data are written to disk and
reloaded during the backward computation.
Problem-specific configurations are implemented
through a case-dependent layer that overrides or ex-
tends selected core modules. These extensions are
compiled together with the core source tree, allowing
customization without modification of the main solver.
The framework integrates several external libraries
to enhance computational performance and portabil-
ity. Linear algebra operations for implicit schemes are
accelerated using OpenBLAS5 or Intel MKL6. Paral-
lelization is implemented using MPI and OpenMP, en-
abling efficient execution on modern high-performance
computing platforms.
An MPI-based three-dimensional domain decomposi-
tion is employed for parallelization, as illustrated in
Figure 2(a). Within this framework, data exchange
between neighboring sub-blocks is required for the
evaluation of spatial derivatives and filtering opera-
tions. Since compact finite-difference schemes and
filters inherently require access to all grid points along
the respective coordinate direction, the computational
domain is temporarily rearranged using a pencil de-
composition, as shown in Figure 2(b).
During this stage, inter-process communication is
performed using collective operations based on
MPI Alltoallv within suitable processor sub-groups,
rather than point-to-point communication. This ap-
proach provides high communication efficiency, par-
ticularly on systems with optimized collective com-
munication hardware. The resulting parallelization
exhibits competitive performance with nearly linear
scaling behavior of up to more than 6000 cores, see
Figure 3. This performance level is consistent with the
current state of the art for collective-communication-
based parallel solvers [14]. The scaling experiments
were conducted on the CLX partition of NHR@ZIB7.

4. Examples
This section presents brief examples of direct simula-
tions for aeroacoustic wave propagation and virtual
acoustics (Secs. 4.1, 4.2), adjoint-based source identi-

5 https://github.com/OpenMathLib/OpenBLAS
6 https://www.intel.com/mkl 7 https://nhr.zib.de

Figure 2: a Topological Cartesian domain partitioning
for MPI parallelization. b Temporary topology for efficient
application of implicit schemes; blue processes communi-
cate collectively.

Figure 3: a Strong scaling with fixed total grid size,
showing nearly linear behavior. b Weak scaling with fixed
grid size per process, showing a moderate reduction in
parallel efficiency. Reproduced from [13] under CC BY 4.0.

fication (Sec. 4.3), and adjoint-based optimization for
source synthesis (Sec. 4.4). For detailed descriptions,
analysis, and discussion, the reader is referred to the
cited references.

4.1. Aeroacoustic simulation of bluff bodies

This example demonstrates CRUNA’s capability for
direct acoustic and aeroacoustic time-domain simula-
tions, focusing on a canonical bluff-body configuration
with porous treatments [7]. The underlying solver ad-
vances the full compressible Navier–Stokes equations
Eqs. (1)–(3) on a distorted grid using finite-difference
discretizations, enabling the simultaneous resolution
of unsteady flow features and the resulting acoustic
field within a unified framework. Geometries are rep-
resented using the immersed boundary formulation
that combines a Brinkman-type VP approach with an
effective volume representation (Sec. 2.1).
The method is applied to the aeroacoustic sound gen-
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Figure 4: a Snapshot illustrating the simulation of a
coated cylinder. The visualization of acoustic waves by
the summation of the density gradient in the x1–x2 plane
is in yellow to red, while vortex structures are depicted
using an iso-surface of the Q-criterion in blue. b Frequency
responses of measured and simulated cylinder coated with
Basotect for two different thicknesses d, shown as the
magnitude of the sound pressure level (SPL) versus the
Strouhal number Sr = fD/u, where f is the frequency, D
the cylinder coating diameter, and u the inflow velocity.
Adapted from [7] under CC BY-NC 4.0.

erated by flow around a porous-coated cylinder at a
Reynolds number of Re = 99000. The porous coating
is modeled by prescribing physically motivated mate-
rial properties (flow resistivity and porosity) through
the VP formulation, linking numerical parameters
directly to measurable characteristics of the porous
medium. The simulations are performed in three di-
mensions and consider two different porous coatings,
each evaluated at two coating thicknesses. Figure 4(b)
illustrates coupled aeroacoustic physics and shows
strong agreement between simulation and experiment
for different Basotect coating thicknesses. By accu-
rately modeling these realistic porous materials, the
framework provides a validated, predictive workflow
for aeroacoustic parameter studies.

4.2. Pinna-related transfer functions

As an example of virtual acoustics, pinna-related trans-
fer functions (PRTFs) are simulated and compared
with measurements of the 3D-printed counterpart [15]
in Hölter et al. [13]. The mesh of the pinna is shown in
Figure 5(a). The wave propagation is modeled using
Eqs. (4)–(5), while the pinna geometry is represented
via VP, with Φ = 10−3 prescribed in the penalized
region defined by a blending function. The source is
placed in the ear canal and excited with an initial

Gaussian distribution. On a sphere around the pinna
with a radius of 0.07 m, 770 receiver points on a Lebe-
dev grid are defined and used to extrapolate the results
to the measurement positions at a distance of 1 m by
spherical harmonics. Figure 5(b) shows exemplary
frequency responses of three out of ten measurement
positions for the azimuth θ = [0, 45, 90]◦ and the ele-
vation φ = 0◦. For the analysis, we define an absolute
error

ε =

∣

∣

∣

∣

20 log10



|P |

|Pref |

∣

∣

∣

∣

(6)

where P denotes the simulated frequency response
and Pref the measured frequency response. In a fre-
quency range from 0.35 to 20 kHz, the arithmetic
mean error is εmean = 1.36 dB for a grid spacing of
∆x = 0.1 mm and εmean = 2.16 dB for ∆x = 0.2 mm.
The use of blending functions for the VP allows for
the smooth representation of complex geometries with-
out grid adaptations. However, a certain number of
grid points is required to represent thin structures.
In this case, the thinnest structures have a thickness
of approximately 1 mm, which can lead to incorrect
notch frequencies, e.g., at θ = 90◦ and f = 10 kHz for
∆x = 0.2 mm. Overall, the results show the applica-
bility of the solver to simulate acoustically complex
structures. Further details and discussion can be
found in [13].

4.3. Sound source localization

Another application is the identification and localiza-
tion of acoustic sources. For this purpose, a single
adjoint computation is sufficient. The source terms
in the adjoint equations are given by measurement
signals from a typical microphone-array setup. The
local maxima of the aggregated adjoint sensitivities
indicate the spatial regions with the greatest influence
on the objective function and thus correspond to the
most likely source locations. This method is described
in detail in [16].
Figure 6 presents an example of acoustic source iden-
tification. Figure 6(a) illustrates the setup, with a
64-microphone spiral array (red circles) positioned
at x3 = 0 m and four acoustic sources (blue crosses)
located at x3 = 0.75 m, which emit white noise to gen-
erate synthetic measurements at the microphone posi-
tions. This scenario represents a well-defined bench-
mark case, and the corresponding measurement data
are publicly available [17].
Figure 6(b) shows the sensitivity distribution in the
source plane after nt = 400 adjoint time steps. The
four sources are clearly identifiable and correctly local-
ized. The adjoint approach can be used as an alterna-
tive to conventional beamforming methods. Owing to
the Euler or Navier–Stokes equations acting as physi-
cal constraints, the adjoint-based formulation is less
sensitive to measurement noise, small microphone-
positioning errors, and deviations in the assumed
speed of sound caused by temperature variations.
Since the adjoint method requires only a small number
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Figure 5: a Sketch of the pinna with angular orientation. b Exemplary frequency responses of simulations and acoustic
measurements of the pinna. Adapted from [13] under CC BY 4.0.

Figure 6: a Basic arrangement for B7 benchmark case.
b Map of the normalized adjoint-based sensitivity p̄ com-
puted for all nT = 500 time steps. Logarithmic color
scaling with a range of 6 dB.

of measurement samples, rapidly moving sources can
be reliably identified [18].
Furthermore, using the volume penalization method
enables source identification in the presence of complex
boundaries, allowing for the localization of sources
even without a direct line of sight between the sources
and the microphones [18].

4.4. Sound source synthesis

Finally, the full optimization loop of Figure 1 is used
to reconstruct the directivity of a bassoon. It is an
instrument with a particularly complex radiation be-
havior due to its extended geometry and multiple
sound-radiating openings [19].
Figure 7(a) shows the setup. The bassoon is positioned
at the center of a spherical microphone array with
a radius of 2 m. The experimental reference dataset
consists of 2522 microphone positions uniformly dis-
tributed on a spherical grid. For the analysis, subsets
of 256 and 64 microphones are selected from this
dataset to evaluate the performance of the method
under reduced spatial sampling conditions.
In the numerical model, a spherical source region with
a radius of rsp = 0.6 m is defined around the instru-
ment, corresponding to approximately 40,000 degrees
of freedom in the monopole synthesis. Within this re-
gion, energy (pressure) source terms are iteratively op-
timized using an adjoint-based approach constrained
by the compressible Euler equations. This monopole
synthesis yields a physically consistent numerical twin

of the bassoon. This numerical twin reproduces the
measured microphone signals while inherently satisfy-
ing the governing wave propagation physics, enabling
high-resolution extraction of the instrument’s direc-
tional characteristics.
The reconstructed directivities for the fourth overtone
at 624 Hz are shown in Figure 7(c,d), and the refer-
ence is depicted in (b). The balloon plots illustrate
the results obtained using 256 and 64 microphones,
respectively. With 256 microphones, the dominant
radiation lobes and the pronounced spatial asymme-
try of the bassoon are accurately reproduced. When
reducing the number of microphones to 64, the main
structural features of the radiation pattern remain
clearly identifiable. However, local deviations and
smoothing effects become more pronounced as the
spatial sampling density decreases.
This example demonstrates that the adjoint-based
monopole synthesis framework can generate a physics-
consistent numerical twin of a complex musical instru-
ment and reliably reconstruct its multi-lobed directiv-
ity pattern even under sparse measurement conditions.
Further details and discussion can be found in [19].

5. Conclusion
A FDTD framework for solving forward and inverse
problems in acoustics and aeroacoustics has been pre-
sented, with emphasis on the implemented numerical
methods, the code structure, and four representative
application examples. The examples demonstrate the
versatility of the framework and include aeroacoustic
simulations, the computation of pinna-related transfer
functions, sound source localization, and sound source
synthesis. Beyond the cases discussed here, the iden-
tification of porous absorbers [20] and the adaptation
of source driving functions under harsh environmen-
tal conditions [21] further highlight the potential of
the framework for applications in room acoustics and
sound reinforcement.
In addition to acoustical applications, the framework
will be extended to flow-related problems in fluid
mechanics, as well as to high-frequency applications
such as ultrasonic wave propagation.
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Figure 7: a Sketch of the measurement and reconstruction setup. The grey sphere represents the source region used
for the monopole synthesis, and the blue dots indicate the microphone positions (illustrated here for 64 microphones).
b Reference directivity of the bassoon at 624 Hz. c Reconstruction of b using 256 microphones. d Reconstruction of b

using 64 microphones. Panels b–d are reproduced from [19] under CC BY-NC-ND 4.0.
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