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Abstract

Designing new kind of absorbers to avoid the use of
porous or fibrous materials due to the presence of
mean flow in a duct is a challenging topic in the field
of noise control. Acoustic Black Holes (ABHs) have
been derived with closed-ended configurations to
achieve broadband absorption. These solutions are
appropriate as anechoic termination but they cannot
be used as silencers as they should allow the passage
of the flow going through the axis of the duct. The
use of open ABHs, also known as Rainbow-Trapping
Silencers (RTSs) has been proposed to tackle this
issue. RTSs are fully-opened in-duct metamaterials, of
rectangular or cylindrical cross-sections, traversed by
a low-speed flow and whose walls are lined by graded
cavity depths. In order to reduce reflection and
transmission and to obtain full dissipation of the
acoustic disturbance over a broad bandwidth, a
strategy is to enhance its slow sound properties.
Parametric and optimization studies from theoretical
(transfer matrix method) ~and = numerical (finite
element model) approaches show how a suitable
choice of converging RTS parameters maximize slow
sound effects. Such compact lightweight devices could
be used to reduce broadband sound emissions in
transport systems.

Keywords: rainbow trapping filters, sound dissipation,
slow-sound, transfer matriz

1. Introduction

Noise dissipation within the low frequency band
remains a subject of research due to limitations of
classical control systems with sizes comparables to the
working wavelength [1].
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This challenge is especially relevant in ducted systems,
where conventional passive treatments such as porous
liners covered with perforated facings or resistive
screens are widely used but become ineffective at low
frequencies [2]. In addition to their limited acoustic
efficiency in this range, such treatments also introduce
aerodynamic pressure losses along the duct walls [3].
Development of acoustic metamaterials has brought
new strategies exploiting the effective properties of
engineered internal geometries [4]. They have
demonstrated strong potential for controlling low-
frequency broadband noise using subwavelength
structures. Designs based on arrays of embedded
Helmholtz resonators [5, 6], coiled channels [7],
microperforations [8], skewed metaslits [9] and Fano
resonances [10] have contributed to broadening the
control bandwidth.

One of the mechanisms used to control wave
propagation in acoustic metamaterials is the slow-
sound effect. The effective velocity of acoustic waves
decreases significantly within a region where the
geometric properties of the resonant cells vary
progressively to create strong dispersion [11]. As the
wave propagates through such a region, its phase
velocity gradually decreases, which can lead to
enhanced energy trapping and dissipation.

A conceptual example of this effect occurs in a
converging wave propagation domain that ends with a
vanishing termination. This principle has previously
been explored in the field of structural vibration
control, particularly in thin beams and plates [12, 13].
It has been extrapolated as a serial distribution of
quarter-wave resonators connected to a waveguide,
referred as Acoustic Black Hole (ABH). These devices
have been originally implemented as closed-ended
configurations designed to achieve short anechoic
terminations [14], acoustic wave focusing [15] or
enhanced acoustic monitoring [16]. They consist of a
sequence of rigid rings with gradually decreasing inner
radii to produce a progressive reduction in acoustic
wave speed as the wave approaches the termination,
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leading to near-complete wave trapping with minimal
back-reflection. The mechanism results from the
combined effects of cross-sectional variation and
surface impedance changes at the cavity mouths [17,
18]. Tt has been argued that such rib-designed devices
act essentially as Rainbow Trapping Silencers (RTS)
[15], using graded, locally resonant structures that
confine and trap the excitation wave at specific
frequency-dependent locations.

When considering ventilated systems, open-ended
ABHs have also been proposed for the simultaneous
reduction of reflection and transmission by dissipating
the incident energy inside the muffler [19]. It has been
shown that widely-opened rib-designed mufflers, with
an inlet-outlet radius ratio equal to one and axially
increasing cavity depths, are retarding structures able
to achieve near-unit dissipation over a broad
bandwidth due to merging between the activated
resonant cavities [20]. Geometric variations such as
quadratic external flares have been found to extend
the effective absorption bandwidth of converging
RTSs toward lower frequencies compared with linear
designs [21]. Most of the previous works have
investigated the optimization of metaliners acoustic
performance and less attention has been paid to the
understanding of the slow-sound phenomena.
Recently, Zhang et al. [22] have shown how sound
speed decreases inside discrete ABH geometries,
revealing the spatial distribution of wave deceleration
during propagation. Experimental measurements
using impedance tubes and movable MEMS
microphones have explored the evolution of the
wavefront propagation along the duct, and confirmed
the slow-sound effect, demonstrating that acoustic
waves can take approximately twice as long to
propagate through an ABH structure compared with
a rigid duct. Optimisation approaches have included
studies on truncated ABHs by removing the shortest
resonators [23] or the addition of perforation-
modulated ABHs, where boundary perforation
parameters  significantly  influence — slow-sound
enhancement [24].

The present study addresses the challenge of designing
compact duct treatments that simultaneously reduce
sound reflection and transmission over a wide
frequency range while remaining compatible with
airflow, by exploring the potential of slow-sound
acoustic metamaterials. The authors propose a
converging RTS, inspired by the convergent sections
of low-speed wind tunnels, with the main objective of
examining the slow sound effects while maintaining
broadband acoustic efficiency. Sect. 2 presents an
analytical transfer matrix formulation [14] for the
prediction of the acoustic performance of the RTSs
considering also the converging type silencer. A
comparison with FEM results for model validation is
included in Sect. 3. Conditions for slow-sound inside
converging and straight RTSs are investigated for
different frequency ranges and optimized geometries.
We will finish with the main conclusions and ideas for
future research work.

12 Convention of the European Acoustics Association
Graz, Austria ¢ 8" — 12t September 2026 «

2. Theoretical description of Rainbow

Trapping Silencers

The physical configuration considered is sketched in
Fig. 1. It consists of an open RTS of total length
L=0.15m along the z-axis, distributed among
N =70 cavities of width d = 1.1 mm, separated by
walls of thickness d; = 3 mm. The cavity depths D(z)
increase progressively accordingly to the law
D(z) = R[1 = o (2)], with @ (2) = (=z/L)™ and
m=24.

Figure 1. Schema of the physical set-up considered.

In order to achieve flow uniformity, the variation of
the cross-section along the RTS axis follows a profile
typically used in the design of low-speed wind tunnel
convergent given by a fifth-order polynomial shape
function for the inner radius, as follows

r(z) = R[1+ (1 — kg1 (=62'° + 152'* — 102"*)], (1)

with z' =14 z/L, and k, the contraction factor of
the convergent nozzle, that has been optimised to
take a value ko = 0.25 [20]. The inlet and outlet
radii are given respectively by R = 0.04 m and
75 = 0.01m. This profile is valid for inlet test
section area smaller than 0.5m? and low-speed
flows with a mean velocity lower than 40m:-s™t.
The optimal RTS parameters and convergent
profile have been selected as a compromise between
maximum acoustic performance and minimum drag
forces influenced by the wall porosity and the
contraction ratio [20].

2.1 Acoustic performance of RTSs
Analytical expressions have been obtained for the
quantification of the sound propagation along a RTS
presenting a convergent cross-sectional surface [21].
From the equation of propagation with varying wall
admittance, assuming an infinite number of cavities
and a low-frequency approximation, one obtains the
axial phase speed ¢, = Real(c,) given by
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with ¢, the sound speed and x(z) = R/r(z) the local
contraction ratio. Eq. (2), wvalid when f <«




¢o/(4mR) = 600 Hz, shows how slow sound properties
inside the RTS are enhanced at low frequencies due to
the converging profiled silencer.

To evaluate how the contracting area affects the
acoustic performance of the silencer, the Transfer
Matrix Method (TMM) [14] can be used when
considering plane wave propagation conditions and a
discretised number of N cavity-wall units as indicated
in Fig. 1. Applying continuity of the flow rate and
pressure across the ' cavity-rib cell, we can obtain
the relation [pl ui]T = TL' [pl'+1 ui+1]T, with Ti the
individual transfer matrix defined as

[ coslko(d + dp)] j%sin[ko d + dt)]]
T, = ¢ ' X
lj;sin[ko(d +d,)] coslko(d + d,)] J

1 0

s 1)@

where ko = w/c,, w the angular frequency, Z, the
characteristic impedance of the air and S; = nr?(z)
the inner cross section. The total transfer matrix is
obtained as the contribution of the individual cells,
T=[IL, T;. The elements T;; of this transfer matrix
can be used to calculated the amplitudes of the
reflections and transmission coefficients assuming a
perfect anechoic downstream condition as

Ycav,i
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1 +r = Tllt +Z_T12t

p ,(4)
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with S, = mré, and Sz = mR2. The dissipation is then

calculated as n=1—|r'|? = |[t'|? =1—p — T with p
and 7 the reflection and transmission coefficients.

2.2 Slow sound in RTSs

To quantify the slow-sound effect on the acoustic
wave due to the convergent RTS a methodology has
been developed. An array of probes equally spaced
along the duct axis at positions {Zj}, j=1,..,J] allows
to acquire the real acoustic pressures at time steps
{t,}, n=1,..,N'. The recorded time-domain signals
are discrete Fourier-transformed at the probes
positions at time intervals At = t,,; —t,, to provide
P(zj ;a)). The probes are then grouped in pairs to
calculate a two-probe decomposition to extract the
forward travelling component P+(Zj ; a)) from the total
Fourier-transform of the pressure. The progressive
component of the complex pressure field at the axial
position z; and angular frequency w can be written as

P(zj_l; w)ejko Azj _ P(Zj; w)

oko Azj _ o=iko Az;

P*(zj;w) = o 7, (5)

with 2<j<J—1 and Az; the separation distance
between two probes to enable proper phase resolution.
Using the frequency-domain TMM formulation, the
forward component P+(z_-;w) can be expressed as
Pt zj;a)) = P+(zj;w)|e'{¢(zf“") with <;b(z]-;a)) =
arg P+(zj; w)]| € 1=m; ] the wrapped phase. <p(zj; w)
can be calculated when this signal is unwrapped to
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obtain a continuous distribution avoiding the 2m

jumps. The local axial wavenumber kZ(Zj;a)) is

calculated taking the spatial derivative of the
unwrapped phase as

do(z; w

k(23 0) = - @)

dz (6)

Z=Zj

Eq, (6) is calculated numerically defining a sliding
spatial window with center at each z; position and
using a half-width window w with a linear regression
of ¢(zj; w) on the data points included within w. The
axial phase velocity is then calculated as cz(zj; a)) =
w/ kz(zj;a)). The procedure is performed at each
frequency with a harmonic excitation and over a
sliding spatial window scanning all the zaxis probe
positions. We can also estimate the wave-front
propagation time from spatial integration of c;! at
the probe positions when the excitation is propagating
downstream the duct.

3. Simulated results

3.1 Acoustic performance

The acoustic performance of the convergent RTS has
been calculated using the TMM formulation outlined
in Sect. 2.1. The JCAL model of visco-thermal losses
inside the cavities has been used [25]. Validation of
the model is made against a set of numerical FEM
simulations using the Thermoviscous Acoustics model
implemented in Comsol Multiphysics in the frequency
domain. It considers the viscous losses and the heat
conduction in the fluid domain. The chosen mesh
settings are such that the maximum element size was
set to d/3, thereby ensuring at least ten nodal points
per acoustic wavelength at the first duct cut-on
frequency f, ~1.84¢,/ (27rR) (the highest frequency
of interest). The minimum element size was chosen as
o, (aJC )/ 3 (o, =2rf,) in order to well resolve the
visco-thermal boundary layers along the ABH rings
and duct walls. Quadratic elements were used for the
pressure, velocity and temperature fields considering a
2D axisymmetric geometry.

The reflection, transmission and dissipation spectra
are represented up to 2.5 kHz in Figs. 2-4 respectively
when estimated from both the analytical (plain) and
numerical (dotted) approaches. A comparison has
been included when considering the convergent RTS
outlined in Fig. 1 and a constant cross-sectional RTS
of radius R = 0.04 m associated to black and red
colors respectively. The differences in the performance
between both physical configurations can be clearly
appreciated. The constant cross-section configuration
provides low values for the reflection and transmission
coefficient in a wideband starting at 1.5 kHz, whereas
this low-frequency performance is displaced down to
750 Hz for the convergent RTS (C-RTS). The
agreement between the TMM and FEM approaches is
reasonably good, that validates the use of the TMM
formulation for this particular configuration. The
highest discrepancies appear for the C-RTS in the low
frequency range, out of the efficiency frequency band.
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Figure 2. Reflection spectra of RTS (black) and C-RTS
(red) from TMM (plain) and from FEM (dotted).
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Figure 3. Transmission spectra of RTS (black) and C-
RTS (red) from TMM (plain) and from FEM (dotted).
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Figure 4. Dissipation spectra of RTS (black) and C-RTS
(red) from TMM (plain) and from FEM (dotted).

One observes in Fig. 4 a maximum of dissipation
for the C-RTS at 311 Hz (TMM) and 331 Hz
(FEM) respectively, that does not appear for the
straight RTS. It is due to the first axial half-
wavelength resonance that satisfies zero-pressure
condition at the inlet and outlet of the converging
silencer. This resonance is activated at such low
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frequency because it scales with the mean phase
speed, ¢, across the C-RTS rather than the sound
speed c¢y. This is due to the slow-sound effect (Eq.
(2)) at low frequency, which becomes more
important as the contraction ratio kg increases.

3.2 Slow-sound along the waveguide

Propagation of the forward acoustic wavefront along
the lined duct has been implemented using the TMM
formulation according to Sect. 2. The axial phase
velocities have been computed for five different
frequencies from 300 Hz to 2 kHz. The results are
superimposed in Fig. 5 for the classical RTS with
constant cross-section as a function of the axial
position, where the location of the silencer has been
marked as the yellow area.
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Figure 5. Axial variations of the phase velocity within a
RTS (yellow area) estimated from TMM at 300 Hz
(brown), 500 Hz (red), 1000 Hz (blue), 1500 Hz (green),
1700 Hz (black) and 2000 Hz (magenta dashed).

We can see that the axial phase speed starts to
decrease progressively form the RTS inlet achieving
minimum values close to the outlet. It should be
noted that out of the RTS position, the average phase
speed is estimated with a value of 344 m.s™!, close to
the sound speed as expected. The minimum values
achieved inside the RTS for the estimated phase speed
are related with the value of the excitation frequency,
getting smaller as we increase the frequency towards
the band of maximum dissipation performance that
starts at 1600 Hz. For these frequencies under 1600
Hz, a minimum phase speed is reached at the RTS
outlet that stays well below ¢,/2. Above 1600 Hz, the
minimum phase speed is achieved at the location of
the resonant cavities and its minimum value increases
with frequency.

To compare the slow sound effects inside a classical
RTS (Fig. 5) with those in the C-RTS, we have
plotted the axial phase speed for the physical
configuration with varying cross-section (Fig. 6). For
clarity, the dashed curves in Figs. 5 and 6 have been
presented only in the slow sound regime, i.e. up to the
axial positions at which the phase speed reached its
minimum value within the silencers. It can be seen
that the minimum phase speed values achieved inside
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the C-RTS extend over a wider bandwidth, here
between 300 Hz and 700 Hz, with respect to the RTS
case. Also, it reaches smaller values than in the RTS
case as long as the excitation frequency stays below
the respective ranges of high efficiency. Moreover,
slow-sound variations inside the C-RTS are less-
dependent on the excitation frequency than in the
straight RTS. Indeed, the different phase speed curves
in Fig. 6 show less variability than in Fig. 5.
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Figure 6. Axial variations of the phase velocity within a
C-RTS (yellow area) estimated from TMM at 300 Hz
(brown), 500 Hz (red), 1000 Hz (blue), 1500 Hz (green),
1700 Hz (black) and 2000 Hz (magenta dashed).

To better understand which factors enhance the slow-
sound effect in C-RT'Ss, we have selected a set of four
physical constituting parameters (m, N, d, Dipax)- They
have been varied with the objective of achieving the
lowest value for the axial phase velocity. As this is
multi-functional optimisation problem with a non-
linear cost function, Particle Swarm algorithm [26] has
been used to find the global minimum. This algorithm
mimics the interactions of group species such as bird
or fishes, progressively adapting the solutions with
collective knowledge. To achieve slow-sound, the cost
function to be minimized has been selected as the 2-
norm of the phase velocity c, over the length of the
C-RTS, defined as |lc,ll; = VXN, lc,(z)1?, z; being
the axial location of the # cavity-rib cell. The optimal
parameters are (mopt, Nope, dopts Dmax,opt) =
(3,30,0.004 m,0.07m), leading in Fig. 7 to a
minimum phase speed of ¢,/11 instead of ¢y/4 when
the total dissipation is maximized. This involves a
decrease of the number of cavities, of their width and
a steeper cavity profile, when compared to the
optimal parameters that maximize the C-RTS
dissipation performance.

4. Conclusions

In this work we have made a comparison between two
different RTS configurations including a classical
geometry with a constant inlet radius and a
convergent configuration with varying cross-section.
The analytical TMM validated against a FEM
numerical model have confirmed the superior acoustic
performance of the C-RTS in terms of the lowest
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bound for maximum dissipation over a broad
frequency band.
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Figure 7. Axial variations of the phase velocity
estimated from TMM at 1000 Hz within a C-RTS (yellow
area) when the total dissipation is maximized (solid blue)
and when the 2-norm of the phase velocity is minimized
(dashed-dotted blue).

A formulation for characterizing the slow sound effect
has been developed using the unwrapped phase of the
pressure phase signal acquired by an array of probes
along the axial coordinate. The C-RTS is able to
achieve a minimum phase speed of ¢3/11 =
31.2m.s™ ! compared to cp/4 ~ 85.7m.s™! for the
classical RTS. It constitutes a promising device to
effectively increase the slow sound without increasing
the material size.
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