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2Laboratoire de Tribologie et Dynamique des Systèmes (LTDS), ECL (École Centrale de Lyon), France
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Abstract
With the rapid expansion of urbanization, an increas-
ing number of high-rise structures require protec-
tion from earthquake-induced damage through seis-
mic isolation systems. However, current technologies
lack effective isolation barriers capable of mitigat-
ing horizontal seismic waves. This study proposes
an improved ring-resonator Unit Cell (UC) for two-
dimensional (2D) periodic materials is proposed based
on Bloch–Floquet theory and locally resonant mecha-
nisms. The Wave Finite Element Method (WFEM)
and Finite Element Method (FEM) are employed to
investigate the Band Gap (BG) characteristics and
various wave modes of the UC. Furthermore, the Trans-
mission Loss (TL) of the proposed 2D Ring-Resonator
Periodic Materials (RRPM) is validated through nu-
merical simulations. Results demonstrate that the
proposed ring-resonator UC exhibits a significantly
wider and more effective band gap compared to con-
ventional circular resonator designs.

Keywords: Two-dimensional periodic materials, Ring-
resonator, Band gap, Wave finite element method, Seismic
barrier

1. Introduction
Critical infrastructure, such as high-rise buildings, nu-
clear power plants, and small modular fast reactors,
requires robust protection against seismic damage.
To address this, periodic seismic isolation strategies
have been proposed to mitigate earthquake hazards,
specifically, two-dimensional (2D) periodic barriers de-
signed to block horizontal seismic waves have gained
significant attention. Moreover, recent experiments
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on real-size and scaled periodic materials [1], consist-
ing of arrays of cylindrical boreholes or tubes with
local resonators, have demonstrated the presence of
Band Gaps (BGs) for surface waves around 50–100
Hz. These findings confirm the feasibility of utilizing
such structures to protect buildings from earthquakes
in real-world scenarios.
However, in conventional periodic barriers, such as
the piles studied by Pu [2], the BG for surface waves
(around 50 Hz) is often not sufficiently low, and the
attenuation capability remains weak. Consequently,
there is a distinct trend in research towards achieving
lower and wider BGs with stronger attenuation. To
this end, Jia [3] investigated the effects of core den-
sity and filling fraction, while Miniaci [4] proposed
3D Large-Scale Mechanical Metamaterials (LSM3).
Despite these advances, traditional strategies for 2D
periodic materials typically rely on increasing mass
or volume, resulting in heavy and bulky solutions.
In this paper, the authors propose an improved 2D
Ring-Resonator Periodic Material (RRPM) character-
ized by a smaller scale, lighter weight, and superior
attenuation performance. The proposed RRPM offers
significant advantages in enhancing BG attenuation
properties and conserving resources in practical engi-
neering projects.
In this study, the Wave Finite Element Method
(WFEM) and Finite Element Method (FEM) are em-
ployed to predict the BG characteristics and seismic
insolation performance. The paper is organized as
follows: Section 2 outlines the methodology used to
calculate the dispersion curves of the Unit Cell (UC).
Section 3 introduces the model and presents the re-
sults and discussion. Finally, Section 4 summarizes
the conclusions and offers perspectives on future work.

2. Methodology
Infinite periodic structures can be fully characterized
by a representative UC, which serves as the smallest
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non-repetitive structural component [5]. By analyz-
ing the model of this UC, the dispersion curves for
the corresponding infinite periodic structure can be
derived. This section provides a brief introduction
to Bloch–Floquet theory and establishes the periodic
boundary conditions within the framework of the 2D
WFEM [6].

2.1. Bloch-Floquet theory
Bloch–Floquet theory characterizes wave propagation
in infinite periodic media, such as crystals, by relat-
ing wave functions to the reciprocal space vectors of
a Bravais lattice [7]. According to this theory, the
solutions to the wave equation can be expressed as:

u(r, t) = ei(k·r−ωt)uk(r) (1)
where ω is the angular frequency, uk(r) is a mod-
ulation function of the displacement vector, and
k = (kx, ky) denotes the wave vector in the Bril-
louin reciprocal space [8]. For the 2D periodic struc-
ture considered here, the periodic constant vector is
A = (Ax, Ay). The modulation function uk(r) has
the same periodicity as the periodic constant, which
means

uk(r + A) = uk(r) (2)
Substituting Eq. (2) into Eq. (1) yields the following
expression:

u(r + A, t) = ei(k·(r+A)−ωt)uk(r + A)
= eik·Aei(k·r−ωt)uk(r) = eik·Au(r, t).

(3)

Eq. (3) represents the periodic boundary conditions.

2.2. 2D Wave finite element method
In the context of wave motion within infinite periodic
structures, Bloch–Floquet theory governs the rela-
tionship between the displacements and forces at the
boundaries of a UC. A detailed introduction to the 2D
WFEM can be found in the guide provided by Cool
[9]. Eq. (4) shows the equation of motion of the UC
formulated directly in the frequency domain, assuming
time-harmonic behaviour and neglecting damping:(

K − ω2M
)

q = f (4)

where K, M ∈ RN×N are the stiffness and mass ma-
trices, and q, f ∈ RN×1 are the nodal displacement
degrees of freedom (DoFs) and the external nodal
forces applied on the UC, respectively. By impos-
ing the periodic boundary conditions derived from
the Bloch–Floquet theory, the following generalized
dispersion eigenvalue problem is formulated:(

K̃ − ω2M̃
)

q̃ = 0, (5)

in which K̃, M̃ are a function of kx, ky and given by:

K̃ = ΛLKΛR, M̃ = ΛLMΛR (6)

Note that ΛL equals the conjugate transpose of ΛR.
By solving this eigenvalue problem, the dispersion
curves can be obtained.

3. Results and discussion
In this section, 2D UC models are first established
to investigate the vibrational modes in the xy-plane,
from which the dispersion curves and frequency BGs
are derived using the 2D WFEM. Subsequently, the
wave modes and Transmission Loss (TL) are analyzed
via the FEM using COMSOL Multiphysics 6.2.

3.1. Frequency BG of the 2D RRPM
The 2D RRPM in Fig. 1a), consists of multiple lo-
cal ring-resonator UCs arranged periodically along
the x- and y-axes. As detailed in Fig. 1b), the UC
comprises three distinct components: Part III denotes
the resonator, Part II is the elastic layer, and Part I
represents the matrix.

Figure 1: a) 2D RRPM b) Ring-resonator UC.

The influence of resonator geometry on the frequency
BG characteristics is investigated by comparing a
conventional circular resonator with the proposed im-
proved ring-resonator. The geometric parameters for
the conventional circular resonator UC are adopted
from Jia. [3] as follows: a = 1 m, r2 = 0.49 m,
r1 = r = 0.245 m, and r0 = 0 m. To specifically eval-
uate the effect of the resonator shape, the resonator
filling fraction is maintained constant at σ = πr2/a2.
Consequently, the improved ring-resonator UC is es-
tablished with the following dimensions: a = 1 m,
r2 = 0.49 m, r1 = 1.25r, and r0 = 0.75r. Based on
these configurations, a three-component square UC
is constructed using the material properties listed in
Table 1.
The dispersion curves of UCs are plotted in Fig. 2,
where the wave vector k traverses the boundaries of
the first Irreducible Brillouin Zone (IBZ) along the
path X −M−Γ−X [8]. The BGs are indicated by the
yellow shaded regions. Fig. 2a) shows that the first
complete BG of the circular resonator UC spans from
4.71 to 6.42 Hz. In contrast, as displayed in Fig. 2b),
the first complete BG of the ring-resonator UC ranges
from 4.73 to 8.22 Hz, exhibiting a significantly wider
bandwidth.

12th Convention of the European Acoustics Association
Graz, Austria • 8th – 12th September 2026 •

P
re
lim

in
ar
y
do
cu
m
en
t

https://euracoustics.org/
http://aaa-oega.org/


Table 1: Material parameter
Material Density

ρ (kg/m3)
Young’s Modulus

E (GPa)
Poisson’s
ratio ν

Concrete 2500 30 0.3
Rubber 1300 1.37 × 10−4 0.463
Steel 7850 210 0.3

Figure 2: a) Circular resonator UC b) Ring-resonator
UC.

3.2. Wave modes analysis of 2D ring-resonator
UC

In this subsection, the wave modes are analyzed in
detail using COMSOL Multiphysics 6.2. This analysis
specifically focuses on the longitudinal wave mode
propagating in the x-direction. To distinguish the
longitudinal mode from other wave modes, the polar-
ization ratio β is defined, following the method [10]
as:

β =
∫∫

A
uxu∗

xdxdy∫∫
A

(
uxu∗

x + uyu∗
y

)
dxdy

(7)

where ui (i = x, y) denotes the components of the
displacement vector, the asterisk (∗) represents the
complex conjugate, and A signifies the entire domain
of the UC. To facilitate the distinction between differ-
ent wave modes, the polarization ratio β is visualized
using a color map.

Figure 3: Dispersion curves of UCs, a) r1 = r b) r1 =
1.25r, where waves modes are colored by the color map.

To compare distinct wave modes clearly, six key wave
modes corresponding to points A through F are se-
lected in Fig. 3b). Fig. 4 indicates that the modes
at points A and E represent coupled modes (where
the resonator vibrates in the xy-plane) within a sta-
tionary frame. Point B corresponds to a longitudinal
mode (resonator vibrates along the x-axis) involving

frame motion, whereas point C denotes a longitudinal
mode (resonator vibrates along the x-axis) within a
stationary frame. Furthermore, point D signifies a
transversal mode (resonator vibrates along the y-axis)
within a stationary frame, while point F exhibits a
transversal mode (resonator vibrates along the y-axis)
involving frame motion.

Figure 4: Displacement fields and deformation patterns
for the modes marked in Fig. 3b).

3.3. Transmission loss of 2D RRPM
In Fig. 5, a finite periodic material structure com-
posed of five ring-resonator UCs is selected for analysis.
To simplify the application of boundary conditions
and data extraction, additional concrete sections are
appended to the structure, resulting in overall di-
mensions of 1 m in width and 11 m in length. The

Figure 5: The xy view of RRPM.

numerical simulations focus on wave modes within
the xy-plane, consequently, the thickness in the z-
direction is not considered. The region on the left,
labeled ’INPUT’, serves as the vibration excitation
zone where a uniformly distributed load is applied,
while the region on the right, labeled ’OUTPUT’, func-
tions as the response measurement zone. The applied
load corresponds to a displacement of 0.01 m in either
the x- or y-direction. To mitigate boundary effects,
Perfectly Matched Layers (PMLs) are applied to the
concrete sections, and the two ends of the model are
fixed.
To verify that the effective isolation frequency range
of the RRPM coincides with the predicted BG, Fig. 6
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presents the TL spectrum calculated using the follow-
ing equation [11]:

T (dB) = 20 lg |Uout |
|Uin |

(8)

where Uin and Uout denote the average displacement
amplitudes in the x- or y-direction within the left
excitation (’INPUT’) and right reception (’OUTPUT’)
zones, respectively.
In Fig. 6, the yellow shaded region indicates frequency
BG of the RRPM. It is observed that the TL spectrum
exhibits a sharp decline starting at the lower boundary
frequency of 7.97 Hz, and the curves return to near-
zero levels at the higher boundary frequency of 12.09
Hz. These results clearly demonstrate that, within
the band gap, the vibration amplitude is significantly
reduced. Furthermore, the TL for longitudinal waves
is notably lower than that for transversal waves.

Figure 6: The TL of the RRPM.

4. Conclusion
In this paper, two approaches are employed to in-
vestigate the frequency BG and TL of the proposed
RRPM. The 2D WFEM results indicate that the ring-
resonator exhibits a wider low-frequency BG compared
to the conventional circular resonator. Furthermore,
the FEM simulations confirm that the RRPM demon-
strates superior vibration attenuation performance.
Considering the complex boundary conditions and di-
verse vibration modes inherent in building structures,
seismic isolation barriers require both qualities of sim-
plicity and flexibility, the proposed RRPM notably
possesses. Consequently, the proposed 2D seismic
barrier strategy using the RRPM holds significant
potential for engineering applications in the seismic
protection of infrastructure.
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