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Abstract
Broadband acoustic analysis and design of realistic
computer-aided design (CAD) geometries are chal-
lenging due to the non-affine frequency dependence of
the Boundary element method. When combined with
isogeometric analysis (IGABEM), exact CAD geome-
try representation, high accuracy, and relaxed mesh
requirements are offered. However, the use of spline-
based basis functions increases the computational cost
per degree of freedom, making analyses and iterative
design loops computationally demanding. In that con-
text, this work presents an efficient IGABEM-based
framework that enables broadband acoustic shape ex-
ploration by combining IGABEM with a non-intrusive
two-step model order reduction (MOR) strategy [1].
The frequency-dependent boundary element system is
approximated and reduced using Krylov-subspace re-
cycling MOR and reduced basis method, allowing fast
evaluation of acoustic responses over wide frequency
ranges. Shape variations are performed directly at
the CAD level by modifying NURBS control points
supported by a topological ring-based smoothing strat-
egy to ensure smooth and robust geometry updates.
The methodology is demonstrated on an academic
example, a multi-patch non-conforming flat plate sub-
jected to broadband acoustic excitation. The result
shows that geometry smoothing leads to more natu-
ral shape variations, while the reduced-order model
makes acoustic evaluations computationally feasible.
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1. Introduction
The accurate prediction of broadband acoustic be-
havior is essential in many engineering applications,
including automotive noise radiation and exterior
sound propagation. The Boundary element method
(BEM) [2] is particularly attractive for such problems,
as it reduces the problem dimensionality by one and
inherently satisfies the radiation condition at infinity.
Since BEM formulations discretize the entire geometry
as a boundary surface, the accuracy of the acoustic
solution is strongly influenced by the geometric rep-
resentation of the domain. In traditional boundary
element discretizations, low-order basis functions are
commonly employed, leading to piece-wise geometry
approximations that can introduce geometric errors
and affect solution accuracy.
By following the isogeometric analysis (IGA)
paradigm, spline-based basis functions such as Non-
Uniform Rational B-splines (NURBS) are employed
for both geometry representation and computation,
thereby preserving the exact CAD boundary descrip-
tion within the analysis [3]. The combination of IGA
and BEM (IGABEM) is popular in computational
acoustics [4], [5] as it offers improved accuracy per
degree of freedom (DOF) due to the high continu-
ity of spline-based basis functions. This furthermore
mitigates geometric approximation and pollution er-
rors [6] compared to traditional boundary element dis-
cretizations. Nevertheless, the extended support over
multiple knot spans of spline-based basis functions
increases the computational cost per DOF, and the
non-affine frequency dependence of the BEM operator
prevents the efficient reuse of system matrices across
frequency sweeps. As a result, broadband IGABEM
analyses remain computationally expensive.
To reduce computational complexity, model order re-
duction (MOR) methods have been widely studied in
context of frequency-domain acoustic BEM. Krylov
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subspace-based MOR approaches in combination with
either a Taylor series expansion [7] or Chebyshev poly-
nomial approximation [8] have been applied as they
offer a fast and high quality construction of the projec-
tion basis. However, Krylov-subspace MOR methods
only lead to moderate reductions and are dependent
on the spectral properties of the underlying system
matrix. In IGABEM formulations, the extended sup-
port of spline-based basis functions leads to poor con-
dition numbers which can reduce the efficiency of
Krylov-subspace based MOR techniques. To address
this, a second reduction step has been introduced for
acoustic BEM systems, resulting in a highly efficient
approach [1].
In this work, which presents a short version of the
framework introduced in [9], a CAD-based IGABEM
framework is presented in which a non-intrusive MOR
strategy is employed to enable efficient broadband
acoustic analysis and shape design on realistic CAD
geometries. The MOR method employs an adap-
tive Krylov-subspace recycling MOR with Chebyshev
polynomial approximation and reduced basis method
(RBM). Shape variations are performed directly at the
CAD level by modifying the NURBS control points,
avoiding remeshing and geometry approximation. A
topological ring-based smoothing strategy is intro-
duced to ensure smooth and physically meaningful
geometry updates. The approach is demonstrated on
an academic test case consisting of a non-conforming
flat plate excited by a unit-amplitude monopole source,
where a particle swarm optimizer is used to illustrate
how reduced-order models enable practical broadband
shape design studies.

2. Isogeometric boundary element
method

In this section the acoustic indirect Galerkin BEM
with IGA is briefly introduced. For a more detailed
derivation of the indirect BEM, the interested reader
is referred to [10].

2.1. The indirect boundary element method
with a Galerkin approach

By employing the fundamental solution, the Green’s
function G : R3 × R3 → C, of the Helmholtz operator
and considering both sides of the boundary surface Γ,
the acoustic pressure can be represented in terms of
potentials on the boundary. This leads to the indirect
boundary integral equation

pa(r) =
∫

Γ

[
µ(rf )∂G(r, rf )

∂n − G(r, rf )σ(rf )
]

dΓ,

r ∈ Ω \ Γ,
(1)

where n is the outward normal vector, the single
layer potential σ(rf ) is the difference of the normal
pressure gradient between two sides of the boundary
Γ, and the double layer potential µ(rf ) is defined as
the difference in normal pressures between two sides
of the boundary Γ.

2.2. Isogeometric Galerkin Discretization
To obtain a symmetric system model, a Galerkin ap-
proach is adopted. The unknowns, the single and
double layer potential, are approximated using the
same basis functions employed for the geometric rep-
resentation, following the isogeometric concept.
The CAD boundary surface is represented by a
NURBS surface patch

S(ξ, η) =
n∑

i=1

m∑
j=1

Rp,q
i,j (ξ, η)Pi,j , (2)

where Rp,q
i,j (ξ, η) is the bivariate NURBS basis func-

tion and Pi,j ∈ Rd denote the control point. Rp,q
i,j (ξ, η)

can be written in terms of the tensor product of
2D B-spline basis functions Np

i (ξ) and Mq
j (η) with

polynomial orders, p, q and the knot vectors, Ξ1 =
[ξ1, ..., ξn+p+1] and Ξ2 = [η1, ..., ηm+q+1] with (ξ, η) ∈
[0, 1]× [0, 1], respectively. The NURBS basis functions
Rp

i (ξ) of polynomial order p are defined as

Rp
i (ξ) = Np

i (ξ)wi∑n
i=1 Np

i (ξ)wi
with i = 1, ..., n, (3)

where Np
i (ξ) is the ith B-spline basis function of pth

degree and wi are the weights. By following a Galerkin
formulation, a global system of equations can be as-
sembled in form of

A(ω)x(ω) = b(ω), ω ∈ Ψ, (4)

where A : Ψ → CN×N is the symmetric system matrix,
ω := 2πf with f representing the frequency and ω ∈
Ψ := [ωmin, ωmax] and b, x : Ψ → CN are the force
vector resulting from the imposed boundary conditions.
Eq. (4) is solved for x which yields the discretized
single layer potential and double layer potential.

3. Two-step model order reduction
To enable efficient broadband analyses, the two-step
model reduction method is introduced. The method
employs Chebyshev polynomials to decouple the fre-
quency dependence of the non-affine IGABEM system.
This enables a Galerkin projection onto a reduced sub-
space, where an adaptive Krylov subspace recycling
method [8] is employed to construct an initial reduc-
tion basis. As Krylov-subspace based MOR methods
only offer moderate reductions, a second reduction us-
ing RBM is employed on the affine reduced IGABEM
system, to further reduce computational cost.

3.1. IGABEM approximation with Chebyshev
polynomials

To obtain an affine representation, Chebyshev poly-
nomials are leveraged to approximate the frequency-
dependent IGABEM system matrix over the interval
Ψ. The system matrix can be displayed as

(
M∑

i=0

′ci(ω)Ti)x(ω) =
M∑

i=0

′ci(ω)qi, (5)
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where ci(ω), with i = 0, ...M, represent the Chebyshev
polynomials of the first kind. The prime indicates that
the first term is halved. By considering the maximum
dimension of the model and Ψ, the truncation order
of the Chebyshev polynomial approximation can be
predetermined as suggested in [11]. The frequency in-
dependent parameters of the polynomial Ti ∈ CN×N

and qi ∈ CN are defined as follows

Ti = 2
M+ 1

M∑
k=0

A(ωk) ci(ωk),

qi = 2
M+ 1

M∑
k=0

b(ωk) ci(ωk)

(6)

where the positions of the Chebyshev nodes ωk corre-
spond to the n zeros of the polynomials in the interval
[−1, 1] and are obtained by

ωk = cos(
π(k + 1

2 )
M+ 1 ). (7)

To compute the true position of the Chebyshev nodes
for ω ∈ Ψ, a linear mapping of Ψ → (−1, 1) is needed.
Eq. (6) expresses the system as a linear combination
of frequency-independent matrices weighted by Cheby-
shev polynomials, enabling efficient assembly. The
affine representation, however, increases memory re-
quirements due to storage of the precomputed dense
matrices.

3.2. Galerkin model order reduction in IGA-
BEM

To reduce memory and computational cost, a Galerkin
projection is applied to the Chebyshev-approximated
IGABEM system. The system is approximated in a
reduced subspace spanned by the columns of W ∈
CN×l,

x(ω) ≈ x̂(ω) = Wx̃(ω). (8)
Enforcing the Galerkin orthogonality condition yields
the reduced system

WHA(ω)Wx̃(ω) = WHb(ω), (9)

Combining this projection with the Chebyshev ap-
proximation results in the following formulation

(
M∑

i=0

′ci(ω)WHTiW)x̃(ω) =
M∑

i=0

′ci(ω)WHqi, (10)

yielding a compact form of

(
M∑

i=0

′ci(ω)Ti,redAKR)x̃(ω) =
M∑

i=0

′ci(ω)qi,redAKR . (11)

Projecting Ti and qi right after its assembly, reduces
the size of the coefficient matrices and consequently,
ensures that the memory requirements remain within
the limits of the IGABEM.

3.3. Automatic Krylov subspaces recycling
To preserve the high-fidelity behavior of the full-order
model (FOM), an automatic Krylov subspace recy-
cling (AKR) algorithm [8] is employed. Instead of
assembling and solving ∀ω ∈ Φ, where Φ is a discrete
set with |Φ| = Ntot and Ntot is the number of systems
to be resolved, the AKR algorithm recycles Krylov
subspaces only for ω ∈ ΩM , where ΩM := [ω1, ..., ωL]
is a discrete ordered set with ΩM ⊂ Ψ and |ΩM | ≪ |Φ|.
For each sampled ωj , a Krylov subspace is constructed
by the Arnoldi algorithm [12]

Km(ωj)(A(ωj), r0(ωj)) := span
{

r0(ωj), A(ωj)r0(ωj),

. . . , Am−2(ωj)r0(ωj), Am−1(ωj)r0(ωj)
}

= span{Vωj
},

(12)
where m(ωj) with j = 1, ..., L denotes the dimension
of the respective Krylov subspaces for each ωi ∈ ΩM

and L := |ΩM |, r0 = b − Ax0 with x0 : Ψ → CN an
initial guess of the solution denotes the initial residual.
The residual norm |r(ω)| ≤ rthresh, ∀ω ∈ Ψ serves
as an error indicator to adaptively determine both the
subspace dimensions m(ωj) ΩM through the AKR al-
gorithm. A modified Gram-Schmidt orthogonalization
is performed to prevent numerical instabilities [13]. A
global reduction basis W spans the Krylov subspaces

span{W} =
L⋃

j=1
Km(ωj). (13)

Further algorithmic details are given in [8].

3.4. Second reduction step via Reduced basis
method

Although the AKR algorithm provides an initial reduc-
tion, the achievable compression remains moderate for
ill-conditioned or highly resonant systems, and storage
of the reduced affine coefficient matrices may still be-
come prohibitive [7]. By exploiting the reduced affine
representation of the IGABEM system, a second reduc-
tion step based on the RBM [14] is introduced to fur-
ther reduce computational costs. The RBM constructs
an additional projection basis VRBM by sampling fre-
quency snapshots at ωκ̄+1 ∈ ΩRBM ⊂ Ψ, where ΩRBM
is a discrete ordered set with |ΩRBM| ≪ |Φ|, using a
greedy strategy. A residual based error estimator is
used and is defined as

rRBM,κ̄(ω) := Ared(ω)V̄κ̄x̃2Step(ω) − bred(ω),
∀ ω ∈ Φ ⊂ Ψ.

(14)

where V̄κ̄ denotes the reduced basis from concatenat-
ing the κ̄ snapshots. In each iteration, the snapshot
corresponding to the maximum residual norm is se-
lected and appended to the basis. The enrichment
continues until rRBM := ||rRBM,κ̄(ω)|| ≤ rtol, ∀ω ∈ Φ.
The final RBM basis is then defined as VRBM := V̄κ̄.
Applying this second projection to the affine reduced
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system yields(
M∑

i=0
ci(ω) Ti,2Step

)
x̃2Step(ω) =

M∑
i=0

ci(ω) qi,2Step

(15)
The two-step MOR method produces a computation-
ally efficient ROM, which allows rapid system evalu-
ations across a broadband frequency range Ψ. This
enables practical design iterations, where CAD-level
geometry updates and multiple frequency-domain sim-
ulations are required.

4. Shape optimization
Geometric shape modifications are performed directly
at the CAD level by modifying selected NURBS con-
trol points. The optimization problem over the fre-
quency range Ψ = [ωmin, ωmax] is formulated as

min
d

J(d) =
∫ ωmax

ωmin

Nm∑
m=1

|pm
a (ω, d)|2 dω, (16)

subject to bound constraints dmin ≤ d ≤ dmax, where
d ∈ RnDV denotes the vector of design variables, pm

a

is the acoustic pressure at microphone m, and Nm is
the number of microphones.

4.1. Topological ring-based smoothing
To ensure smooth and physically meaningful defor-
mations, each design variable induces displacements
∆Pℓ

i,j on neighboring control points within the same
patch. The resulting control point update is obtained
by a normalized superposition

∆Pi,j =
∑

ℓ wℓ
i,j∆Pℓ

i,j∑
ℓ wℓ

i,j

, (17)

where wℓ
i,j are the weights of the decay function based

on the ring distance. Thus, control points closer to the
design variable undergo larger displacements, while
points at a greater ring distance are attenuated. This
strategy ensures smooth and realistic shape variations
during the optimization.

4.2. Particle swarm optimization
Due to the ill-conditioned IGABEM system, a
gradient-free particle swarm optimization (PSO) al-
gorithm is employed. Each particle i represents a
candidate design vector di. At iteration k, velocities
and positions are updated as

vk+1
i = w vk

i + c1r1(pi − dk
i ) + c2r2(g − dk

i ), (18)

dk+1
i = dk

i + vk+1
i , (19)

where pi and g denote the personal and global best po-
sitions, w is the inertia weight, c1, c2 are acceleration
coefficients, and r1, r2 ∼ U(0, 1) are random scalars.
For each particle, the updated geometry is evaluated
using the reduced-order IGABEM solver, rendering
broadband optimization computationally feasible.

5. Results
For the assessment of the proposed IGABEM MOR
framework, a benchmark acoustic test case consist-
ing of a multi-patch flat plate is considered (Fig. 1a).
The 1 × 1 m plate is discretized into 4 non-conforming
NURBS patches of degree p = q = 2, resulting in
492 DOFs, which are sufficient to accurately resolve
acoustic responses up to 1000 Hz. A unit ampli-
tude monopole source is located at (0.25, 0.25, 0.5) m
above the plate, radiating into the unbounded acous-
tic domain (Fig. 1b). The acoustic pressure is evalu-
ated at nine microphone points forming a 3 × 3 grid
with x, y ∈ {0.65, 0.75, 0.85} m, located in a plane
at z = −0.5 m. The frequency range is defined as
Ψ := [1, 1000] Hz with 1 Hz resolution which leads
to 1000 dense linear systems in the FOM. For this
problem a truncation order of M := 25 is selected.

(a) Flat plate discretiza-
tion

(b) Flat plate subjected to a
monopole source

Figure 1: Flat plate discretization and problem setup.

5.1. Performance of the two-step MOR for
IGABEM systems

To assess the accuracy of the reduced-order model
(ROM), the normalized residual is used as criterion
and is defined as

||rnorm(ω)|| := ||A(ω)(W(VRBMx̃2Step(ω))) − b(ω)||
||b(ω)|| .

(20)
The residual thresholds are set to rthresh = 10−2 and
rtol = 10−3. The sound pressure level (SPL) from the
FOM and ROM in Fig. 2 shows no differences over the
entire frequency range Ψ, implying that the consid-
ered residual thresholds are sufficient. By inspecting
the normalized residual, it can be observed that the
predefined tolerance of 10−2 is satisfied over the ma-
jority of Ψ. Slight violations occur near 250 Hz, which
can be attributed to the bisection sampling strategy
employed by the AKR algorithm (Fig. 3). The cor-
responding sampling patterns for the construction of
ΩM , W, VRBM are displayed in Fig. 4. For the flat
plate, the AKR algorithm necessitates 9 full system
assemblies and 5 partial solutions to construct W.
Additionally, 25 full system assemblies are employed
to construct the Chebyshev coefficient matrices. The
resulting ROM contains merely 21 DOFs.

5.2. Computational cost of the two-step MOR
The computational cost of the flat plate example is
summarized in Table 1-2. For the two-step MOR, the
highest computational cost stems from the construc-
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Figure 2: Initial response at (0.65, 0.65, −0.5) m; flat
plate subjected to a unit-amplitude monopole source.

Figure 3: Normalized residual employing two-step MOR

AKR

Figure 4: Sampling pattern of each step employing two-
step MOR

tion of the Chebyshev coefficient matrix Ti, followed
by the construction of the initial reduction basis W.
The construction of VRBM is negligible as it only re-
quires the selection of frequency snapshots using a
greedy scheme of the reduced affine system. Once the
off-line stage is completed, the on-line assembly and
solution of the ROM yields speed-up factors of 103

and 102 compared to the FOM, respectively.

5.3. Broadband shape optimization
The IGABEM MOR framework enables efficient fre-
quency sweep analyses, which can be also used in
design optimization. For the broadband shape op-
timization of the flat plate, 6 control points are se-
lected as design variables with displacement bounds
of ±0.1 m (Fig. 5a). A PSO algorithm with 12 par-
ticles and a maximum of 100 iterations is employed.
The PSO is configured with an inertia weight decreas-
ing linearly from wmax = 0.9 to wmin = 0.4 over
the iterations, cognitive and social acceleration coeffi-
cients c1 = c2 = 1.5, and a maximum particle velocity
vmax = 0.1 × (dmax − dmin).
Convergence is achieved after 18 iterations (Fig.6a).
The optimized geometry in Fig. 5b exhibits smooth
global modifications enabled by the ring-based smooth-

Table 1: Off-line cost of the two-step MOR.
Operation Time
Construction of W and VRBM 17 min
Construction of Ti 39 min
Total off-line cost 56 min

Table 2: On-line cost for 1000 frequency evaluations.
FOM ROM Speed-up

Assembly 26 h 7 min 29 s 3.2 × 103

Solution 1 min 0.4 s 150

ing. While the overall broadband SPL reduction is
modest (≈ 1 dB), localized improvements are observed
at specific microphone locations (Fig.6b). To highlight
the computational gains using the IGABEM MOR
framework, the traditional FOM approach would re-
quire 18×12×1000 = 216, 000 full system evaluations,
making design optimization with FOMs inefficient (see
Table 3). In contrast, the IGABEM MOR framework
enables rapid design optimization by evaluating a
much smaller amount of full system evaluations, ac-
celerating the broadband design iterations.

(a) Initial flat plate geometry
with 6 design variables

(b) Optimized flat plate geom-
etry

Figure 5: Design variables and optimized geometry.

6. Conclusion
In this work, an efficient IGABEM MOR framework is
introduced for acoustic frequency sweep analyses and
broadband design iterations. The framework employs
a non-intrusive two-step MOR utilizing Chebyshev
polynomials, Krylov-subspace recycling and RBM to
reduce computational costs while preserving accuracy.
The performance of the method was demonstrated
on an academic test case, a flat plate subjected to a
monopole source, where substantial speed-ups were
achieved for broadband acoustic simulations. The
ROMs enabled computationally feasible shape opti-
mization over a wide frequency range which would
be impractical using the FOM. By performing geom-
etry updates directly at the control point level and
incorporating a ring-based smoothing strategy, the
framework maintains CAD consistency and prevents
unrealistic localized deformations that may arise in
finely discretized high-frequency IGA models, thus
allowing robust design iterations without remeshing.
The proposed framework provides therefore a compu-
tationally efficient and fully CAD-based workflow for
broadband acoustic design exploration.
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(a) Convergence plot for broadband shape opti-
mization

(b) SPL spectrum at (0.65, 0.65, −0.5) m

Figure 6: Convergence plot and SPL reduction

Table 3: Optimization summary multi-patch flat plate
problem.

Design variables 6
Convergence iteration 18
Number of particles 12
Frequency range 1-1000 Hz
Total full size system evaluations (FOM) 216,000
Total full size system evaluations (ROM) 7,344
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