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Abstract
Pipette aspiration is a widely used biomechanical tech-
nique for measuring the mechanical properties of cells
and soft tissues. In this study, we present a computa-
tional model of pipette aspiration based on the finite
element method, as implemented in FreeFem++. This
model simulates tissue deformation under suction pres-
sure, enabling us to analyze the system’s frequency
response. Our results demonstrate FreeFem++’s effec-
tiveness in modelling complex biomechanical systems,
providing insights into the viscoelastic properties of
tissues under dynamic loading conditions.
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1. Introduction
Pipette aspiration is a widely used technique in biome-
chanics for measuring the mechanical properties of
cells and soft tissues. Deformation can be induced
in the target tissue by applying controlled suction
pressure through a pipette, and its response can be
analyzed. This enables the elasticity, viscosity and
viscoelasticity properties of soft tissues [1], [2] and
phantoms [3] to be measured.
This method has been instrumental in advancing our
understanding of tissue behavior under various physi-
ological and pathological conditions. The mechanical
properties of tissues are crucial for numerous biologi-
cal processes, including voice production. Therefore,
the pipette aspiration technique has been applied to
investigate the viscoelastic properties of vocal fold
tissues, which are essential for understanding voice
production and disorders [4], [5], [6].
In pipette aspiration, the measured quantities are the
applied pressure and the resulting tissue deformation
(e.g., aspiration length), which are used to derive me-
chanical properties such as Young’s modulus, shear
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modulus, and viscosity. Analytical formulations have
been developed to relate pressure and deformation to
these properties. These are typically based on the
following assumptions: axisymmetry, simplified ge-
ometries (e.g., semi-infinite or finite-thickness layers),
and linear elastic or linear viscoelastic material mod-
els [3], [7], [8]. However, interpretation under dynamic
loading can be challenging due to geometric nonlin-
earity, viscoelastic dispersion, and potential inertial
effects in biological tissues [9].
Computational modeling, particularly the finite ele-
ment method (FEM), provides a framework to explore
parameter regimes that are difficult to realize analyt-
ically [3]. FreeFem++ is open-source software that
offers a flexible platform for implementing FEM simu-
lations, making it a suitable tool for modeling complex
biomechanical systems [10]. In this study, we present
a computational model of pipette aspiration using
FreeFem++ based on a viscoelastic constitutive law
of the Kelvin-Voigt type [11]. We simulate tissue
deformation under dynamic pressure and analyze the
system’s frequency response in the frequency domain
of phonation from 0 Hz to 750 Hz to gain insights into
viscoelastic properties under dynamic loading.

2. Methods
The measurement setup consists of a cylindrical
pipette mounted on an optical coherence tomography
system. The pipette is connected to a loudspeaker
that generates a harmonic pressure signal, which ex-
cites the specimen inside the pipette. The resulting
displacements are captured by an optical coherence to-
mography system, while the pressure inside the pipette
is measured.
The details of the measurement setup and the speci-
men preparation are described in Lamprecht et al. [5].
The next section will focus on the computational
model of pipette aspiration, as this is the focus of
this study.

2.1. Governing equations
The material is assumed to be viscoelastic of the
Kelvin-Voigt type, which can be described by
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[
∇(λ ∇ · u) + ∇ · (2µ ε(u))

]
+ iω

[
∇(ζ ∇ · u) + ∇ · (2η ε(u))

]
+ ρω2u = 0, in Ω,

u = f on ΓD,

∂nu :=
[
λ ∇ · u + 2µ ε(u)

]
ν + iω

[
ζ ∇ · u + 2η ε(u)

]
n = 0, on ΓN ,

∂nu = p0 n, on ΓP ,

(1)

with ε(u) being the strain tensor, ω the angular fre-
quency, ρ the density, u the displacement vector. The
boundary ΓN is traction free, ΓD is a displacement
boundary, whereas at ΓP a pressure p0 is applied,
with the n being the outward unit normal vector
to ∂Γ. The physical interpretation of the model in
Eq. (1) is as follows: the first bracket describes elastic
restoring forces, the second bracket describes viscous
dissipation (scaled by iω in the frequency domain),
and the term ρω2u represents inertia. Boundary con-
ditions prescribe a mixture of displacement (u = f
on ΓD), traction-free surfaces (∂nu = 0 on ΓN ), and
pressure loading (∂nu = p0n on ΓP ). The existence,
uniqueness, and exponential decay of solutions to the
mixed-boundary problem for anisotropic viscoelastic
materials governed have been shown in Jiang et al. [11].
The material parameters are generally complex-valued:
the shear modulus is given by µ∗ = µ + iωη, where
µ is the storage modulus and η is the loss modulus,
representing the dissipative effects in the viscoelas-
tic medium. Similarly, the compression modulus and
compression viscosity are given by λ and ζ, respec-
tively [11], [12]. The material parameters µ and λ are
related to the Young’s modulus E and the Poisson’s
ratio ν by µ = E

2(1+ν) and λ = Eν
(1+ν)(1−2ν) .

Reported values for the Poisson’s ratio of vocal fold
tissue range from 0.3 to 0.5, with the upper bound
0.5 representing the incompressible limit. The silicone
rubber employed in this study exhibits a Poisson’s
ratio of 0.499 [13], closely approximating this limit.
Consequently, at low frequencies, Hz to kHz, the third
term in Eq. (1), which involves the compressional
viscosity parameter ζ, may be neglected under the
quasi-incompressible assumption [14], [15], [16]. On
the other hand, in the first term, the large magnitude
of λ is counterbalanced by the correspondingly small
magnitude of ∇(∇ · u) and consequently cannot be
neglected [14].
The harmonic analysis is implemented in
FreeFem++ [10], whereby the variational form
of Eq. (1) for the stationary viscoelasticity equation is
given by∫

Ω
2µ ε(u) : ε(v) +

∫
Ω

λ (∇ · u)(∇ · v)

+ iω

∫
Ω

2η ε(u) : ε(v) −
∫

Ω
ρ ω2 u · v

=
∫

ΓP

(p0 · n) · v (2)

using the test function v [11].

2.2. Geometry & boundary conditions
The geometry of the problem is depicted in Fig. 1.
The domain Ω is a cylindrical region representing
the silicone rubber specimen, with the boundaries
ΓP and ΓD corresponding to the pressure and dis-
placement boundary conditions, respectively. The
geometric parameters are as follows: pipette inner
radius ri = 1.5 mm, pipette outer radius ro = 2.5 mm,
specimen height hs = 10.0 mm, and specimen radius
rs = 50.0 mm.
The geometry of the specimen is axisymmetric, and
the problem is formulated in cylindrical coordinates
(r, θ, z), with the axis of symmetry aligned with the
z-axis. Using the symmetry of the problem, the com-
putational domain is reduced to a two-dimensional
region in the r − z plane, where r is the radial coordi-
nate and z is the axial coordinate.

z

rΓP ΓDr,z

ΓDr

ri

hs

ro

Ω

rs

Figure 1: Boundary conditions for the harmonic model.
Different colors represent specific boundary conditions: the
red line corresponds to the pressure boundary condition,
ΓP ; the orange line indicates the displacement boundary,
ΓDr,z , where displacements in both the r and z directions
are constrained to zero. The blue line marks the symmetry
axis, ΓDr , along which radial displacement vanishes. The
black line outlines the outer specimen boundary, which
is subject to a traction-free condition. The gray dashed
line illustrates the pipette, which is excluded from the
computational domain.

The displacement at ΓD is prescribed to be zero, repre-
senting a clamped boundary condition. The pressure
p0 at ΓP is applied uniformly across the boundary.

2.3. Benchmark models
Aoki’s approximation derives Young’s modulus from
the applied pressure, the central displacement, and the
pipette inner radius, scaled by a geometry-dependent
constant obtained from linear, axisymmetric FEM of
an isotropic, incompressible, homogeneous specimen
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with experimental verification. For the present pipette
with an outer-to-inner radius ratio of 1.67, the constant
is about 1.01, and the influence of specimen dimensions
is considered minor and neglected [7].
Theret’s approximation models micropipette aspira-
tion with an axisymmetric elastic-foundation bound-
ary condition that enforces zero normal surface dis-
placement for an incompressible material. The modu-
lus is obtained from the same measurable quantities
as above, multiplied by a geometry-dependent factor
that is approximately 2.02 for the current pipette [8].
Zhang’s approximation uses a Neo-Hookean hyperelas-
tic framework to estimate the modulus from pressure
and displacement normalized by the pipette inner ra-
dius. It typically distinguishes linear and nonlinear
regimes; here, the linear small-deformation expression
is employed [3].

3. Model validation
The default parameters, shown in Table 1, were used
to validate the model.

Table 1: Default parameters for the model validation.
Parameter Value
Elastic modulus E 10 kPa
Poisson ratio ν 0.499
Loss modulus η 1 Pa s
Compressional viscosity ζ neglected
Density ρ 1000 kg m−3

Frequency range f 0 Hz to 700 Hz
Pressure amplitude p 25 Pa

A mesh study was carried out to determine the op-
timal mesh size for the simulation. The mesh was
refined until the relative error of the displacement
field was below the expected deviation of ±1 %. The
final model uses a remeshing strategy, which is based
on an exponential growth of the element size from
the pipette center, see Fig. 2. Therefore the compu-
tational time is reduced significantly, without losing
accuracy.

3.1. Displacement field
Fig. 2 shows the displacement field at an excitation
frequency of 291 Hz.The maximum displacement oc-
curs at the center of the pipette, consistent with the
applied boundary conditions and the axisymmetric
loading. The displacement magnitude decreases ra-
dially outward from the center, which is consistent
with the expected axisymmetric deformation pattern
for a pipette aspiration setup in which the applied
suction is concentrated within a region near twice the
inner radius of the pipette and the surrounding region
provides constraint [7].

3.2. Parameter study
The material parameters, the Young’s modulus E,
the Poisson’s ratio ν, the loss modulus η and the
density ρ, were varied to determine the influence on
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Figure 2: The displacement field for an excitation fre-
quency of 291 Hz. The color shows the magnitude of the
displacement, and the deformation of the mesh is scaled by
a factor of 100 for visualization. The boundary ΓDr,z , the
contact between the pipette and the specimen is, indicated
as orange region.

the central displacement magnitude and phase. The
results are shown in Fig. 3, with the displacement
magnitude and phase shown in the upper and lower
panel, respectively. The damped resonant frequency
of the system is indicated at the maximum magnitude
response, while the undamped resonant frequency is
identified at −90◦ in the phase response [17].
It can be seen in Fig. 3a that the Young’s modulus E
has a significant effect on the displacement magnitude,
with the damped resonant frequency being shifted to
higher frequencies and the displacement decreasing
as the Young’s modulus increases. The same trend is
observed for the phase response, with the undamped
resonant frequency shifting to higher frequencies as
the Young’s modulus increases.
The viscosity parameter η influences the displacement
magnitude, as shown in Fig. 3b. The viscosity has
no influence on the quasi-static case at 0 Hz, which
is a purely elastic static deformation. As η increases,
the maximum displacement decreases, and the corre-
sponding damped resonant frequency shifts to lower
values. At high viscosity values, the maximum dis-
placement is observed at 0 Hz. The phase response
indicates that the undamped resonant frequency is
only slightly affected by the viscosity parameter η.
The Poisson’s ratio ν barely influences the displace-
ment magnitude, as shown in Fig. 3c, with the damped
resonant frequency shifting only slightly to higher val-
ues as ν increases. In contrast, the undamped resonant
frequency shifts to lower values with increasing ν.
Fig. 3d shows that the density ρ has little effect on
the displacement magnitude and the damped reso-
nant frequency. However, as the density increases,
the damped resonant frequency shifts to lower val-
ues, while the displacement magnitude increases. A
similar trend is observed for the phase response, with
the undamped resonant frequency shifting to lower
frequencies as the density increases.
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3.3. Pressure amplitude
The displacement magnitude increases linearly with
the pressure amplitude, as expected from the linear
relationship between pressure and displacement in
Eq. (2). The resonant frequencies and the phase re-
sponse are unaffected by the pressure amplitude, as
both are determined by the material properties, rather
than the magnitude of the applied pressure.

3.4. Measurement point
The measured displacement decreases with increas-
ing radial offset of the measurement point from the
pipette center, consistent with the imposed bound-

ary conditions and the expected deformation pattern,
as shown in Fig. 4. The phase response likewise de-
pends on the measurement location due to the applied
boundary conditions. An offset of 0.1 mm results in a
relative error of approximately 0.5 % at the damped
resonant frequency of 295 Hz, whereas at 0.5 mm the
error increases to nearly 7.5 %. Here “relative error” is
defined with respect to the on-axis (center) response
predicted by the model. In practice, however, an offset
of only 0.1 mm remains sufficiently accurate.
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(a) Variation of the Young’s modulus E.
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(b) Variation of the viscosity parameter η.
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(c) Variation of the Poisson’s ratio ν.
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Figure 3: Complex frequency response (magnitude and phase) of the pipette over 0 Hz to 700 Hz for variations in
material parameter: Young’s modulus E, viscosity parameter η, Poisson ratio ν, and density ρ. The upper panel shows
the magnitude response of the displacement d at the pipette center and the damped resonant frequency of the system is
indicated. The lower panel shows the phase φ, where the undamped resonant frequency is identified at −90◦.
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Figure 4: Effect of the measurement-point offset in the
range of 0 mm to 0.5 mm from the pipette center on the
measured displacement magnitude and phase.

3.5. Comparison to established methods
In the static case with f = 0 s−1, the differential
equation Eq. (2) reduces to the elastic formulation,
neglecting the viscous and inertia effects. Therefore,
only the Young’s modulus, the Poisson’s ratio and the
pressure amplitude have an influence on the displace-
ment field. The presented model, will be compared to
the approximations of Aoki, Theret and Zhang.
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Figure 5: Comparison of the literature models with the
numerical simulation for the Young’s modulus at 0 Hz.
The dashed line represents the input Young’s modulus of
the simulation and therefore the expected value.

The comparison of the approximations with the nu-
merical simulation for the Young’s modulus is shown
in Fig. 5. The approximations show a good agree-
ment with the numerical simulation, with Theret’s
approximation (Dmax = 1.27 %) and Zhang’s linear

approximation (Dmax = 1.89 %) showing lowest rel-
ative deviation Dmax. The approximation of Aoki
shows a worse agreement, with a maximum deviation
of Dmax = 6.7 %.
The elastic portion of the model is therefore consistent
with the literature, and the approximations show a
good agreement with the numerical simulation in the
static case. However, in the dynamic case, the ap-
proximations deviate significantly from the numerical
simulation, as they do not account for the viscous
effects, which become more significant at higher fre-
quencies, as shown in Fig. 6.
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Figure 6: The maximum deviation of the approximations
from the numerical simulation for the Young’s modulus
at different frequencies, where the deviation is given in
percentage of the input Young’s modulus of the simulation.

4. Discussion
In this study, we presented a computational model
of pipette aspiration using FreeFem++. The model
was based on a viscoelastic constitutive law of the
Kelvin-Voigt type and simulated tissue deformation
under dynamic pressure. We analyzed the system’s
frequency response within the frequency domain of
phonation from 0 Hz to 750 Hz to gain insights into
viscoelastic properties under dynamic loading.
To ensure interpretability and reproducibility, we per-
formed mesh- and frequency-step convergence studies
and benchmarked the model against established so-
lutions in the quasi-static, linear elastic limit. Our
results demonstrated that FreeFem++ can reproduce
aspiration responses and resolve frequency-dependent
behavior within the targeted range. This provides a
computational framework for future studies on tissue
mechanics. We also delineated the model’s limitations,
most notably the assumptions of linear viscoelasticity
and the omission of air–structure interaction within
the pipette lumen. Because the pressure is prescribed
from measurement rather than obtained from a cou-
pled air-domain model, the simulation does not resolve
the bidirectional interaction between specimen motion
and the air column in the pipette. Consequently, it
omits additional aerodynamic loading associated with
lumen air motion, including viscous losses, inertial
phase delays, and possible acoustic resonances of the
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pipette air column. Any frequency dependence pre-
dicted by the model should therefore be attributed
primarily to the viscoelastic response of the solid, al-
though some pneumatic effects may still be embedded
implicitly in the prescribed pressure boundary con-
dition. Accordingly, the model is most applicable
to small-amplitude, approximately harmonic deforma-
tions, where the solid response is expected to dominate.
Its predictive value is more limited for large aspira-
tion amplitudes, transient or strongly non-sinusoidal
loading, higher-frequency excitation, or geometries in
which air-column dynamics become comparable to the
structural response.
The data produced in this process will be used as a ba-
sis for future validation against experimental data and
to train machine learning models for parameter esti-
mation. The model’s ability to capture the frequency-
dependent behavior of tissues under dynamic loading
conditions is particularly relevant for applications in
voice production, where the viscoelastic properties of
vocal fold tissues play a crucial role.
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