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Abstract
Kernel ridge regression (KRR) has emerged as an ef-
fective approach to sound field estimation (SFE). By
constructing the kernel and its associated reproduc-
ing kernel Hilbert space (RKHS) appropriately, the
optimal KRR solution can be guaranteed to satisfy
the wave equation. Such kernels and RKHSs have
so far only been derived in the frequency domain
and discrete-time domain. Therefore, in this paper a
continuous-time kernel and associated RKHS is pro-
posed, which enforces the wave equation by construc-
tion. The kernel function has a simple closed-form
expression which is shown to have lower computa-
tional cost compared to similar discrete-time methods.
A KRR-based method for SFE with the proposed
model is then presented. The proposed SFE method
is flexible, naturally supporting moving microphones
and non-uniform sampling. The proposed method is
evaluated using simulated data with both stationary
and moving microphones, demonstrating the value of
the approach in terms of both estimation performance
and computational cost.

Keywords: sound field estimation, moving microphone,
kernel ridge regression, time domain

1. Introduction
Sound field estimation (SFE) is of central importance
for many acoustic signal processing problems such as
sound field reproduction [1, 2], source characteriza-
tion [3], and room acoustics modelling [4]. The task
is to reconstruct the sound pressure in a continuous
region from a discrete set of measurements. It is an
ill-posed inverse problem, where prior knowledge must
be leveraged for accurate estimates. The sound field
is often modelled as a superposition of solutions to
the wave equation [5], with which the inverse problem
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Figure 1: Depiction of the continuous-time kernel
κ(r, t, 0, 0). The wavelength at the chosen bandlimit ωmax
is denoted by λ, and its period by T . The dashed line has
a slope of c, the speed of sound. The data is scaled by the
inverse hyperbolic sine to aid visibility.

can be solved using optimization-based [6] [7, Ch. 2]
or Bayesian methods [8, 9].
Kernel ridge regression (KRR) [10] has emerged as an
effective approach to SFE [11]. The approach allows
for computationally tractable optimization over the
infinite-dimensional space of solutions to the govern-
ing differential equation. By carefully constructing
the reproducing kernel Hilbert space (RKHS) and its
unique kernel function, the estimates can be guaran-
teed to satisfy the wave equation. The approach also
allows for different types of prior knowledge to be
used to improve the estimates [12–15]. KRR is closely
related to infinite-dimensional Bayesian inference [16]
and Gaussian process regression [17].
KRR for SFE have mostly been formulated in the
frequency domain, which limits the types of mea-
surements and prior knowledge that can be used. A
continuous-time kernel is derived in [18], which relies
on deep kernel learning to enforce the wave equation.
The kernel in [15, 19] enforces the wave equation by
construction, but is only defined in discrete time. In
this paper, a continuous-time kernel is derived, illus-
trated in Fig. 1, which enforces the wave equation by
construction and can be computed in closed form.
An advantage over the frequency-domain formulation
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is that moving microphones can be straightforwardly
used. Methods for SFE with moving microphones
that require estimates to satisfy the wave equation
have been formulated in [19–22], among which the
KRR method [19] has been shown to be a robust
and effective estimator [23]. An advantage over the
discrete-time formulation is that measurements with
non-uniform sampling can be straightforwardly used.
In addition, due to the simple closed-form expression
of the kernel, the computational cost can be signifi-
cantly reduced, while providing essentially identical
estimation performance.

2. Frequency-domain sound field model
In this section, a frequency-domain sound field model
used previously [11–13] is summarized. It will be
central to defining the time-domain model in Section 3.
The complex sound pressure at angular frequency
ω ∈ R≥0 can be represented by a function uω : Ω → C
defined on the simply connected region Ω ⊂ R3. As-
suming that Ω is source-free, uω satisfies the homoge-
nous Helmholtz equation(

∆ + ω2

c2

)
uω = 0. (1)

where ∆ is the Laplace operator, and c is the speed of
sound. The solutions to (1) can be well represented
by Herglotz wave function [24, Def. 3.26]

uω(r) =
∫
S2

e−j ω
c r⊤důω(d)ds(d), (2)

where the integral is with regard to the natural spher-
ical measure ds. The coefficient of each plane wave
is described by ůω ∈ L2(S2), a square-integrable func-
tion [25, Section 2.4.6] on the unit sphere S2.
A RKHS Hω with functions constrained by (1) can be
defined as functions of the form (2) with inner product

⟨uω, vω⟩Hω
=

∫
S2

ůω(d)̊vω(d) ds(d). (3)

The RKHS has a unique kernel function κω : Ω × Ω →
C, which is

κω(r, r′) = j0

(ω

c
∥r − r′∥2

)
, (4)

where j0 is the zeroth order spherical Bessel function
of the first kind. The kernel function satisfies the
reproducing property uω(r) = ⟨uω, κω(·, r)⟩Hω

.

3. Time-domain sound field model
In this section, a model for spatio-temporal sound
pressure functions u : Ω × R → R is derived. With
this model, a RKHS and its associated kernel function
can be constructed, which will later be used for KRR.
The function u is related to the frequency-domain
function uω through the Fourier transform u(r, t) =
1

2π

∫ ∞
−∞ uω(r)ejωt dω. That u is real-valued implies

that uω is conjugate symmetric, i.e. uω = u−ω. The
function u is also assumed to be temporally ban-

dlimited to ωmax, which means that uω = 0 for all
ω ≥ ωmax. Then, u can be expressed as

u(r, t) = 1
π
Re

[∫ ωmax

0
uω(r)ejωt dω

]
. (5)

The RKHS H for time-domain sound fields is defined
as functions of the form (5) with inner product

⟨u, v⟩H = 1
π
Re

[∫ ωmax

0
⟨uω, vω⟩Hω dω

]
. (6)

The unique kernel function κ : Ω2 × R2 → R for
H that satisfies the reproducing property u(r, t) =
⟨u, κ(·, ·, r, t)⟩H is

κ(r, t, r′, t′) = 1
π
Re

[∫ ωmax

0
κω(r, r′)ejω(t−t′) dω

]
. (7)

The kernel in (7) has a closed-form expression in terms
of the sine integral function Si(t) =

∫ t

0
sin t

t dt, which is

κ(r, t, r′, t′) = 1
2πτ

(
Si(ωmax(t − t′ + τ))

− Si(ωmax(t − t′ − τ))
)

,
(8)

where τ = ∥r−r′∥2
c is the propagation time between

two points in space. When r = r′, which implies
that τ = 0, (8) can be identified as κ(r, t, r′, t′) =
sin(ωmax(t−t′))

π(t−t′) . When both r = r′ and t = t′, then
κ(r, t, r′, t′) = ωmax

π .

4. Sound field estimation with station-
ary microphones

The proposed sound field model in Section 3 provides
a natural setting for analyzing and solving problems
involving spatio-temporal sound fields. The problem
considered in this section is the estimation of room
impulse responses (RIRs) in a continuous region using
a set of stationary microphones.

4.1. Problem statement
A single sound source of interest emits the known
source signal s. The acoustic paths from the source
to each point r ∈ Ω are assumed to be well modelled
as linear and time-invariant, and can therefore be
represented by the RIR function h : Ω × R → R. The
sound pressure p : Ω×R → R generated by the source
can then be described by the convolution

p(r, t) =
∫ ∞

−∞
h(r, t′)s(t − t′) dt′. (9)

Omnidirectional microphones are placed at M posi-
tions r1, . . . , rM with which the signal (9) is sampled
synchronously at a sampling rate of fs, i.e. at the time
steps tl = l

fs
. Measurements are collected for enough

time that deconvolution is possible, which leads to the
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data model

hml = h(rm, tl) + ϵm(tl),
l ∈ {0, . . . , L − 1}

m ∈ {1, . . . , M}
, (10)

where ϵ is additive noise dependent on noise sources,
deconvolution method, and the acoustic environment.
It is assumed that the RIR function is effectively
non-zero only where t ∈ [0, T ], due to causality and
the exponential decay naturally exhibited by RIRs.
Therefore, L ≥ Tfs samples are sufficient to represent
each RIR. The SFE task is to estimate h over the
continuous region Ω from data of the form (10).
4.2. Kernel ridge regression
KRR can be used to estimate the RIR function using
the data in (10), which can be stated as the optimiza-
tion problem

minimize
u∈H

M∑
m=1

L−1∑
l=0

(
hml − u(rm, tl)

)2 + λ∥u∥2
H. (11)

The optimal solution of (11) is characterized as [10]

u(r, t) =
M∑

m=1

L−1∑
l=0

κ(r, t, rm, tl)aml, (12)

where aml ∈ R is an a priori unknown parameter.
Inserting (12) into (11), the closed-form solution is

a = (K + λI)−1
h, (13)

where a = (a1, . . . , aM ) ∈ RML, am =
(am1, . . . , amL) ∈ RL, and h ∈ RML is constructed
from hml analogously. The row and column described
by ml and m′l′ respectively of K ∈ RML×ML is
Kmlm′l′ = κ(rm, tl, rm′ , tl′). The parameters a can
then be used in (12) to evaluate the estimated RIR
function at arbitrary points in time and space.

5. Sound field estimation with moving
microphones

The proposed sound field model is also naturally suited
to SFE with moving microphones, which is considered
in this section.
5.1. Problem statement
The sound field within Ω is generated by a single
source of interest as described by (9). Measurements
are collected with a continuously moving microphone,
sampling the signal at N points (r1, t1), . . . , (rN , tN ).
The measurements can be described as

pn = p(rn, tn) + ϵ(tn), n ∈ {0, . . . , N − 1}. (14)

where ϵ represents additive noise.
It is now assumed that the source emits a periodic
signal with period T , equal to the RIR length. This
is common in acoustic measurements when the source
is a loudspeaker with a predetermined training signal,
such as a periodic sweep [26, 27]. This implies that

−2 0 2
−2

−1

0

1

2

Region of interest

Source

Noise source

x (m)

y (m)

Figure 2: Positions of the region of interest, source, noise
source, evaluation points, and simulated room walls.

the sound field can be modelled as periodic, which
leads to tn = n mod L

fs
, where L = Tfs is for simplicity

assumed to be an integer. The sound field is only
strictly periodic in the noise-free case, which can be
relevant if the temporal correlation of the noise is to
be exploited, which is not the case here.
5.2. Kernel ridge regression
It is difficult to directly deconvolve the measured
sound pressure with a moving microphone. Instead,
the periodic sound pressure function p can be esti-
mated, and then deconvolved to h for chosen positions
r ∈ Ω. Using the data model (14), the KRR optimiza-
tion problem to estimate p can be stated as

minimize
u∈H

N−1∑
n=0

(
pn − u(rn, tn)

)2 + λ∥u∥2
H. (15)

As in the stationary microphone case, the optimal
estimate can be characterized as [10]

u(r, t) =
N−1∑
n=0

κ(r, t, rn, tn)an, (16)

where an ∈ R is an a priori unknown parameter. The
closed-form solution is

a = (K + λI)−1
p, (17)

where the parameters and data are structured into
vectors as a = (a0, . . . , aN−1) ∈ RN and p =
(p0, . . . , pN−1) ∈ RN . The kernel matrix K ∈ RN×N

is defined as Knn′ = κ(rn, tn, rn′ , tn′). The parame-
ters from (17) can then be inserted into (16) for an
estimate of p at an arbitrary point in time and space,
which can be deconvolved for an estimate of h.

6. Evaluation
The proposed method, referred to as C-KRR, is eval-
uated using simulations. The experiments use RIRs
generated with the image-source method [28, 29] at a
sampling rate of fs = 1400 Hz and reverberation time
of 0.45 s. The bandlimit is then set according to the
Nyquist frequency as ωmax = πfs. The RIRs are high-
pass filtered with cut-off frequency 20 Hz to simulate
the low-frequency attenuation of a loudspeaker.
The geometry of the scenario is shown in Fig. 2. The
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Figure 3: Estimation performance as a function of fre-
quency (top) and time (bottom) using stationary micro-
phones.

region of interest is a cuboid of size 1 × 1 × 0.25 m3.
A noise source emits white Gaussian noise scaled such
that the measured signal-to-noise ratio (SNR) is 30 dB.
The source emits a periodic perfect sweep [26] of length
T = 0.5 s, which implies L = 700. Each RIR is ob-
tained from L samples, which is deconvolved by ap-
plying an orthogonal transform defined by the source
signal [26]. This orthogonal deconvolution process
preserves the SNR.
The estimated RIR function is evaluated at the times
tl = l

fs
for l ∈ {0, . . . , L − 1} and positions r ∈ E ,

where E is a set of 200 evaluation points placed on
a 10 cm equidistant grid in the region of interest.
The primary error metric is the normalized mean
square error (NMSE). The alternative metric NMSEf

is computed and normalized at each frequency indi-
vidually. NMSE and NMSEf are computed using an
L-length discrete Fourier transform (DFT), where the
frequency bins below 20 Hz are excluded. MSEt is
non-normalized, and computed for each time step tl

individually. All displayed results are the mean results
from 10 random seeds. The regularization parameter
for each method is chosen as 10α according to the
value in α ∈ {−6, . . . , 0} that minimizes the NMSE.
6.1. Stationary microphones
First, SFE with stationary microphones as described
in Section 4 is considered. RIRs are measured with
M = 8 microphones placed randomly with uniform
distribution in the region of interest. The discrete-
time method [15] is considered, referred to as D-
KRR, in this case equivalent to the frequency-domain
method [11] as shown in [15, Appendix D]. Nearest
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0.4

x (m)

y
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)

−0.5 0 0.5
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0.4

z
(m

)

Figure 4: Microphone trajectory for the simulated moving
microphone when N = 22400.
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Figure 5: Estimation performance (top) and computation
time (bottom) as a function of the amount of data N using
a moving microphone.

neighbour interpolation is included as a baseline.
To demonstrate the value of non-uniform sampling,
an additional Ms = 8 short measurements are added,
which only contain data for the initial Ts = 0.1 s of the
RIR. Short measurement times have been shown to
be practical for sound field control, where estimates of
the initial part of the RIR are crucial [30]. This data
can be straightforwardly used together with the data
from the original M microphones using the proposed
method, and this estimate is referred to as Cs-KRR.
The NMSEf and MSEt are shown in Fig 3. The pro-
posed C-KRR using the same data as D-KRR obtains
effectively identical error. The proposed Cs-KRR has
improved performance between 0 to 0.1 s and effec-
tively identical performance elsewhere compared to
D-KRR and C-KRR, owing to the additional data. All
methods significantly outperform nearest neighbour.

6.2. Moving microphones
Next, SFE with moving microphones as described
in Section 5 is considered. A moving microphone is
simulated to move along a Lissajous curve at 0.5 m/s,
depicted in Fig. 4.
The proposed C-KRR and the discrete-time KRR
method [19] referred to as D-KRR, are compared
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Figure 6: Estimation performance as a function of fre-
quency, using a moving microphone and N = 22400.

against a SFE method using a finite-dimensional plane
wave model, referred to as random Fourier features
(RFF) [19, Section V.B][20]. RFF can be viewed
as a finite-dimensional approximation of KRR [19].
The plane wave directions are chosen according to
a spherical t-design [31], rotated by a random angle
with uniform distribution on the sphere. A t-design
of order 5 and 7 are used with P = 12 and P = 32
directions respectively.
Using data from the first 1, 2, 4, 8 and 16 s of the
trajectory, the resulting NMSE is shown in Fig. 5. The
NMSEf is shown in Fig. 6 for N = 22400. Both KRR
methods consistently outperform both RFF methods,
especially when more data is available, i.e. when N is
larger. The proposed C-KRR performs effectively iden-
tically to D-KRR across all frequencies and amounts
of data.
The computational cost quickly becomes prohibitively
large for larger sampling rates and longer measurement
times, making computational efficiency important for
SFE methods with moving microphones. The time
required to compute the estimates using the CPU of
a laptop with an Intel Core Ultra 7 165U processor
is shown in Fig. 5. The methods are implemented in
Python1 as JIT-compiled code using JAX [32]. The
proposed C-KRR is faster than D-KRR, due to the
simple expression of the kernel. This demonstrates the
usefulness of the proposed model, as the two methods
provide effectively identical estimation performance.
For very large N , the computational cost of both C-
KRR and D-KRR is dominated by solving a linear
system with N unknowns, at which point the com-
putational cost can be expected to be more similar.
As expected, the computational cost of RFF is less
dependent on N , which makes it faster to compute
for large N , at the cost of higher NMSE.

7. Conclusion
A continuous-time sound field model for KRR-based
SFE have been proposed, with a kernel and RKHS
that enforces the wave equation by construction. The
approach have been shown to be effective and flexible,
naturally supporting non-uniformly sampled data and

1Code associated with the investigated methods are available
at github.com/sounds-research/aspcol

moving microphones for SFE. The proposed kernel
can be expressed in closed form, leading to lower com-
putational cost compared to discrete-time methods
for SFE with moving microphones.
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