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Abstract
Computational cochlear models are essential for audi-
tory research. However, personalization to individual
audiological data remains a challenge. While previous
work achieved personalization using transient-evoked
otoacoustic emissions (TEOAEs), simulating distor-
tion product OAEs (DPOAEs) requires a more explicit
bidirectional framework. We introduce TDLM-SNLv3,
a fully differentiable model implemented in JAX. Un-
like traditional models using time-varying parameters,
TDLM-SNLv3 employs instantaneous nonlinearity to
represents the rapid mechano-electrical transduction
of outer hair cells. The primary innovation of this work
is an extended backward path that couples nonlinear
distortion products directly into a filter chain while
maintaining linear reflection mechanisms for TEOAEs.
Experimental results demonstrate that TDLM-SNLv3
enables simultaneous TEOAE fitting and DPOAE sim-
ulation, providing an end-to-end tunable framework
for personalized hearing applications.

Keywords: Otoacoustic Emissions, Auditory Modeling,
Differentiable Signal Processing

1. Introduction
Efficient modeling of cochlear signal processing is a
challenging task because of the conflicting desires of
capturing the biophysical properties while lowering
the computation load. Existing models typically fall
into two categories – parallel or cascade [1], [2], [3], [4].
Parallel models are robust in reproducing the place-
dependent filtering effects that are the hallmark of
cochlear mechanics, while cascade models have the ad-
vantage of capturing wave propagation explicitly along
the basilar membrane. While standard cascade audi-
tory models effectively simulate forward wave propa-
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gation, model personalization – the process of fitting
these models to individual audiological data—remains
challenging due to the complex trade-offs between
biophysical fidelity and computational efficiency [5].
Recently, a systematic method was proposed for per-
sonalizing the CARFAC (Cascade of Asymmetric
Resonators with Fast-Acting Compression) model [6]
within the JAX environment, utilizing its automatic
differentiation to tune parameters against measured
transient-evoked otoacoustic emission (TEOAE) wave-
forms. However, conventional cascade models that
achieve dynamic range compression by time-varying
parameter adjusting [3], [4] often face architectural
hurdles when simulating distortion product OAEs
(DPOAEs) [7]. Also, capturing how nonlinear inter-
modulation products are generated and propagated
backward to the ear canal requires an explicit bidirec-
tional framework that traditional models often lack.
In this work, we modify the TDLM-SNL (Time-
Domain Loudness Model with Static Nonlinearity)
[8] to the JAX framework. Unlike traditional models,
TDLM-SNL employs instantaneous static nonlinear-
ity, a design choice biophysically motivated by the
rapid mechano-electrical transduction of outer hair
cells (OHCs). By keeping filter coefficients fixed and
inserting memoryless nonlinear functions within the
cascade sections, the model exhibits compression and
distortion product generation that are typical in ani-
mal experiments.
The primary innovation of this research is an extended
backward path specifically designed for emission gener-
ation. While our previous research utilized a backward
path to characterize coherent reflections for TEOAE,
we have modified this architecture to accommodate
DPOAEs. By directly coupling the output of the non-
linear function into a backward low-pass filter (LPF)
chain, the model can now propagate inter-modulation
distortion products back to the middle ear. This uni-
fied structure provides a fully differentiable framework
that enables simultaneous TEOAE fitting and DPOAE
simulation within a single, end-to-end tunable system.
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2. Method

Figure 1: The structure of TDLM-SNLv3. Compared to
TDLM-SNL [8], the difference is in the introduction of an
OHC health coefficient hi.

2.1. JAX-based TDLM-SNL Architecture
The TDLM-SNL structure is shown in Fig. 1, where
each channel Fi receives an input xi and produces an
output vi to be delivered to the next channel Fi+1.
The coefficients of two 2nd-order filters are acquired
from TDLM [7], and they jointly provide the place-
dependent frequency responses that broaden when the
stimulus level increases. In this study, we implemented
TDLM-SNL within the JAX environment, creating
a computational framework named TDLM-SNLv3 to
leverage high-performance computing and automatic
differentiation. The software architecture of TDLM-
SNLv3 adopts a structure similar to CARFAC v2 [6],
where model components are organized into four data
classes, including Design Parameters, Hyperparame-
ters, Weights, and States (internal variables). Only the
Weights class is trainable. This design is specifically
optimized for JAX’s compilation and computation
processes.
To ensure the model’s differentiability required for au-
tomatic differentiation, we adopted the following asym-
metric function as the static nonlinearity in TDLM-
SNLv3,

ϕ(y) =
{

σmax tanh(y/σmax), if y ≥ 0
σmin tanh(y/σmin), if y < 0,

(1)

where +σmax and −σmin are the saturation limits
when the instantaneous input y approaches +∞ and
−∞, respectively [8].
Additionally, we introduced an OHC-health vector
H = [h1, h2, hi, . . . , hC ] to the Weights class to char-
acterize the functional integrity of the OHCs at vari-
ous characteristic frequency locations. Each hi corre-
sponds to an individual cochlear channel i and C is
the total number of channels in TDLM-SNLv3. Also,

elements in H scales from 0 (representing a passive
response) to 1 (representing a fully healthy state). As
shown in Fig. 1, before entering the static nonlinear
function, the intermediate variable yi is first multiplied
by hi; that is,

vactive,i = ϕ(hi × yi). (2)

This feature enables TDLM-SNLv3 to fit OAE data at
different OHC conditions. Figure 2 depicts the com-
pressive I/O functions under different H conditions
(hi = h for all i). The model with forward middle-ear
filter (MEF) coefficient α = 30 dB, was presented
with a 1-kHz pure-tone stimulus, and the output was
measured at the channel corresponding to the 1 kHz
characteristic frequency.

Figure 2: The I/O function under different H conditions.

2.2. TEOAE Fitting and Optimization Strat-
egy

(a)

(b)

Figure 3: Simulation and model personalization using
TEOAE. (a) The personalization framework. (b) The
structure of wave scattering and backward propagation.

To evaluate the optimization capacity of the TDLM-
SNLv3, we replicated the personalization experiment
in [5]. As illustrated in Fig. 3(a) and (b), model param-
eters {α, β, H} are iteratively updated via gradient
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descent, with a goal of minimizing the discrepancy
between the simulated and target TEOAEs while em-
ploying biophysical constraints for regularization. The
TEOAEs simulation is based on the linear reflection
path in Fig. 3(b), which will be described in details
in Section 2.3.1.
In this study we use simulated TEOAEs from Ver-
hulst et al.’s transmission-line (TL) model [9] as our
target. To simulate TEOAE with different cochlear
conditions, besides normal hearing profile, we also
perturbed model poles to simulate notch patterns
Notch3K/2K, which represent localized cochlear dam-
age at 3 and 2 kHz, respectively. The parameters were
calibrated empirically using (α = 15 dB, β = −54 dB,
and hi = 1 for all i) as initial value to align to TL
model TEOAE level at normal hearing condition. Ad-
ditionally, a 2.0 ms post-stimulus blanking window
was implemented to suppress transient artifacts from
the stimulus.
The composite loss function is defined as a weighted
sum of five components [5]:

L =λstftLstft + λtimeLtime + λfreqLfreq

+ λsmoothLsmooth + λdistLdist.
(3)

The detail of each loss term is defined as follows:
Lstft is a multi-resolution short-time Fourier transform
(STFT) loss [10] with window lengths 512, 256, and
128 under the sampling rate 44.1 kHz. Ltime is a root-
mean-square (RMS) error of time domain waveform.

Ltime =

√√√√ 1
N

N−1∑
n=0

(p[n] − ptarget[n])2, (4)

where p[n] and ptarget[n] denote the TEOAE gener-
ated by the proposed model and the target TEOAEs,
respectively, and N denotes the number of samples.
Lfreq is a log-spectral magnitude error of frequency-
domain mismatches.

Lfreq = 1
K

K−1∑
k=0

(log10(|P [k]| + ϵ)

− log10(|Ptarget[k]| + ϵ))2,

(5)

where P and Ptarget are the fast Fourier transform
(FFT) of p[n] and ptarget[n], respectively, calculated
between 0.6 and 6 kHz, and K denotes the number
of frequency bins in that range. The term ϵ is set
at 10−6 to prevent the log-of-zero error. Lsmooth is
a biophysical constraint to penalize the first-order
difference of H.

Lsmooth =
C−1∑
i=1

(hi+1 − hi)2. (6)

Ldist is a probability-distribution constraint to
ensure that the reflectance-coefficient vector
R = [r1, r2, ..., rC ] approximately follows the

zero-mean Gaussian distribution with unit vari-
ance [5]. Empirically, we set the weights of each
loss term as [λstft, λtime, λfreq, λsmooth, λdist] =
[20, 1, 200, 100, 200].

2.3. Extended Backward Path for DPOAE
To achieve a comprehensive simulation of human hear-
ing, the TDLM-SNLv3 architecture is modified into
a bidirectional system capable of generating both
TEOAE and DPOAE.
2.3.1. Linear Reflection Path
The generation of the linear reflection component is
based on coherent reflection theory [11], [12], which at-
tributes emissions to random mechanical irregularities
along the basilar membrane (BM). In this model, we
adopt the linear backward architecture from our previ-
ous research [5]. Small, channel-specific scattering co-
efficients, enumerated as a vector K = [k1, k2, ..., kC ],
are introduced along the cascade filters to represent
these irregularities. K is defined as R multiplied by a
small number δ:

K = δR, (7)
where we use δ = 0.05. These coefficients scale the
forward-traveling wave at each channel, effectively cre-
ating linearly reflected backward-propagating waves.
These components are extracted directly from the
main signal path.
2.3.2. Nonlinear Coupling Path
The second mechanism for DPOAE generation in-
volves the nonlinear coupling of distortion products
generated by the instantaneous nonlinearity. In the
TDLM-SNL architecture, the active path output
vactive,i is defined as the output of the static non-
linearity. To isolate the generated distortion products,
a distortion source term ∆i is calculated as the differ-
ence between the signal after and before the nonlinear
transformation:

∆i = vactive,i − hiyi. (8)

This residual ∆i captures the inter-modulation dis-
tortion components (such as 2f1 − f2) generated at
the OHC level. These nonlinear components are then
directly coupled into the backward transmission path
as shown in Fig. 3(b).
2.3.3. Backward Transmission path
The backward transmission path is adopted from [5]
to model passive backward wave propagation. In ad-
dition, this adoption can capture the fact that any
spectral component higher than the characteristic fre-
quency would enter the evanescent mode and will not
travel in the backward direction [13]. By coupling the
linear reflection component and the nonlinear distor-
tion residual ∆i into this chain, DPOAE simulations
is enabled. Also, as shown in Fig. 3(b), a middle
ear module is included to ensure the final simulated
OAE waveforms are in the dimensionality of acoustic
pressure. The following DPOAE simulation was run
at α = 15 dB and β = −35 dB.
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3. Results

(a)

(b)

Figure 4: The TEOAE fitting results. Panels on the
left are TEOAE magnitude spectrums, and panels on the
right show cochlear gain reduction in dB. (a) The Notch3K
pattern. (b) The Notch2K pattern.

3.1. TEOAE Fitting and Validation
The optimization results demonstrate that the TDLM-
SNLv3 effectively captures the essential characteristics
of TEOAEs. As shown in Fig. 4, the model success-
fully reconstructs the Notch3K/Notch2K feature in
the frequency domain, with the estimated OHC gain
reduction profile showing high accuracy compared to
the TL model’s ground truth; here, gain reduction
was calculated as the dB difference in RMS energy
between the impaired model’s response and the re-
sponse with the baseline (healthy) parameters. Thus,
it serves as a proxy for quantifying hearing loss.

3.2. DPOAE Simulation
3.2.1. Two-tone DPOAE Simulation
To simulate two-tone DPOAE under standard condi-
tions, a stimulus paradigm of divergent primary tone
levels [14] was employed to determine the input lev-
els (L2 = 55 dB SPL, L1 = 0.4L2 + 39 = 61 dB
SPL), with a fixed frequency ratio of f2/f1 = 1.2. At
these input levels, the spectral output Fig. 5(a) clearly
demonstrates the characteristic nonlinear distortion
inherent in the TDLM-SNLv3 architecture. The cubic
distortion product (2f1 − f2) was observed at a mag-
nitude of 17 dB SPL. In contrast, the upper sideband
product (2f2 − f1) exhibited a significantly lower mag-
nitude of -7 dB SPL. This pronounced suppression of
the 2f2 − f1 component validates that our backward
low-pass filter chain effectively captures the physiolog-
ical “low-pass” characteristic of DPOAE propagation,
where high-frequency distortion products are attenu-
ated as they travel toward the basal end of the cochlea.
In Fig. 5(a), note that the peaks at f1 and f2 do not

(a)

(b)

Figure 5: Simulated two-tone DPOAE characteristics (a)
Spectral response for primary frequencies f1 = 1 kHz and
f2 = 1.2 kHz (b) DPOAE I/O function at the 2f1 − f2
component for input levels L2 ranging from 45 to 65 dB
SPL

correspond to the primary-tone levels L1 and L2, since
in Fig. 3(b) the input and the OAE signals are not
summed in the ear canal. Instead, the spectral peaks
at f1 and f2 should be more correctly interpreted
as the stimulus frequency OAE [11] due to coherent
reflection.

3.2.2. DPOAE Input/Output Characteristics
The model’s nonlinear compression was further char-
acterized by analyzing the DPOAE I/O function, with
the input level L2 ranging from 45 to 65 dB SPL in
2.5 dB increments. As illustrated in Fig. 5(b), the
distortion product exhibits an expansive growth phase
at lower primary levels (45 to 55 dB SPL). As the
stimulus intensity increases, a distinct compressive
trend emerges, with the DPOAE magnitude reaching
a peak of approximately 22 dB SPL at an input of
60 dB SPL. However, a prominent “rollover” effect [15]
is observed as the input exceeds this threshold; specif-
ically, the DPOAE amplitude recedes to 21 dB SPL
at L2 = 65 dB SPL. This non-monotonic behavior
indicates that the simulated cochlear transducer has
entered a state of deep saturation. In this regime, the
hard-limiting nature of the instantaneous nonlinear
function, potentially coupled with phase cancellation
between distributed sources, suppresses further growth
of the distortion product. This characteristic aligns
with physiological observations in human clinical data,
where DPOAE amplitudes often plateau or decline at
high stimulation levels due to the inherent saturation
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of the cochlear amplifier.
3.2.3. DPOAE Frequency-Sweep and Fine Structure

(a)

(b)

Figure 6: The swept-sine DPOAE results (a) normal
hearing, (b) Notch2K. The progressive compression of
the I/O function is visualized by the narrowing vertical
distance between the sweep curves as intensity increases.

The DPOAE frequency-sweep characteristics, ex-
tracted via the swept-sine method [16], are presented
in Fig. 6(a). By aggregating responses across stimuli
with four different phase-shifts (0, π/2, π, and 3π/2),
the 2f1 −f2 distortion product remains while both pri-
mary tones are cancelled. The results reveal a promi-
nent fine structure characterized by quasi-periodic
ripples. This fine structure exhibits a distinct fre-
quency dependence: the notch density is higher at
lower frequencies and becomes increasingly sparse as
f2 increases, reflecting the logarithmic mapping of
the cochlear tonotopic organization [17]. Regarding
the growth behavior, the DPOAE magnitude shows
a non-linear progression as L2 increases from 45 to
65 dB SPL. While the curves are uniformly spaced at
lower primary levels, this interval narrows at higher in-
tensities, signaling the onset of nonlinear compression.
Notably, a non-monotonic rollover effect is observed
in several frequency regions, where the magnitude at
L2 = 65 dB SPL falls below that at L2 = 60 dB SPL.
The DPOAE frequency-sweep patterns with parame-
ters H estimated by Notch2K TEOAE are shown in
Fig. 6(b). A distinct notch is observed near 2 kHz,

reflecting the impact of OHC damage. Nevertheless,
the intensity of DPOAE grows rapidly as the input
level increases, since the damaged OHC health keeps
the ϕ(·) from saturation in Eq. (2) even at high input
levels.

4. Discussion

Figure 7: Jacobian matrix of the DPOAE simulation

To further elucidate the relationship between local
cochlear health and OAE generation, we leverage
JAX’s automatic differentiation and performed a sen-
sitivity analysis by calculating the Jacobian matrix
of the DPOAE simulation. The Jacobian matrix is
defined as:

J = ∂P
∂H =


∂P [0]
∂h0

. . . ∂P [0]
∂hC

...
. . .

...
∂P [K−1]

∂h0
. . . ∂P [K−1]

∂hC

 , (9)

where P is the FFT of the simulated four-phase
DPOAE, calculated between 0.2 and 5 kHz (and K
denotes the number of frequency bins in that range).
The operation point of H is at the healthy state
(hi = 1.0 for all i).
As illustrated in Fig. 7, the resulting sensitivity map
explicitly reveals the tonotopic organization of the
human ear, where the arc-shaped distribution across
channels reflects the intrinsic logarithmic frequency
mapping of the cochlear partition. The alternating
red and blue oscillatory patterns in the Jacobian ma-
trix reveal the complex mechanisms of phase interfer-
ence and coherent wave summation from distributed
sources along the basilar membrane. These fluctua-
tions represent regions where local parameter varia-
tions contribute either constructively (red) or destruc-
tively (blue) to the total ear canal pressure. Also, the
sensitivity between frequency response and local pa-
rameters provides the theoretical basis for estimating
cochlear mechanical parameters and locating OHC
dysfunctions using recorded DPOAE signals.
We also acknowledge that the present personalization
study was only validated on a few patterns of TL
model-simulated TEOAEs. Future work should in-
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volve a more extensive dataset encompassing real mea-
sured data and different types of hearing impairment.
Moreover, the nonlinearity in our system currently
lacks efferent control. Future development should
consider incorporating a feedback loop to describe
the dynamics of ascending and descending auditory
neural pathways, thus allowing the efferent control
to characterize the dynamic range compression more
accurately.

5. Conclusion
This study successfully developed TDLM-SNLv3, a
fully differentiable cochlear model within the JAX
environment, providing a unified, bidirectional compu-
tational framework for TEOAE fitting and DPOAE
simulation. By incorporating instantaneous static
nonlinearity and extending the reverse transmission
path, the model not only can reproduce individual
TEOAE waveforms and spectral characteristics with
high fidelity, but also accurately simulates complex
physiological phenomena of DPOAEs.
Experimental results demonstrate that the model suc-
cessfully captures inter-modulation distortion under
two-tone stimulation, the non-monotonic rollover ef-
fect caused by cochlear transducer saturation at high
intensities, and the quasi-periodic fine structure asso-
ciated with the cochlear tonotopic organization. Fur-
thermore, sensitivity analysis reveals the potential to
estimate model parameters using DPOAEs. In con-
clusion, TDLM-SNLv3 integrates biophysical mecha-
nisms with automatic differentiation algorithms, lay-
ing a solid foundation for future personalized hearing
application based not only on TEOAEs but also on
DPOAEs.
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and A. Vetešńık, “Distortion-product otoa-
coustic emissions measured using synchronized
swept-sines,” J. Acoust. Soc. Amer., vol. 153,
no. 5, pp. 2586–2599, 2023.

[17] K. Reuter and D. Hammershøi, “Distor-
tion product otoacoustic emission fine struc-
ture analysis of 50 normal-hearing humans,”
J. Acoust. Soc. Amer., vol. 120, no. 1, pp. 270–
279, 2006.

12th Convention of the European Acoustics Association
Graz, Austria • 8th – 12th September 2026 •

P
re
lim

in
ar
y
do
cu
m
en
t

https://euracoustics.org/
http://aaa-oega.org/

	Introduction
	Method
	JAX-based TDLM-SNL Architecture
	TEOAE Fitting and Optimization Strategy
	Extended Backward Path for DPOAE
	Linear Reflection Path
	Nonlinear Coupling Path
	Backward Transmission path


	Results
	TEOAE Fitting and Validation
	DPOAE Simulation
	Two-tone DPOAE Simulation
	DPOAE Input/Output Characteristics
	DPOAE Frequency-Sweep and Fine Structure


	Discussion
	Conclusion

