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Abstract
An energy-balanced linearly implicit scheme for a
class of systems including nonlinear dissipation laws
is proposed. It is based on previous work on virtual
analog simulations and bowed string simulations, and
allows an efficient update. Specifically, the scheme is
geared towards real-time synthesis of reed instruments
and voice.
In order to include conservative nonlinearities (derived
from a non-quadratic potential energy), the proposed
method is built as an extension of an already existing
scalar auxiliary variable scheme, handling the nonlin-
earity in the conservative part of the dynamics.
The scheme is framed in terms of the port-Hamiltonian
framework. It is shown that the method satisfies a
discrete equivalent to a continuous-time power-balance
law, with positive dissipated power, thus ensuring
stability.
Simplified models are used, focusing on the nonlinear-
ities of interest. Simulation codes are available in a
public repository.
Keywords: physical modeling, real-time synthesis, voice,
port-Hamiltonian systems

1. Introduction
Physical models of musical instruments are almost
invariably nonlinear. Some nonlinearities are conser-
vative, in the sense that they derive from an energy
potential, conserved in the absence of losses. These in-
clude contact potentials and geometric nonlinearities
for mechanical systems, and are often distributed. On
the other hand, self-oscillating instruments also rely
on other types of nonlinearity, generally dissipative in
nature, lumped and zero-dimensional (e.g. a friction
law of a bow string interaction, or dissipation of the
kinetic energy of the jet formed in a narrow channel
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Thomas Hélie. This is an open-access article distributed under
the terms of the Creative Commons Attribution 3.0 Unported
License, which permits unrestricted use, distribution, and re-
production in any medium, provided the original author and
source are credited.

with rapidly varying geometry). General descriptions
of nonlinearities in musical instruments can be found
in e.g. [1], [2], [3].
Real-time synthesis based on physical modelling re-
quires the use of numerical methods that are both
computationally efficient and robust (numerically sta-
ble). For conservative nonlinearities associated with a
non-quadratic energy, a class of explicit Scalar Aux-
iliary Variable (SAV, see [4]) schemes has been pro-
posed, and applied to models of musical instruments
including geometric nonlinearities (e.g. [5]) or contact
nonlinearities (e.g. [6]). These schemes have proven
to be efficient enough to run simulations for large
systems in real-time, such as gongs [7]. For dissipa-
tive nonlinearities in musical instruments, numerical
schemes are often either (linearly-)implicit (e.g. [8],
[9], [10]), or lacking in a discrete-time energy balance
(e.g. [11], [12], [13]). In the context of virtual-analog
simulation, [14] introduced a class of linearly-implicit
schemes for dissipative systems, which preserves en-
ergetic identities in some cases. Such a scheme has
been used [15] for the simulation of bowed string with
linear string models.
In this work, we develop a linearly-implicit scheme
with efficient update handling both conservative and
dissipative nonlinearities in a power-conserving way.
It is based on a SAV scheme for the conservative part
of the system and on the first order method from
[14] for the dissipative part. Results are presented on
simplified models of clarinet and voice production.

2. Continuous time modeling
Models are presented here in the port-Hamiltonian
framework, in anticipation of the interconnection of
different components (e.g. exciter and resonator)
through their ports, in a power-preserving way. First,
a general class of systems is presented. Second, simpli-
fied mouthpiece and larynx models are recast within
the proposed system structure.

2.1. Port-Hamiltonian system subclass
Port-Hamiltonian models are structured state-space
representations of multi-physical systems. The struc-
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ture allows for the systematic enforcing of energetic
identities and enables easy power-preserving coupling
of sub-systems.
Here, a sub-class of port-Hamiltonian systems corre-
sponding to wave equations with non-quadratic po-
tential energy and nonlinear dissipation laws is con-
sidered. The dynamics are written in terms of a state
α = [p, q]⊺, including vectors of generalized coordi-
nates q and momenta p. The Hamiltonian (total
energy) writes as a function of the state

H(α) = 1
2p⊺M−1p + 1

2q⊺Kq + Enl(q)︸ ︷︷ ︸
V (q)

, (1)

with diagonal mass matrix M, and symmetric stiff-
ness matrix K, both assumed positive definite. The
potential energy V (q) is the sum of a quadratic term
and of a general positive function of the generalized
coordinates Enl(q), with Enl(0) = 0.
The system dynamics, including dissipation, evolve
according toq̇

ṗ
y


︸︷︷︸

f

=

 0 J0 0
−J⊺

0 −R0 G
0 −G⊺ −Ruu

  ∇V
M−1p

u


︸ ︷︷ ︸

e

, (2)

with J0 an arbitrary constant matrix (simply the
identity matrix for canonical coordinates), u an input
vector, and y a power conjugated output vector. R0
and Ruu are positive semi-definite dissipation matrices.
G is the input mapping matrix. While R0 is constant,
Ruu and G can be state and input dependent (with
this dependency suppressed in (2), and in matrix forms
of the models presented in this section for clarity).
By construction of the flow f and power-conjugated
effort e vectors, one gets the power balance, using the
chain rule and (2):

d
dt H + u⊺y (e⊺f)= −

[
(M−1p)⊺ u⊺

] [
R0 0
0 Ruu

] [
M−1p

u

]
(3)

In the absence of an input (u = 0), the energy is
preserved (for R0 = Ruu = 0) or decreases owing to
dissipation.

2.2. Single reed instrument
As a simple mouthpiece model for single reed instru-
ments, consider the model in section 5 of [16]. It is a
classical representation of the reed dynamics using a
one degree of freedom oscillator with a collision force.
The reed displacement with respect to its rest position
is denoted qr, the position of the lay as h0 and the
mouthpiece width as L0, such that the area for the
flow may be written as Am(qr) = L0[h0 − qr]+, where
[•]+ denotes the “positive part of.” The flow in the
mouthpiece is assumed steady, and incompressible.
The kinetic energy below the reed is assumed fully
dissipated as the flow exits the mouthpiece. Under
these assumptions, and using Bernoulli’s law, the vol-

ume flow Qm resulting from the pressure difference
∆P = P− − P+ (with P− the mouth pressure and P+
the pressure in the mouthpiece) across the reed may
be written as

Qm = Am(qr)sign(∆P )
√

2|∆P |/ρ0. (4a)

In addition to the flow equation, the mouthpiece flow
component is composed of an equation relating the
pressure difference to the force Fr applied to the reed
of effective area Sr by the fluid. The flow Qr induced
by the reed velocity vr is also included, resulting in
equations

Fr = Sr∆P, Qr = Srvr. (4b)

The flow component corresponding to (4) writes in
matrix form asy0 = Q−

y1 = Q+
y2 = Fr

 =

−Rm Rm −Sr
Rm −Rm Sr
Sr −Sr 0

 u0 = P−
u1 = P+
u2 = vr

 , (5)

with
Rm(∆P, Am) = Qr(∆P, Am)

∆P
, (6)

and where Q− denotes the volume flow from the
mouthpiece to the mouth and Q+ the flow from
the mouthpiece to the bore entrance (note that
Q− = −Q+)1. Connection of (5) to the mechan-
ical reed model (with reed mass mr and potential
V (qr) = 0.5krq

2
r +Vc(qr) associated to reed stiffness kr

and to a contact potential Vc of the form of a power
law) yields the complete mouthpiece component in
the form of (2)

 q̇r
ṗr

y0 = Q−
y1 = Q+

 =

 0 1 0 0
−1 −R0 Sr −Sr
0 −Sr −Rm Rm
0 Sr Rm −Rm




∇V
pr
mr

u0 = P−
u1 = P+

 , (7)

which then needs to be connected to an acoustic res-
onator (not detailed here) to build a full instrument.
2.3. Vocal
As a low order larynx model for vocal synthesis, con-
sider the body-cover model of the vocal folds from
[11]. Similar to many classical models of the larynx2,
it relies on a quasi-steady assumption for the flow,
coupled to a mechanical description of the vocal folds.
In that way, it resembles the mouthpiece model pre-
sented above. A difference, however, is that the vocal
folds are generally represented as an assembly of mass-
spring-damper systems, with several masses (3 for the
body-cover model) interacting with the flow, rather
than as a single degree of freedom system.
The vocal fold state includes the vector of displace-

1Equation (5) has Am as a free parameter. After connection
to the reed model in (7), Am can be computed as a function of
the reed displacement qr.

2But contrary to previous port-Hamiltonian models of voice
production (see e.g. [17], [18]) that considered unsteady glottal
flow.
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ments of the masses (respectively lower mass, up-
per mass and body mass) from their rest positions
qf =

[
ql, qu, qb

]⊺, and associated momenta pf (where
‘f’ stands for fold).
The flow description is composed of two equations.
The first, similar to (4a), relates the pressure drop
∆P = P− − P+ (where this time, P− is the sub-
glottal pressure and P+ the supra-glottal pressure) to
a resulting mean flow Qg in the glottis

Qg = Amin(qf)sign(∆P )
√

2|∆P |/ρ0, (8a)

where Amin(qf) is the minimal open area for the flow,
above masses ml and mu. The second equation, simi-
lar to (4b), describes the forces Ff = [Fl, Fu, Fb = 0]⊺
applied by the fluid pressure to the vocal folds. These
forces can be written as linear combinations of the
sub-glottal and supra-glottal pressures:

Ff = Sf−(qf)P− + Sf+(qf)P+, (8b)

where Sf−(qf) and Sf+(qf) are vectors of effective sur-
faces depending on the current geometry of the glottis.
Their expression is not detailed here but can be found
by a rewriting of equations 21-23 of [11]. Note that
the parametrization of (8b) is general and is suitable
also for a description of forces on higher dimensional
mechanical models of the vocal folds, as long as the
flow is modeled as steady and incompressible.
In [11], the flow pumped by the vocal folds displace-
ment is not included in the model, as it is mostly
negligible in front of the mean flow Qg in the glottis
owing to the low range of oscillation frequencies. How-
ever, this choice results in a non-power preserving and
non-mass preserving model. Hence, it is not directly
compatible with the port-Hamiltonian framework. In
this work, we propose to minimally modify the model
to include power conjugated flows induced by the vocal
fold velocity vector vf = M−1

f pf as

Q− = −Qg − S⊺
f−(qf)vf , Q+ = Qg − S⊺

f+(qf)vf ,
(8c)

with outgoing lower and upper flows Q−, Q+. This
writing effectively restores both the mass and power
balances of the model.
The flow component corresponding to (8) may be
written as y0 = Q−

y1 = Q+
y2,3 = Ff

 =

−Rg Rg −S⊺
f−

Rg −Rg −S⊺
f+

Sf− Sf+ 0

  u0 = P−
u1 = P+
u2,3 = vf

 , (9)

with
Rg(∆P, qf) = Qg(∆P, Amin(qf))

∆P
, (10)

and where the difference with respect to (5) is that
the velocity input and associated output force are now
vectors. Also, the effective area vectors are dependent
on the vocal fold geometry, whereas Sr was a constant
in the case of the mouthpiece.
Similarly to the case of the mouthpiece flow compo-

nent, (9) can be connected to the vocal fold mechanical
model 3 through u2,3 and y2,3 q̇f

ṗf
y0 = Q−
y1 = Q+

 =

 0 I 0 0
−I −Rf Sf− Sf+
0 −Sf− −Rg Rg

0 −Sf+ Rg −Rg


 ∇Vf

M−1
f pf

u0 = P−
u1 = P+

 (11)

The voice model can then be completed by a vocal
tract model connected to the input-output pair u1,
y1, and controlled via the sub-glottal pressure P− (or
alternatively connected to a sub-glottal tract model
connected to the remaining input-output pair).

3. Time-stepping scheme
This section presents the time-stepping scheme for (2).
It is based on a SAV scheme handling the nonlinear
potential forces ∇V and on an explicit evaluation of
the modulated matrices R and G. For brevity, the
SAV transformation will not be detailed here, and the
scheme is presented directly. Refer to e.g. [19] for
a presentation with similar writing than used in the
current paper.

3.1. Description
The state of the system is augmented by the auxiliary
variable r =

√
2Enl(q). Then, the scheme for the

augmented system writes

δt+qn+ 1
2 = J0M−1pn, (12a)

δt+pn = − J⊺
0Kqn+ 1

2 − gµt+rn

− R0M−1pn

+ Gun+ 1
2 , (12b)

δt+rn = g⊺M−1µt+pn, (12c)
yn+ 1

2 = − G⊺M−1µt+pn

− Ruuun+ 1
2 , (12d)

with operators δt+xn = (xn+1 − xn)/dt and µt+xn =
(xn+1 + xn)/2 on time series. g(q) = J0∇Enl(q)/

√
2Enl(q)

is a vector resulting from the SAV transformation.
Bars over g and Ruu indicate evaluations of the state-
dependent vector and matrices for the current time
step. A few remarks on these evaluations:

• For the scheme to be linearly-implicit, they must
be explicit functions of known value of the state
and input variables,

• Independently of this choice, the discrete power-
balance equation in (13) is valid.

• Ideally, all evaluations should be done at time-
step n + 1

2 . In this case, the scheme is expected
to be consistent at second order. However, this
usually conflicts with the first item of this list.
In this case, an evaluation can be performed at

3for detailed descriptions of the mechanical model dissipation
matrix Rf , potential function Vf and mass matrix Mf , see
section 2.2.1 of [18]
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time-step n or n − 1
2 , but the scheme can only

be consistent at first-order.

• The SAV method is known to generate artefacts
related to the auxiliary variable drift. To mit-
igate these issues, alternative evaluations of g
have been proposed in previous works [6], [19],
[20]. The method from [19] is directly com-
patible with the proposed scheme. For contact
problems, constraint-based modifications of g
(see [6], [20]) are more suitable. It should be
possible to adapt them to the proposed scheme,
but this is left for future work.

3.2. Discrete power-balance
The discrete equivalent to the power-balance equation
(3) for scheme (12) may be written as

δt+En + (un+ 1
2 )⊺yn+ 1

2

= − (M−1µt+pn)⊺R0M−1µt+pn − (un+ 1
2 )⊺Ruuun+ 1

2

(13)

where the discrete energy En is defined in a similar
manner to [19]. A CFL-like condition for stability
depending on the linear part of the system only is
obtained through the positivity condition of En. The
right-hand side of the equation corresponds to the
dissipated power. It is positive under the condition
that Ruu is positive.

3.3. Update form
At first glance, an efficient update form for (12) is
not obvious. However, one can obtain such a formula-
tion by reworking the scheme equations slightly. One
arrives at the following algorithm:

1. Compute qn+ 1
2 using (12a),

2. Compute g and Ruu from previous state,

3. Solve for pn+1 using the Woodbury formula,

4. Compute rn+1 using (12c).

Here, step 3 is the most complex. Reworking (12)
yields

Apn+1 = −J0Kqn+ 1
2 − grn + Bpn + Cun+ 1

2 , (14a)

with

A = I
dt

+
(

dt

4 ḡn+ 1
2 (ḡn+ 1

2 )⊺
)

M−1, (14b)

B = I
dt

−
(

dt

4 ḡn+ 1
2 (ḡn+ 1

2 )⊺ + R0

)
M−1, (14c)

C = G. (14d)

One then needs to solve a linear system in A, which
may be written as a rank-one perturbation of a con-
stant diagonal matrix, owing to the SAV-related term
dt
4 ḡn+ 1

2 (ḡn+ 1
2 )⊺.

Both the mouthpiece and larynx models have to be
connected to a resonator for simulation. Considering
that an explicit scheme has been chosen for the acous-
tic resonator (e.g. FDTD for Webster’s equation)4,
an additional relationship can be written between the
pressure and volume flow at the resonator entrance as

P
n+ 1

2
+ = a + bQ

n+ 1
2

+ , (15)

where a and b are scalars computed from the previous
state of the resonator. Using this relationship together
with equation (12d) for the larynx flow model, the
corresponding part of the input vector un+ 1

2 can be
rewritten as

P
n+ 1

2
+ = 1

1+bRg

(
a + b

(
RgP

n+ 1
2

− + S⊺
f+M−1µt+pn

))
, (16)

with Rg evaluated using values of P
n− 1

2
+ and P

n− 1
2

−
to keep the scheme explicit (see remarks in section).
Finally, step 3 of the algorithm can be modified by
replacing P

n+ 1
2

+ by its value evaluated from (16),
ultimately resulting in an additional first order
perturbation of the matrix A in (14). Using a
similar construction, it is also possible to connect a
sub-glottal tract to the larynx.

To summarize on the complexity of the scheme, one
has to solve a linear system which is a rank-k pertur-
bation of a constant diagonal matrix. The value of k
depends on the studied model:

• If a non-quadratic potential is present, then
the SAV algorithm adds a rank-1 perturbation
(k+ = 1),

• If the system is connected to other systems yield-
ing explicit input-output relationships at each
time step (like in (15)), then it adds a rank(nc)
perturbation, where nc is the number of input-
output pairs connected in that way.

The mouthpiece model yields trivial inversion as it
is a scalar system. The larynx model yields k = 2
when connected to a vocal tract, and k = 3 if it is also
connected to a sub-glottal tract. Most importantly,
for the larynx example, if the number of degrees of
freedom of the underlying vocal fold mechanical model
were to increase, the rank perturbation would stay
the same, as it depends only on the number of fluid
interfaces connected, which is at most 2.

4. Numerical experiments
Due to size constraint, only some results on a voice
simulation are presented. Simulation codes and addi-
tional figures corresponding to the clarinet model are
available in an open repository.

4The overall simulation fulfills a discrete power balance if
the chosen scheme for the resonator itself has a discrete power
balance with external power opposite with the external power
of the exciter computed from (13).
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A configuration similar to case A of [11] is used for the
vocal folds parameters. The vocal tract, discretized
using an FDTD scheme, has a straight geometry. A
sub-glottal pressure ramp with maximum value 800
Pa and rise time 0.05 s is used to force the system, and
the simulation is run at standard audio sample-rate
fs = 44100 Hz.
Figure 1 presents the discrete power balance corre-
sponding to equation (13) for the larynx component.
The sum of the three contributions gives zeros up to
the numerical precision (∼ 10−16) at each sample, and
the dissipated power is always positive.

0.00 0.05 0.10 0.15 0.20

Time (s)

−1

0

1

P
ow

er
(W

)

Stored

External

Dissipated

Figure 1: Discrete stored, external (negative when the
system receives energy) and dissipated powers correspond-
ing to terms of (13) for the larynx component in a self-
oscillating configuration.

The vocal fold masses displacements and sup-glottal
flow (input flow of the resonator) are shown in Figure
2 and correspond to the typical output of the model.
Notice that the contact potential is activated during
the simulation as the opening becomes negative.
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O
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F
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w
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3
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−

1
) ×10−3

Figure 2: Vocal fold masses displacements and supra-
glottal flow.

A convergence study is performed by running
a set of 8 simulations for sampling frequencies
{sr0, 2sr0, ..., 28−1sr0} Hz, with sr0 = 44100 Hz. The
simulation with the highest sampling rate is taken as
the reference, and the error is computed as the L2

error between the simulations and reference masses dis-
placements, for the first 0.2 s of the simulation. This
time window thus includes both the dissipative non-
linear effects (Bernoulli-type flow) and the potential
nonlinearity (contact potential and cubic spring non-
linearities in the body-cover model). Results shown
in Figure 3 assess the first order convergence of the
scheme.
A second configuration is artificially created by multi-
plying by 10 the lower vocal fold stiffness and raising

105 106

Sample rate (Hz)

10−2

10−1

‖q
−
q r

e
f
‖ L

2

Order 1

Figure 3: Convergence of the results corresponding to
Figure 2 with sampling frequency.

the maximum sub-glottal pressure to 1000 Pa. This
results in a period doubling oscillation regime, for
which the signals are shown in Figure 4. The power
balance is also satisfied up to numerical precision in
this case and not shown here. First-order convergence
is still observed as presented in Figure 5.
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F
lo

w
(m

3
.s
−

1
) ×10−3

Figure 4: Vocal fold masses displacements and supra-
glottal flow in a period doubling configuration.

105 106

Sample rate (Hz)

10−3

10−2

‖q
−
q r

e
f
‖ L

2

Order 1

Figure 5: Convergence of the results corresponding to
Figure 4 with sampling frequency.

In the two presented cases, the algorithm converges
and has the right qualitative behavior at standard
sampling rate sr = 44100 Hz. Cases were the algo-
rithm starts to converge only at higher sampling rates
were observed for configurations close to bifurcations
of the system. As an example, in the second config-
uration studied, period-doubling is observed as the
sub-glottal pressure crosses a threshold value close
to 800 Pa. This threshold is observed to be higher
for simulations at lower samplerate. As a result, a
convergence study run with 800 Pa as the maximum
sub-glottal pressure suffers as some simulations are
”stuck” in the standard periodic regime whereas the
reference switches to a period-doubling regime.
Convergence was also observed for simulations of the
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clarinet model. In order to properly handle reed con-
tact with the lay, modified SAV vector evaluation
needs however to be used, as presented in [6].

5. Conclusion
In this paper, we presented a scheme for a reed and
vocal synthesis. It is linearly-implicit with an efficient
update and satisfies a discrete equivalent to the con-
tinuous time power-balance of the studied systems.
Models of single reed instrument and voice were re-
cast in the required form for application of the scheme.
The method is suitable for real-time simulations: as
an example, the presented simplified voice simulation
runs 200 times faster than real-time on a MacBook
Pro. As a main advantage of the scheme for vocal
synthesis, it should scale linearly with the size of the
mechanical model of the vocal folds, under similar
assumptions for the fluid flow.
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