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Abstract

Engineering structures are increasingly designed using
numerical optimisation. However, traditional opti-
misation methods can be challenging with multiple
objectives and many parameters. In machine learn-
ing, stable training of artificial neural networks with
millions or billions of parameters is achieved using
automatic differentiation frameworks such as JAX and
Pytorch. Because these frameworks provide acceler-
ated numerical linear algebra with automatic gradient
tracking, they also enable differentiable implementa-
tions of numerical methods to be built. This facilitates
faster gradient-based optimisation of geometry and
materials, as well as solution of inverse problems. We
demonstrate JAX-BEM, a differentiable Boundary Ele-
ment Method (BEM) solver, showing that it matches
the error of existing BEM codes for a benchmark prob-
lem and enables gradient-based geometry optimisation.
Although the demonstrated examples are for acoustic
simulations, the concept could be readily extended to
electromagnetic waves.

Keywords: boundary element method, automatic differ-
entiation, optimization, numerical methods

1. Introduction

In acoustics, there is a need to characterise radia-
tion from devices such as loudspeakers, scatterers or
metamaterials, often in free-field conditions equivalent
to an unbounded domain. Domain-based numerical
methods, such as the Finite Element Method (FEM)
and Finite Difference Time Domain (FDTD), can sim-
ulate this using Perfectly Matched Layers (PMLs),
infinite elements, or Absorbing Boundary Conditions
(ABCs) [1], but the air domain must still be meshed,
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which creates many degrees of freedom as the number
of elements scales with domain size (approximately
quadratically in 2D with area and cubically in 3D with
volume). The Boundary Element Method (BEM), on
the other hand has significant advantages in this use
case because it only requires meshing of boundaries.
A disadvantage is that BEM requires a dense N2 ma-
trix, although several mitigating techniques have been
developed.

Using automatic differentiation frameworks to build
differentiable numerical methods is a recent area of
development, although adjoint methods are related [2].
Differentiability enables gradient-based optimisation,
inverse problems such as material parameter charac-
terisation, and tight integration with machine learning
methods. A differentiable FEM implementation was
demonstrated by Xue et al. in 2023 [3] and used for
acoustic optimisation by Borrel-Jensen and Bjorgaard
in 2025 [4]. In this paper, we demonstrate gradient-
based geometry optimisation using JAX-BEM for a
loudspeaker horn in an unbounded domain.

2. Background

2.1. Boundary Element Method (BEM)

BEM utilises the Huygens-Fresnel principle and the
Kirchhoff-Helmholtz boundary integral to efficiently
compute solutions to problems within a domain using
only data defined on its boundaries. In unbounded
domains, the Sommerfeld radiation condition can be
used to show that the contribution from an imagined
very distant outer boundary is zero, hence only data
on the boundary of the obstacle is required, leading
to a very efficient numerical representation.

BEM is formulated in two phases: (1) A system of
equations is set up relating the complex amplitudes of
a distribution of sources on the boundary to pressure
(or its gradient) elsewhere on the boundary S. The
boundary conditions are then inserted and this is
solved numerically assuming a mesh of elements and
interpolation functions. (2) The solution from step 1
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(being pressure and/or velocity on the boundary) is
used to calculate the scattered pressure at points in
the domain €.

Both stages are based on the Kirchhoff-Helmholtz
boundary integral equation:

ptr) = |6 220 - 1) 2585 s
)

Here py is scattered pressure and p; = p; + ps is total
pressure, where p; is some incident pressure field that
is required if a scattering problem is being modelled.
r € Qandr’ € S are domain and boundary points and
G is the free space Green’s function at wavenumber k:

eik:\rfrl\
G(r,r')= — 2

1) = o )
Slightly different formulations arise for internal and
free-field (exterior) domains and varying boundary
conditions. In either case, collocating at N boundary
nodes yields a dense system of matrix equations size
N?2 to be solved for the unknown boundary quantity.
Other variations in formulation exist such as Burton-
Miller [5] and CHIEF [6] to address non-uniqueness.

2.2. Automatic Differentiation (autodiff)

The methods that made deep learning possible are
backpropagation [7] and automatic differentiation [8].
These are used to train models with millions or billions
of parameters [9], which was not feasible with previ-
ous optimisation methods. Automatic differentiation
works by storing a computational graph of an algo-
rithm step-by-step and simultaneously constructing
a second computational graph of derivatives at run-
time. This enables gradients to be tracked through an
algorithm automatically. Backpropagation (more gen-
erally, reverse-mode automatic differentiation) is the
process by which gradients are propagated from the
end of an algorithm, typically a scalar loss function,
backwards through the algorithm with respect to the
input parameters using the chain rule. Software frame-
works facilitate this, e.g. JAX [10] and Pytorch [11].
Beyond neural network weights and biases, automatic
differentiation can also be used to build differentiable
implementations of numerical methods.

3. Methodology

Using the open source BEM project bempp [12] as
a reference, the operators were refactored to just-in-
time (JIT) compiled vectorised JAX functions. Because
JAX can automatically track gradients, the only man-
ual handling of differentiability was to compute the
adjacency information of a mesh outside the geome-
try optimisation loop (as this necessarily contained
non-differentiable control flow statements), and to
use implicit function theorem (implicit differentiation)
to avoid "unrolling” the iterative solver (GMRES) [13],
which would be inefficient and use a lot of memory.

JAX supports accelerated linear algebra operations on

CPU, GPU and TPU hardware via the XLA backend.
This is useful as the boundary-to-domain propagation
phase of BEM is "embarrassingly parallel” and highly
amenable to GPU and TPU computation.

3.1. Non-differentiable statements

While JAX closely follows the functionality of Numpy
[14], it is recommended to follow a pure function ap-
proach, avoid loops and control flow statements. This
ensures the JAX program is JIT compilable, and dif-
ferentiable. Loops are problematic as they must be
unrolled to track gradients, and loops with an inde-
terminate number of iterations are not differentiable.
Branching statements such as if or switch are not dif-
ferentiable and cannot be used within the optimisation
loop. Keeping these factors in mind while program-
ming, the automatic handling of gradient tracking in
JAX makes writing differentiable programs relatively
straightforward.

A specific difficulty with BEM is computation of the
adjacency matrix and handling of singular integration
routines. Special handling is required for element self-
interaction (singular) and adjacent element interaction
(nearly-singular). Here, branching statements cannot
be avoided, so adjacency and selection of integration
types is re-computed once per iteration before the
differentiable sequence (Alg. 1).

Algorithm 1 Geometry optimisation for scattering

Require: p;, meshinit, k
Ensure: mesh
Vertices, Elements < load(meshiyit)
for iteration = 1 to K do
if iteration > 0 then
Vertices, Elements <load(mesh)
end if
ps, A < forward(k, p;, Vertices, Elements)
g < loss(ps)
Vv « backward(ps, 4, g)
vertices < vertices — H™1 - Vy
mesh < vertices
end for
return mesh

Here A is the boundary integral operator matrix (left
hand side), meshini; is the initial/starting mesh, and
H~' is the inverse Hessian approximated by the L-
BFGS optimiser [15]. Forward is shown in Alg. 2 and
backward in Alg. 3.

3.2. Implicit differentiation

GMRES is an iterative solver and this is problematic
in differentiable computing for two reasons, it is: (1)
iterative and runs in a loop, and (2) typically config-
ured to stop at a target tolerance, which means that
the number of iterations is indeterminate. JAX con-
tains several useful tools to overcome these problems.
Using JAX. custom_vjp (Vector-Jacobian Product) we
define the forward (primal) function and the backward
function (pullback) to set up implicit differentiation
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so that autodiff bypasses both instances of GMRES.
nondiff_argnames excludes non-differentiable argu-
ments from gradient computation by treating them as
constants. The forward function is:

Algorithm 2 BEM Forward function

Require: k,p;, Vertices, Elements
Ensure: pg, A
A «+ assemble(k, Vertices, Elements)
b < project(p;)
solve Ax = b using GMRES
Ds <
return ps, A

The backward function (Alg. 3) is where implicit dif-
ferentiation happens, yielding gradients with respect
to A and b, and by the chain rule V' (vertices). It does
this by solving the adjoint system A#\ = g. (Note,
this is essentially an automated version of the adjoint
state method [2].)

Algorithm 3 Implicit GMRES Backward function

Require: pg, A, loss g
Ensure: Gradient Vy,
solve A” )\ = g using GMRES
Va ¢ =Apl
Vb — A
Vy « (0A/0V) V4
return Vy

The key is that by using implicit differentiation,
autodiff never touches the iterative solver; it re-
mains a black box. Only the inputs and outputs
pass gradients. Any solver could be used in prin-
ciple, but the JAX implementation of GMRES was
used (jax.scipy.sparse.linalg.gmres) to enable
JIT compilation, as both forward and backward func-
tions are run many times in an optimisation loop.

3.3. Geometry optimisation

The parameters to be optimised are the control
points of splines that define the axial horn profile.
The initial mesh is then deformed to follow the
splines. This work extends prior approaches [16], [17],
[18], [19], [20] by using gradients in the optimisa-
tion. The L-BFGS optimiser was used, specifically
scipy.opimize.minimize.

3.4. Loss (cost) function

The loss function is a mean squared error loss against
dB targets relative to the normalised on-axis response.
This was set to Ti, = —3dB (Target inside coverage)
(£35° Horizontal, +25° Vertical) and Ty, = —10dB
(Target outside coverage).

1 2
Luse = g 2 (DY) =)
f,0€0in (3)
1 2
+i (D(ﬂe) - Tout)
|@out|F 1, Qgguuc

The MSE between the D9 being the sound pressure
level normalised to on-axis, and the target is evaluated
for the in-coverage region and out-of-coverage region
for the horizontal and vertical planes separately.

4. Results
4.1. Validation - Error
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Figure 1: Error vs. analytic solution vs. mesh refinement.
50" percentile. Shaded 10*" to 90*" percentile range.
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Figure 2: Error vs. analytic solution vs. wavenumber k.
50" percentile. Shaded 10™ to 90 percentile range.

The scattering from a rigid sphere in 3D was chosen as
a validation problem, because it has analytic solutions
in the form of the Mie series [21]. The Burton-Miller
formulation was used to avoid spurious interior reso-
nances. Validation of JAX-BEM was performed by first
computing the analytic solution on a 1283 grid as a
reference, then computing the mean absolute error
of solutions from JAX-BEM and bempp. Mean abso-
lute error compared to analytic solutions ranged from
4x 1072 (N =128) to 4 x 107 (N = 8192) for both
JAX-BEM and bempp, demonstrating good agreement
(Figs. 1, 2).
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Although bempp uses numpy which defaults to 64 bit
precision (complex128) there was no significant differ-
ence in error to JAX using the default 32 bit precision
(complex64), indicating that discretisation error dom-
inates.

4.2. Wall clock time
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Figure 3: Wall clock time for varying mesh refinement N
and k = 4. bempp using numba JIT backend. JAX without
calculation of gradients.

Fig. 3 shows the wall clock time vs number of elements
N. There were 2 x 10° domain evaluation points on
a 1282 3D grid. The CPU was an AMD Ryzen™ Al
Max+ 395. bempp is using the numba JIT backend,
while JAX-BEM uses the built-in XLA backend. For
both methods, timing was performed after a small
initial warm-up solve to allow the JIT functions to
compile. JAX-BEM likely performs slightly better due
to its dense assembly, bempp on the other hand uses a
chunked approach.

4.3. Geometry optimisation

We use reverse-mode automatic differentiation to op-
timise the directivity of a loudspeaker horn driven
by constant unit velocity. A coupled formulation was
used, consisting of a closed interior domain (horn)
with rigid boundary conditions, radiating throat cap
and fictitious mouth cap. The interior domain is ter-
minated with an absorbing Dirichlet-to-Neumann map
boundary condition at its mouth, data from which is
fed into the unbounded exterior domain model. It is
noted that other formulations may be more accurate.
Loudspeaker horns are sensitive and difficult to design
for wide bandwidth constant directivity. Therefore,
gradient-based optimisation is particularly attractive
for this application. For the optimisation, the target
directivity was set to 70° horizontal, 50° vertical. The
solver ran in batches of 20 frequencies logarithmically
spaced from 4 kHz to 18 kHz. The exterior domain
was sampled using three arcs of observation points at
10 m spaced at 1° intervals across 90° in the horizontal,
vertical and 45° planes.

Observing the differences between the initial mesh
(Fig. 4) and the optimised mesh (Fig. 5) several
interesting features are apparent. The most significant

~ES

Figure 4: Intitial horn mesh.
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Figure 5: Optimised horn mesh.

is that the optimiser has arrived at a complex mouth
shape. A smooth mouth termination has been added,
and this varies from a very large flare at 45° to a
sharper termination in the horizontal and vertical
planes. A smooth edge termination contributes the
most to the improvements seen in the directivity plot.
Fig. 6 shows the normalised horizontal and vertical
directivity maps of an unoptimised design (simple
conical horn). An approximately constant directivity
characteristic is apparent, but there is substantial
diffraction above 8 kHz in both planes.

Fig. 7 shows the directivity plots of the optimised
design, the diffraction has been reduced, and the gen-
eral characteristic is that of more constant directiv-
ity in the horizontal plane. However, in the vertical
plane, although the directivity has been widened to
the target, the out of coverage sound pressure level has
increased at some frequencies, indicating the difficulty
of competing optimisation objectives.

Although the mesh was small (a quadrant was used
with symmetry planes, 948 elements) the memory us-
age was approximately 100 GB for 20 frequencies per
iteration in 32 bit precision (complex64). The cur-
rent implementation is by no means fully optimised,
but this does highlight a fundamental difficulty with
BEM in that it scales as O(N?). H-Matrix compres-
sion [22] is a potential solution, if implemented in a
differentiable framework.

5. Discussion and further work
Validation of the forward algorithm and an optimi-
sation example have been demonstrated. The most
important area for further work is to rigorously vali-
date the accuracy of gradients, as optimisers can still
work with noisy or slightly inaccurate gradients.
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Figure 6: Initial directivity (normalised to on-axis). Left: Horizontal, Right: Vertical.
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Figure 7: Optimised directivity (normalised to on-axis). Left: Horizontal, Right: Vertical.

Multiple full BEM solves (several frequencies) per
iteration is very expensive, and automatic gradient
tracking increases memory usage. Therefore, a key av-
enue for further work is to explore methods by which a
full re-solve can be avoided for each geometry update,
or at least avoiding instantiating the full N2 opera-
tor matrix. Because each optimisation iteration is an
incremental change to the mesh, it seems inefficient
that the entire problem must be solved from scratch.
Warm-starting GMRES with the previous solution pro-
vides a useful speed-up, but the forward algorithm
remains expensive.

There are several possible BEM formulations to model
a horn radiating into an unbounded domain. Gradient-
based optimisation and implicit differentiation are new
parameters that influence which choice of formulation
is the most accurate and efficient. It was found that
a Dirichlet-to-Neumann map formulation was more
stable than a coupled subdomain formulation. This
should be examined in more detail.

Validation with acoustic measurements of 3D printed
devices should also be performed. This should be
combined with a comparison to conventional (non-
gradient-based) optimisation in terms of performance
and computation time.

6. Conclusions

We have demonstrated a fast, differentiable and GPU-
computable boundary element method implemented
using the automatic differentiation framework JAX.
The method is differentiable from the domain solu-
tion back to the mesh vertices, computing gradients
of the loss function with respect to the input mesh
geometry. This enables efficient optimisation of many
input parameters using a scalar loss value with reverse-
mode automatic differentiation. The approach was
applied to the problem of optimising loudspeaker horn
directivity.

7. Code

The JAX-BEM code and validation example (scattering
from a rigid sphere) can be downloaded from
https://github.com/jrhip/jax-bem
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