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Abstract

For a certain mode in spherical wave field expansions,
a radial filter characterises the radially dependent
diffraction phenomenon due to a spherical obstacle.
Recently, the band-limited impulse invariance method
(BLIIM) was proposed. It allows a more precise design
of discrete-time filters for improved numerical simula-
tion of such diffraction phenomena. However, for fre-
quencies close to the Nyquist frequency and/or for high
modal orders, BLIIM is numerically not straightfor-
ward or not feasible. Then, one possible workaround is
an optimisation-based infinite impulse response filter
design with the continuous-time frequency response
as target function, and solving for the coefficients of
the z-domain transfer function.

An optimisation problem is exemplarily discussed
for the radial filter occurring in the velocity-to-
pressure spherical exterior expansion. This high-pass-
shaped radial filter exhibits a steep slope and a rippled
pass band for a high modal order. The numerical ex-
periments show that precise magnitude and phase
responses of such radial filters can be achieved, requir-
ing only some informed heuristics for the filter design
parameters. The approach can be used where BLIIM
is not feasible.

Keywords: radial filter, frequency sampling method, band-
limited impulse invariance method, numerical filter design

1. Introduction
The recently introduced band-limited impulse invari-
ance method (BLIIM) [1] allows for improved design of
discrete-time impulse responses from continuous-time
recursive models. In [2, 3] this was utilised for radial
filters that act in spherical wave field expansions.
The propagation problem from [3] aims on mod-
elling spatial aliasing, for which a proper spherical
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expansion requires high modal orders for large tempo-
ral frequencies. The involved high-pass filters exhibit
a steep slope and a rippled pass band, and can be
analytically given as Laplace transfer function and
subsequently as partial fraction expansion, which re-
quires numerical computation of the poles and the
residues. This is numerically straightforward for low
modal order n. In the experiments of [3], finding the
poles with numpy’s roots () is numerically incorrect
for modal orders n > 25. Consequently, the designed
least squares (LS) BLIIM filters considerably degrade
in quality. Hence, for the wave propagation simulation
from a dodecahedron source [3, Fig. 4], only the modes
n < 24 were considered to properly model the spatial
aliasing in the 4 kHz third-octave band using 32 kHz
sampling frequency.

The present paper considers a recursive filter de-
sign by numerical optimisation for higher order modes,
where LS-BLIIM is not available due to current nu-
merical issues. Section 2 presents the chosen method,
followed by Section 3 discussing the performance of
filter designs. Section 4 gives concluding remarks.

2. Method

Outgoing wave propagation from a pulsating sphere
with radius R and a given radial velocity profile is
considered. The spherical wave field extrapolation
to the sound pressure along a sphere with radius r
in free-field requires a high-pass-like radial filter for
each mode n =0... N up to an appropriate expansion
order N. The frequency response of such a radial filter
for the n-th mode is given as [3-5]

by (4r)
VT,

h? (2 R)
using e T1“? time convention, n-th order spherical Han-

kel function of second kind A (+), its derivative h? )
[6, Ch. 10.47, 10.51], speed of sound ¢, angular fre-
quency w, time t and imaginary unit j. According to

H,(w,r,R) = r>R (1)
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paper [3], the Eq. (1) can also be given as

r—

Ho(s,r, R) = §e78‘< & (1- Y% (s,mR) (2)

in the Laplace domain (jw — s). In [3], H-P (s, 7, R)
is explicitly stated as a partial fraction expansion rep-
resentation, which is not needed here, but from which
it was deduced that the transfer function HEF (s, 7, R)
is a minimum-phase low-pass filter with n zeros,
n+ 1 poles and 1st order integrator characteristics for
w — oo, cf. [3, Fig. 1 (right)]. The high-pass filter

AP (s,r, R) = (1= HYP (s, 1, R)) (3)
= Hy(s.r.R) e ™50 (4)

of our interest here is consequently minimum-phase
with n + 1 zeros and n + 1 poles (the same as of the
low-pass) and 1st order differentiator characteristics
for w — 0 rad/s. The 6(n + 1) dB/octave high-pass
slope determines the n-dependent phase excess in the
transition band, cf. [3, Fig. 1 (left)].

Aiming at a discrete-time, recursive filter with infi-
nite impulse response (ITR), that shall closely match
the continuous-time impulse/frequency response, the
above mentioned LS-BLIIM filter design was utilised
in [3] for this dedicated radial filter. In the present
paper, we aim for an optimisation-based filter design,
such that Eq. (4) closely matches a discrete-time high-
pass filter encoded in the z-domain transfer function

HUP () = (i buz_")/(i ayz™"), (5)
n=0 v=0

with chosen fixed coefficient ag = 1. For the sake
of brevity, not all of the dependencies HXF (2,7, R),
bu(r,R,n) and a,(r, R,n) are labelled, but it is worth
noting them. Depending on the number of poles N,
and zeros N, and their respective location, the digital
domain transfer function HIP(2) represents either a
recursive or a non-recursive system.

A vast number of optimisation approaches for the
design of TIR filters exists, cf. e.g. [7-11]. Instead of
comparing them, the paper addresses specific design
details for the given radial filter problem. For that, we
opted for the filter design method [12] with detailed
derivations given in [13, Ch. 5]. This is a Gauss-
Newton based LS solver to minimise the magnitude
of the complex-valued error frequency response. The
method designs pure non-recursive as well as recursive
filters, and for the latter controls the filter’s stability
by constraining the maximum allowed pole radius.
The algorithm from [12] inspired recent approaches,
e.g. [14] essentially realised a minimax problem with
this pole constraint. Also, [12] competes with other
recent approaches, e.g. cf. the experiments and com-
parisons in [15, Sec. IV] and the comments on the
approach in [16, p.1726]. Hence, [12] is here consid-
ered as a powerful non-commercial up-to-date solver.

The optimisation problem with the sampling fre-
quency fs in Hz is as follows: The error frequency
response, weighted with W € R > 0 (user defined),

E(w;) = | (_6)
VW (w;) - (]:ITIL{P(S = jw;) S HIP (7 = ej%))

is defined at discrete angular frequencies w; by appro-
priate frequency axis sampling (user defined). The

linear phase shift e —I7™ adds a constant group delay
of m/y, seconds (m, fs user defined). The calculation of
the high-pass target frequency response f[gp(s = jw;)
with Eq. (4) at specified angular frequencies w; relies
on the numerically valid computation of the spherical
Hankel functions that appear in Eq. (1).

Stacking complex-valued error values, as well as the
filter coefficients to be optimised, into columns

e=[E(w1), E(ws), E(ws),...]" (7)

b= b, b1,...,bn.]", a=]ai,..., an,]"
and denoting the v-th pole of the searched discrete-
time high-pass system HF(2) as zeo ,, the filter de-
sign presented in [12], [13, Ch. 5] asks for

minele s.t.

b,a

|Zoo,V€{1..‘Np}| S Pmax;s (8)

with stable, causal filters requiring 0 < ppax < 1 and
the maximum allowed pole radius ppax being a user-
defined constraint. Note that the case N, < IV, is not
considered in the present paper. Further note that the
filter design algorithm effectively handles N, > N, as

e = (0 [(Ca) 0)
n=0 v=0

with a, = 0 for N, +1 < v < N,. This yields the in-
tended IV, optimisable poles and additionally N, — N,
non-optimisable poles being fixed in the z-plane’s ori-
gin. By doing this, the choice IV, = 0 yields a pure
non-recursive system, i.e. a finite impulse response
(FIR) filter.

The sample delay amount m > 0 introduced in
Eq. (6) allows for quasi-non-causal components in
the discrete-time IR. Analogous to Eq. (3), the z-
transforms of the discrete-time systems and their IRs
over discrete-time index k € Z can be straightfor-
wardly linked

HP(z) = 27" = H," (z) &0 (10)

?LHF’(/«>=W PR )

when m € Ny. For m € R the Eq. (10) does not hold.
The fractional part of the acoustic delay in Eq. (2)

r—R

—m = (Tfs - LTfSJ) + pre-delay (12)

T =
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_ H}EP.num (z)

R(z)

(a) Pole-zero plot of numerically designed high-pass (right) and
the corresponding low-pass (left) via Eq. (10). The red dotted
circle indicates the user defined maximum pole radius, the red
circle the designed maximum pole radius, and the blue dashed
circle the maximum zero radius, respectively.
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(b) Magnitude / phase / impulse responses for target high-pass
(’tgt’) vs. numerically designed high-pass ('num’). The correspond-
ing low-passes via Eq. (3), Eq. (10) are shown as well. All phase
frequency responses are compensated for the pre-delay m, hence
the more pleasing minimum-phase is depicted.

Figure 1: Example I: modal order n = 24, fs = 32kHz,
¢c=343m/s, R=0.2m, r = 150 - é + R =1.8078125m,
pmax = 0.9, N, = 25, N, = 25, unit error weighting
W =1, pre-delay m = 0 samples.

can be conveniently added to the filter design of
HHP () e~ hHP (k). For the experiments below, the
radii 7 and R are chosen such that (7fs — [7fs]) = 0.
The fractional sample delay case is thus not addressed
here in favour of exclusively discussing the minimum-
phase part of the filter Eq. (2).

3. Numerical Experiments

The Matlab reference code given in [13] needs the
obsolete quadratic program solver gp() (Matlab 5)
replaced with quadprog() (we used Matlab 2023b
and 2025b) and few obvious adaptions for the inequal-
ity constraints’ Lagrange multipliers and for the exit
flag. Our Python port of this Matlab reference code
is available in the repository! dedicated to this paper.
Unless otherwise stated, all default parameters of the
reference code are retained for the experiments below.

We discuss the performance of the filter design

1

www.github.com/spatialaudio/fa2026_radial_iir_ls

HII;IP,num (Z)

=l 1

R(z)

(a) Cf. Fig. la. Right: many zeros in the right z-plane close at
the unit circle are responsible for the steep transition band. The
few poles support the smooth pass band with few ripples. Note
that the high-pass (right) and the complementary low-pass (left)
have the same poles; this holds for all examples.
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Figure 2: Example II: modal order n = 24, fs = 32kHz,
¢c=343m/s, R=0.2m, r = 150 - i + R =1.8078125m,
pmax = 0.9, and parameters different to example I: N, = 5,
N, = 55, pre-delay m = 30 samples, error weighting
W(f < 6kHz) = 1000, W(f > 6kHz) = 1.

method with five exemplarily chosen examples de-
noted with Roman numerals I to V, which are also
included in the repository. First, poor designs due
to inappropriately chosen user parameters (I and III,
respectively) are contrasted with useful designs due
to reasonable parameters (II and IV, respectively).
The filter in example I is somewhat over-complex,
whereas the one in example III can be considered
under-complex. Second, example V compares the pro-
posed filter design with two other design methods.
The solver is always provided with a log-spaced
frequency resolution [w;—1 = 27, ...,w;=512 = QW%]
rad/s. A sampling frequency fs = 32 kHz is chosen.
It is worth recalling that the continuous-time high-
pass HIP(s) exhibits n + 1 poles, n + 1 zeros and
a high-pass slope of 6(n + 1) dB/octave merging to
a differentiating 6dB/octave slope for w — 0 rad/s.
The latter is not observable in the result graphics due
to chosen plot limits. For higher order modes this
differentiating slope occurs with already high level at-
tenuation and is likely practically irrelevant anyhow.
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Figure 3: Example III: modal order n = 38, fs = 32kHz,
¢=343m/s, R=0.2m, r = 100 - f% + R =1.271875m,
pmax = 0.6, N, =5, N, = 26, unit error weighting W =1,
pre-delay m = 10 samples.

Example I (cf. Fig. 1) aims at a discrete-time filter
HIP(2) with N, = n+1and N, = n+1 for an exem-
plarily chosen modal order n = 24. With a minimum-
phase discrete-time filter in mind, the pre-delay is set
to m = 0 samples. The frequency dependent weight
is set to unity for all frequencies and the maximum
pole radius is set to 0.9. The pole-zero plot for the de-
signed HP(z) in Fig. la (right) reveals that the filter
is not minimum-phase, as no optimisation constraint
ensures this. However, the phase plot for ZHP(2) in
Fig. 1b (bottom/left, thick/blue) indicates that the
filter design fits well to the minimum-phase characteris-
tics of the continuous-time filter in the pass band (dot-
ted/purple), considerably deviating only for f < 5kHz
and for f > 15kHz. The Bode diagram shows that
the target slope of the high-pass filter (dotted/purple)
is poorly followed by the designed filter (thick/blue),
cf. Fig. 1b (top/right). The slopes deviate consid-
erably for frequencies f < 5.5kHz; the designed fil-
ter achieves poor DC attenuation. Further, the pass
band of the designed high-pass filter does not match
well with that of the target, cf. Fig. 1b (top/left).
Fig. la (right) reveals that some poles in the left z-
plane are almost cancelled by zeros and that many
other poles are optimised close to z = 1, uninten-
tionally heavily supporting instead of attenuating the
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Figure 4: Example IV: modal order n = 38, fs = 32kHz,
¢=343m/s, R=0.2m, r = 100 - i + R =1.271875m,
pre-delay m = 30 samples, and parameters different to
example III: ppax = 0.9, N, =2, N, = 35, error weighting
W (f < 8kHz) = 5000, W(f > 8kHz) = 1.

DC. The effort in using this high amount of poles is
unprofitable. These deductions match well with the
statements [13, p.175] for denominator degrees above
eight to ten. The radial filters here need only few
poles to create few ripples/resonances for a compara-
bly small pass band close to the Nyquist frequency.
Example II (cf. Fig. 2) aims for an improved filter.
The maximum pole radius is kept at 0.9. A (rather ex-
aggerated) pre-delay of m = 30 samples is allowed, set-
ting the number of zeros to N, = n+1+m = 55. The
number of poles is considerably decreased to N, = 5.
A frequency dependent weighting is introduced: The
error in the frequency band f < 6 kHz (stop and transi-
tion band) is penalised 30 dB more than the frequency
band f > 6kHz (pass band). These choices yield a
designed high-pass filter with improved performance.
The pre-delay and the increased amount of zeros allows
the solver to place many zeros close to the unit circle
for the stop band region (< 4 kHz), cf. Fig. 2a (right).
The two complex-conjugate pole pairs in the right
z-plane support the pass band ripples. One pole pair
exhibits the maximum allowed pole radius, the other
is slightly less resonant. The fifth pole must be real
and interacts with a zero almost exactly at z = —1,
both supporting a resonance at f;/2. This yields the
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notch at fs/2 in the frequency response of ﬁ,}LIP (2),
but helps the pass band matching the target up to
highest frequencies, cf. Fig. 2b (top/left). The steep
slope of the transition band (150 dB/octave) is match-
ing well between 4 and 6 kHz, cf. Fig. 2b (top/right).
The target and designed slopes deviate for f < 4kHz,
but an attenuation of > 80 dB for f < 2.5kHz is
achieved. This is likely a reasonable performance for
practical applications. The designed phase matches
the target phase almost exactly for the important fre-
quency band f > 5kHz, cf. Fig. 2b (bottom/left). It
only considerably deviates close to fs/2 due to the
phase excess of the designed notch filter. The IR in
Fig. 2b (bottom/right) indicates post-ringing that is
similar to example I (due to same maximum pole ra-
dius pmax = 0.9), but also the here allowed pre-ringing
due to the pre-delay of m = 30 samples is observable.
Example IIT considers the high modal order n = 38
(at which BLIIM is not feasible). The target high-pass
exhibits a very steep slope of 234 dB/octave. The cut-
off frequency is at about 10 kHz for the chosen wave
numbers. A comparably conservative maximum pole
radius 0.6 is chosen for demonstration purpose. The
pre-delay is set to m = 10 samples. The comparably
low pole order N, = 5 from example II is retained.
The number of zeros is lowered to IV, = 26. Unit error
weighting is applied. The resulting performance of
this filter design is depicted in Fig. 3. Two complex-
conjugate pole pairs in the z-plane (here all optimised
t0 |Zo0,v| = Pmax = 0.6) support the pass band’s ripple
characteristics, cf. Fig. 3a (right). Because these four
poles are not resonant enough, the pass band matches
poorly, Fig. 3b (top/left). For the fifth (real-valued)
pole the solver opted for a weak DC-supporting pole at
z & +0.326, hence not helping for the pass band. An-
other critical aspect is the comparably small amount
of zeros for the stop and transition band. In addition
to the unit error weighting this leads to a poor match
of the slope both in magnitude Fig. 3b (top/right)
and in phase Fig. 3b (bottom/left). The IR exhibits a
comparably fast decay in the post-ringing part due to
the not-so-resonant poles, cf. Fig. 3b (bottom/right).
In summary, this filter is neither useful for its transi-
tion band nor for its pass band characteristics.
Example IV aims to fix these deficiencies by trading
off the accuracy of the pass band ripples vs. that
of the transition slope. Based on the pole placement
from example III, it is assumed that just one, but then
more resonant, complex-conjugate pole pair yields an
improved filter design. Thus, N, = 2 and pmax = 0.9
is chosen. Additionally, as this helped in example II,
the error weighting is chosen such that the stop and
transition band is penalised 37 dB more than the pass
band. The number of zeros is increased to N, = 35,
potentially allowing more zeros for the transition band.
Note that the chosen N, = 35 is slightly less than the
modal order. It was observed that a choice far below
the theoretical amount of N, = n+ 1 generally results
in poor designs, and for our experiments a reasonably
robust rule of thumb is N, = n 4+ 1 + m for integer

pre-delay m. The performance of this filter design is
shown in Fig. 4. The pole-zero plot Fig. 4a (right)
shows a complex-conjugate pole pair at the maximum
allowed pole radius, which supports the pass band rea-
sonably well up to 13 kHz, cf. Fig. 4b (top/left). The
slope is matching well up to about 80 dB attenuation,
cf. Fig. 4b (top/right), confirmed by the additional
zeros close to the unit circle in the right z-plane in
Fig. 4a (right). The phase matches the target well be-
tween 7 and 15 kHz, Fig. 4b (bottom/left). Compared
to example III, the IR of example IV has a longer
post-ringing part, due to the chosen more resonant
single pole pair, cf. Fig. 4b (bottom/right). Dedicated
for n = 38, R = 0.2m and ¢ = 343 m/s, these filter
design parameters could be used for approximately
all » > 2R. Then, the stop band attenuation is larger
than 70 dB and the pass band level error is less than
about 1.6 dB. For R < r < 2R dedicated design pa-
rameters are needed, due the filter characteristics of
the very close near field.

Example V compares the proposed numerical fil-
ter design method (‘num’) with the windowed ‘IDFT’
approach and with the ‘LS-BLIIM’. The results are
shown in Fig. 5. Again the modal order n = 24 is
chosen, but with another radius r and thus another
minimum-phase and another pass band than in the
examples I and II. For a fair comparison, all filter de-
signs use a m = 10 sample pre-delay. The LS-BLIIM
filter precisely corresponds to example [3, Fig. 2]. The
IDFT-based filter uses a 1024 DFT length from which
the first 128 samples represent the FIR. The pre-/post-
ringing parts of this FIR are windowed by asymmet-
rical Kaiser-Bessel fade-in/out windows. The IDFT
approach cannot be improved by order of magnitude,
hence always achieving the poorest performance for
the stop band attenuation in this comparison. The
LS-BLIIM performs with a very high attenuation in
the stop band. Generally, the performance of the nu-
merical approach can be straightforwardly tuned for
poorer slope vs. better pass band, and vice versa. In
the shown example we opted for a stop band perfor-
mance between the IDFT and the LS-BLIIM. This
comes with a comparably large pass band ripple, but
in return delivers the largest pass band close to fs/2,
whereas LS-BLIIM exhibits a considerable low-pass
characteristics inherent to its design algorithm.

4. Conclusion

The paper discussed a numerical design for high-pass
shaped radial filters. For high modal order these
high-pass filters exhibit very steep slopes close to the
Nyquist frequency and thus leave only a small, rippled
pass band. Thus it was expected and confirmed in
this paper, that discrete-time filters modelling this
phenomenon, require only few poles (to support the
small bandwidth of the pass band and its few reso-
nances) but many zeros (to support the steep slope
of the transition band). While the continuous-time
filters are minimum-phase, the discrete-time filters are
not necessarily, but only the phase response of the
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Figure 5: Example V: Comparison of the here discussed
filter design (blue, i.e. the middle curve in right plots,
‘num’) with a windowed IDFT (orange, i.e. the top curve
in right plots) and with the LS-BLIIM from [3] (green,
i.e. the bottom curve in right plots). General parameters:
modal order n = 24, f; = 32kHz, ¢ = 343m/s, R =
0.2m, r = 200 - ﬁ + R = 2.343 75 m, pre-delay m = 10
samples. IDFT parameters: Ng, = 1024, windowed to a
128 samples FIR, 11 fade-in samples, 92 fade-out samples,
Kaiser-Bessel § = 5. Num parameters: N, =4, N, = 35,
pmax = 0.9, W(f < 7TkHz) = 10°, W(f > TkHz) = 1,
update step size @ = 0.25 (not the default value 0.5).
BLIIM parameters: 21 FIR coefficients, 27 log-spaced
control frequencies [62...16k] Hz. All phase frequency
responses are compensated for the pre-delay m, hence the
more pleasing minimum-phase is depicted.

transition and pass band must actually match. The
chosen least squares solver with maximum pole radius
constraint proved to be a robust choice for the men-
tioned demands. Some informed heuristics is required
for optimum number of poles and zeros and other user
definable parameters, but these can be found indi-
vidually for a specific modal order and the radiating
sphere’s radius, and then work well for a comparably
large wave number range. The proposed numerical de-
sign is particularly meant for high modal orders, where
the band-limited impulse invariance design is not (yet)
available due to numerical limitations in finding the
required denominator roots of the Laplace transfer
function. A more precise root solver might help and is
left for future work. The here proposed design method
might be adapted to other radial filter types. Special
treatment, such as regularisation, is then required for
radial filters in synthesis problems, that theoretically
are unstable at zero or infinite frequency.
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