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Abstract

The rapid development of computational acoustics
has enabled the creation of digital twins for a wide
range of engineering applications. Among the most
versatile numerical approaches are the Finite Element
Method (FEM) and the Boundary Element Method
(BEM), both of which are now available in advanced
commercial packages supporting full-scale acoustic
design and verification.
However, innovative research concepts often require
transparent and customizable tools that expose the
underlying numerical formulation—capabilities that
commercial software rarely provide. This motivates
the use of programmable, open modeling environments
that allow researchers to inspect, modify, and extend
the core algorithms, particularly in BEM-based scat-
tering analysis.
Building on our earlier contribution [1], this paper
presents mm-bem, a lightweight web-browser applica-
tion implementing a classical BEM formulation for
acoustic scattering from mesh-defined objects. The
tool runs entirely client-side, requires no installation,
and provides interactive visualization of both near-
and far-field responses. As a demonstration, we ana-
lyze the scattering behaviour of a periodic lattice of
spheres, illustrating the applicability of the approach
to sonic-crystal configurations.

Keywords: boundary element method, sonic crystals,

web-browser code

1. Introduction
The development of computational acoustics over the
past decades has enabled increasingly accurate nu-
merical modelling of wave phenomena, including the
behaviour of periodic structures such as photonic and
sonic crystals. Early theoretical studies on sonic
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crystals in underwater acoustics—notably [2]–[4]—
demonstrated how periodic impedance contrasts can
give rise to diffraction suppression, band gaps, and
other wave-guiding effects analogous to those observed
in photonic materials.

In practical underwater applications, such periodicity
can be introduced by embedding regions of strong
acoustic contrast, for example by arranging voids or
steel spheres within a fluid medium. Although the
governing physics remains that of the standard acous-
tic wave equation, the presence of multiple scatterers
with distinct material properties leads to complex in-
teraction effects that require robust numerical tools
for accurate prediction.

While commercial FEM and BEM packages provide
powerful capabilities for full-scale acoustic analysis,
they often lack the transparency and flexibility needed
for exploratory research or for validating new mod-
elling concepts. This motivates the development of
lightweight, programmable environments that expose
the underlying numerical formulation and allow re-
searchers to inspect and modify each stage of the
computation.

In this context, and as a continuation of our earlier
contribution [1], the present work introduces mm-bem,
a browser-based Boundary Element Method imple-
mentation designed for interactive acoustic scattering
analysis. To illustrate its capabilities, we examine the
scattering behaviour of a vacuum-filled sphere lattice
immersed in water, demonstrating how the tool can
be used to explore sonic-crystal configurations directly
within a web environment.

2. Methods

To analyse the scattering behaviour of the sphere lat-
tices introduced in the previous section, we adopt a
classical Boundary Element Method (BEM) formu-
lation for time-harmonic acoustics based on a direct
boundary integral formulation. In an unbounded, ho-
mogeneous fluid medium, the total acoustic pressure
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field p(x) is governed by the Helmholtz equation

∇2p(x) + k2p(x) = 0, (1)

where k = ω
c0

= 2πf0

c0
is the acoustic wavenumber when

considering a plane wave with frequency f0 spreading
in a medium with sound speed c0. The total field is
decomposed as

p(x) = pinc(x) + pscat(x), (2)

with pinc the known incident field and pscat the un-
known scattered field. For a pressure-release (soft)
scatterer, the total pressure vanishes on the boundary
S:

p(x) = 0, x ∈ S. (3)

By applying Green’s second identity to the total pres-
sure field p(x) and the free-space Green function in the
exterior domain (accounting for the Sommerfeld radia-
tion condition for the scattered component), the total
pressure at any exterior domain point x is expressed
directly as

p(x) = pinc(x)+

∫

S



G(x, y)
∂p(y)

∂n(y)
− p(y)

∂G(x, y)

∂n(y)



dS(y),

(4)
where n(y) is the unit normal vector pointing outwards
from the scatterer surface into the fluid medium, and

G(x, y) =
eik|x−y|

4π♣x − y♣
(5)

is the free-space Green function. By defining the
physical normal derivative of the total pressure as

pn(y) ≡
∂p(y)

∂n(y)
, (6)

and directly substituting the pressure-release condi-
tion (3) into Equation (4), the double-layer integral
term drops out. Finally, taking the limit as the exte-
rior point x approaches a point xi on the boundary
surface S, the total pressure p(xi) on the left-hand
side vanishes via (3), yielding the direct boundary
integral equation:

∫

S

q(y) G(xi, y) dS(y) = − pinc(xi), xi ∈ S (7)

where pinc describes a plane wave coming from the
θ, ϕ direction:

pinc(xi) = eik

(

sin θ cos φ x
(1)
i

+sin θ sin φ x
(2)
i

+cos θ x
(3)
i

)

(8)

with xi = (x
(1)
i , x

(2)
i , x

(3)
i ). The surface S is parti-

tioned into N flat triangular elements Sj with area
♣Sj ♣ and centroid yj . The normal derivative q(y) is
approximated as constant on each element:

pn(y) ≈ pn,j y ∈ Sj . (9)

Using a centroid-based approximation of the element
integral (the standard piecewise-constant BEM for-
mulation P0 with centroid collocation and 1-point
quadrature),

∫

Sj

G(xi, y) dS(y) ≈ G(xi, yj) ♣Sj ♣, (10)

the discretized boundary equation becomes

N
∑

j=1

G(xi, yj) ♣Sj ♣ pn,j = − pinc(xi). (11)

To simplify the algebra and avoid explicit area factors
in the field evaluation, we introduce the integrated
flux

Qj := ♣Sj ♣ pn,j (12)

which could be interpreted as surface source strength.
The boundary equation (11) then takes the compact
form

N
∑

j=1

G(xi, yj) Qj = − pinc(xi), i = 1, . . . , N.

(13)
The centroid rule (10) provides an accurate and effi-
cient approximation for all off-diagonal terms where
xi ≠ yj . However, for the self-interaction diagonal
terms (i = j), the collocation point xi coincides with
the element centroid yi, causing the Green’s function
kernel to exhibit a weak 1/r singularity as r → 0. In
this case, the 1-point quadrature fails, and the inte-
gral must be evaluated by isolating the singularity. To
regularise the diagonal terms, the Helmholtz Green’s
function is decomposed into its singular Laplace part
and a smooth, frequency-dependent remainder:

G(xi, y) =
1

4πr
+

eikr − 1

4πr
, r = ∥xi − y∥. (14)

When integrating (14) the integral of the first part of
the right-hand side represents the purely geometric,
singular static component. For a flat triangular ele-
ment with centroid collocation, it can be integrated
analytically. To make its scaling behavior explicit, we
factor out the size of the element, yielding:

∫

Si

1

4πr
dS(y) = αi = α̃i

√

♣Si♣, (15)

where α̃i is a dimensionless shape coefficient that
depends strictly on the aspect ratio and angles of
the triangle Si, but is independent of its physical

scale. For a equilateral triangles (♣Si♣ =
√

3
4 l2) very

often used by mesh generators with centroid colloca-
tion, this dimensionless factor evaluates analytically

to α̃i =
4√3 ln(2+

√
3)

2π
≈ 0.2758. For the second part,

the integrand is bounded since limr→0
eikr−1

4πr
= ik

4π
.

To preserve algebraic consistency with (11), the self-
interaction terms (i = j) in the summation must be
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implicitly divided by the element area ♣Si♣, yielding
the final regularised diagonal coefficient:

G(xi, yi) =
α̃i

√

♣Si♣ + ik
4π

♣Si♣

♣Si♣
=

α̃i
√

♣Si♣
+

ik

4π
. (16)

Equation (16) reveals that in this integrated-flux for-
mulation, while the off-diagonal entries and the imag-
inary parts of the diagonal entries do not explicitly
depend on the triangular element size, the real parts
of the diagonal coefficients do. However, it is worth
noting that when the standard engineering rule for
mesh generation—restricting the edge length to the
wavelength (L ≤ λ/10)—is adopted, the element size
becomes intrinsically linked to the frequency. Conse-
quently, the real part effectively translates its depen-
dence from the geometric area ♣Si♣ into a direct linear
dependence on the wavenumber k.

This frequency-dependent regularization eliminates
pure geometric grid dependencies, justifying the tran-
sition to meshless formulations, such as the Method
of Fundamental Solutions (MFS) [5]–[7], where the
explicit geometric grid dependencies are bypassed en-
tirely. In the MFS framework, the singular boundary
integral equation is replaced by a linear combination
of fundamental solutions, which is regularised by off-
setting the source points (or virtual nodes) away from
the physical boundary into the fictitious exterior do-
main. Specifically, to maintain spectral stability and
avoid the mathematical breakdown associated with
the 1/r singularity, each source point yi is generated
by shifting the corresponding boundary collocation
point xi outward along the exterior unit normal vector
ni by a frequency-tuned distance of d = λ/20. By
coupling this geometric offset directly to the wave-
length via λ = 2π/k, the distance scales dynamically
as d = π/(10 k), which ensures that the minimum dis-
tance between any collocation point and the virtual
source grid shrinks in perfect lockstep with the wave
contraction at higher frequencies. Consequently, this
λ/20 normal regularisation prevents the kernel matrix
from becoming highly ill-conditioned due to excessive
proximity, while simultaneously avoiding the loss of
high-frequency oscillatory resolution that occurs if the
sources are placed too far from the boundary, thereby
creating a robust and stable meshless framework for
high-wavenumber Helmholtz scattering problems.

Both presented approaches leads to solving the same
Eq. (13). Once the coefficients Qj are computed, the
scattered field at any point x in the exterior domain
is obtained from

pscat(x) ≈ −

N
∑

j=1

G(x, yj) Qj . (17)

Because the element area ♣Sj ♣ is absorbed into the
unknown Qj , no additional area factor appears in the
field evaluation.

3. Implementation

The full mm-bem package is openly available to ensure
reproducibility [8]. It includes source codes written
in multiple programming languages and supports var-
ious BEM algorithms [9]. It uses i.e. FreeFem++
[10], Bempp [11] (Python) and gypsilab [12] (Matlab)
frameworks. The web-based demonstration of mm-bem
code is written in Javascript with C/WebAssembly
SIMD128 optimized code and calculates acoustic scat-
tering patterns from mesh-defined targets using the
BEM equations presented in previous section. The
BEM algorithm employs classical P0 elements. For
comparison purposes the demonstration also includes
an implementation of Method of Fundamental Solu-
tion (MFS) [13], which uses source points located
inside the mesh along element normals at a distance
of 0.05λ.

The demonstration application runs entirely within
modern web browsers and computes scattering pat-
terns for pressure-release (soft) targets represented
by up to 20,000 triangular elements, a boundary im-
posed by the 4 GB memory address space limitation
of current browser environments. The solver utilizes
an LDLT factorization [14], directly exploiting the
complex symmetric property of the formulated equa-
tions. To alleviate the restriction on the maximum
number of elements, an Adaptive Cross Approxima-
tion accelerated GMRES (ACA-GMRES) solver [15]
is currently being implemented. This development
necessitates porting the entire computational core to
C/WebAssembly; while the existing JavaScript imple-
mentation is functional, it introduces severe perfor-
mance and capacity bottlenecks due to high object
allocation overhead rather than the structural density
of the triangular mesh. The graphical user interface of
the application is presented in Fig. 1. Notably, the tool
requires no third-party libraries and can operate fully
offline on any client architecture. Its primary purpose
is to compute the far-field target strength (TS) of arbi-
trary geometries across multiple frequencies, provided
that the standard wavelength-to-element-size resolu-
tion criterion is satisfied. Furthermore, the framework
supports near-field evaluations within a user-defined
volumetric region.

The Input parameters panel provides the interface for
configuring simulations. Users may specify: (1) the
target mesh, (2) the incident plane-wave direction
angles θ0 and ϕ0, which are shifted by π relative to
the conventional angles θ and ϕ to ensure geometric
consistency for the backscattering direction, (3) the
operating frequency f0, and (4) the sound speed c0 in
water (adjustable in the Configuration section).

Target meshes can be selected from a dropdown menu
containing several canonical examples, including multi-
sphere configurations. The mesh is displayed in the
Data Visualisation section on the left 3D panel, while
the results of the BEM calculations appear in the right
panel as a 2D polar plot of the scattering pattern.
The near-field representation can be toggled on or off
directly from the chart interface.
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The frequency parameter may also be swept over a
predefined range (up to 360 kHz). In this mode, re-
sults are visualized in the polar plot, where angular
coordinates correspond to frequency values in kilo-
hertz. Several illustrative examples are provided in
the Gallery section.

To verify the implemented algorithms, the web appli-
cation includes a built-in, scriptable mesh generator
capable of producing simple target geometries, includ-
ing a perfect sphere for which the exact analytical
solution is known. This feature enables users to com-
pare numerical results against theoretical calculations
directly within an integrated 2D plotting interface.
Consequently, it provides a reliable benchmark to
rigorously evaluate the execution speed, numerical
accuracy, and convergence characteristics of both the
BEM and MFS formulations, as well as the perfor-
mance of the LDLT and ACA-GMRES solvers under
the introduced regularization strategies. As an il-
lustrative example, Fig. 2 presents a comparison of
the scattering patterns obtained for a low-resolution
sphere (128 triangles) and a medium-resolution sphere
(512 triangles) against the exact analytical solution
for a 1.905 cm sphere model at 38 kHz. It is worth
noting that although the low-resolution mesh for that
frequency does not satisfy the standard edge-length-
to-wavelength resolution criterion, the computed nu-
merical result remains remarkably close to the exact
solution.

Users may also upload custom target meshes in one
of the following formats: GMSH MSH 2.0 (triangular
elements) or STL.

To demonstrate the practical applicability of the web-
based framework for complex multiple-scattering en-
vironments, a sonic crystal experiment conducted in
water (c ≈ 1480 m/s) is simulated, utilizing a periodic
lattice composed of pressure-release (soft) spheres with
a radius of a = 5.5 mm (diameter 11.0 mm). At the
operating frequency of f = 38 kHz, the acoustic wave-
length in water evaluates to λ = c/f ≈ 38.95 mm. Un-
der these conditions, the geometric size of the spheres
is smaller than the wavelength (2a ≈ 0.28λ), placing
the scatterers firmly within the coupled scattering
regime.

To explore the wave-manipulation capabilities of this
setup, two distinct lattice configurations are investi-
gated. First, a standard benchmark is established
using a sphere scatterer lattice with a lattice constant
of alat = 15 mm. This spacing yields a significant
filling fraction of F = 4

3 πa3/a3
lat ≈ 20.66%, providing

a strongly coupled periodic arrangement well-suited
to evaluate the formation of directional bandgaps
and classic multiple-scattering reflections. Second,
an acoustic lens sonic crystals configuration, where
the spatial positions of the spheres are tailored to form
a curved, lens-shaped lattice. This non-uniform distri-
bution is designed to focus the transmitted acoustic
energy into a localized focal spot. Simulating these
intricate multi-body arrays under the λ/10 resolution
criterion provides a highly demanding computational

Figure 1: Initial view of mm–bem web–demo showing
calculation of scattering function at 38kHz for low resolu-
tion soft sphere with radius equal to 1.905cm represented
by 66 nodes and 128 triangular elements.
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Figure 2: Comparison of the scattering patterns obtained
for a low-resolution (left) and a medium-resolution (right)
mesh model of a 1.905 cm pressure-release sphere at 38 kHz
against the exact analytical solution (dashed blue curve).
The backscattering direction is oriented towards the top
of the polar plot.

environment, ideal for showcasing the efficiency and
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Figure 3: The definition of multiple sphere lattice by
spheres buildin object.

accuracy of the developed solvers under intense wave
interactions.
The Gallery section of mm–bem web–demo contains
results in the form of figures for several use–cases. In
this paper, those related to sonic crystals design are
presented. To exemplify, Fig. 4 shows 3x3x3 lattice
of low-resolution spheres with radius equal to 5.5 mm
separated by 4 mm along with its far field pattern
(red curve) and near field pattern (circular image)
concentrated around lattice center as presented in
5. To achieve sonic crystal focusing it is required to
design the lattice that contains more spheres. Hence
the Fig. 6 shows user defined 10x5x10 sphere lattice
with the same size and the same gap and resulting
pattern with focusing at the distance of 24 cm. It is
worth to be aware that such setup defines the problem
with 64000 degrees of freedom as the low-resolution
sphere in the system are represented by 128 elements.
The Fig. 7 shows results obtained for the acoustics
lens formation of the same sphere setup.

(0.0410, 0.0410, 0.0410) [1782x3456]

Figure 4: The mm-web visualisation of mesh representing
3x3x3 lattice constructed from 5.5 mm spheres separated
by 4mm.

4. Conclusion
The mm-bem web demonstration illustrates that a
complete boundary-element environment for sonic
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Figure 5: The near and far scattering pattern at 38kHz
for the mesh model representing 3x3x3 sphere lattice shown
in Fig. 4 presented in 2D view

(0.1460, 0.0710, 0.1460) [33000x64000]

Figure 6: The near field scattering pattern at 38kHz
for the mesh model representing 10x5x10 sphere lattice
presented in 3D view.

crystals acoustics can be delivered as a lightweight,
installation-free application. By relying solely on open
web standards—with no external libraries, frameworks,
or platform-specific dependencies—the tool remains
portable, transparent, and cost-free, while operating
seamlessly across platforms, including fully offline use.
Its single-file architecture integrates example config-
urations and a gallery of reference results, enabling
reproducible experimentation without auxiliary soft-
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Figure 7: The near field scattering pattern at 38kHz for
the mesh model representing acoustic lens formed from
pressure-release sphere lattice.

ware.
Despite its minimal footprint, the system provides
capabilities typically associated with larger scientific
environments. These include text-based 3D input
and 2D/3D output, publication-quality visualization
through an embedded 3D viewer and polar-plot mod-
ule, and support for merging multiple mesh files. The
tool also offers mesh-generation scripting, including
an exact-sphere calculator.
Together, these features demonstrate that modern
browser technologies are sufficient to host a com-
pact yet expressive BEM environment. The result
is a portable research and teaching tool that lowers
the barrier to experimentation, encourages transpar-
ent workflows, and highlights the potential of pure,
standards-based code for scientific computing.
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