
SCATTERING OF CUT-OFF MODES BY IMPEDANCE
DISCONTINUITY IN A LINED DUCT

Aymane Chaabaoui1, Gwenael Gabard1, Bruno Mangin2, Jacky Mardjono2, Vincent Clair3
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Abstract
Sound scattering induced by a duct wall impedance
discontinuity located in proximity to a source is investi-
gated. It is illustrated that, when a liner is positioned
in a source’s near field, evanescent modes can have a
significant impact on the transmitted power, especially
close to their cut-off frequency. A parametric study is
conducted to highlight how evanescent modes located
close to the liner modify the in-duct transmitted power.
Sensitivity to various parameters such as frequency,
source-liner distance, liner length, liner impedance and
source modes is investigated. It is demonstrated that,
for some configurations, the optimisation of acoustic
treatments must take into consideration the near field
in order to accurately predict liner performance.
Keywords: duct, liner, scattering, evanescent modes,
impedance discontinuity

1. Introduction
The increase of the bypass ratio (BPR) of turbofan
engines is a well established approach for reducing
aircraft engines fuel consumption and therefore emis-
sions. Increasing the BPR leads to bigger nacelles,
and shortening the nacelles is a possible solution to
avoid an associated mass increase. A consequence is
a reduction of acoustically treated areas, which com-
promises their performance [1]. In addition to being
short, liners will be placed in the source’s near field.
This introduces additional acoustical scattering that
may result in a degradation of liner performance.
The acoustic generation as well as the propagation
of acoustic waves are modified by the presence of the
liner in the proximity of the source. The alteration
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of sound generation in the presence of a liner is well
established in the literature [2]–[4]. As for sound prop-
agation, the transition between a hard wall and a lined
wall creates an impedance discontinuity. This results
in sound scattering, extensively studied in literature
for propagative modes [5]–[11]. In fact, for long na-
celles where the liner is far from the acoustic sources,
evanescent modes can be neglected at the impedance
discontinuity. However, for some future architectures,
evanescent modes levels are not as negligible at the
impedance discontinuity. There, scattering allows
evanescent modes to transfer energy to propagative
modes, possibly leading to a significant increase in the
transmitted acoustic power. Two types of scattering
can occur. When the impedance discontinuity is ax-
ial, energy scatters among radial modes of the same
azimuthal order, as studied by McAlpine et al. [12]
for a single propagative mode. When the impedance
discontinuity is azimuthal, as in [13], [14], energy scat-
ters among azimuthal modes. Consequently, Tam et
al. [14] recommended moving liner splices far away
from the fan because of the energy scattering from
evanescent to propagative modes.
In this article, we focus on the propagation of sound
in an infinite uniform circular duct carrying a uniform
mean flow, for which only the presence of a liner
can cause scattering. The impact of the liner on the
sound generation is not considered. The source is a
single evanescent or propagative mode. The effect of
scattering on the transmitted power is investigated as
a function of different parameters such as frequency,
source-liner distance, liner impedance, liner length,
and source radial and azimuthal order.

2. Formulation of the problem
We consider sound propagation in a straight circular
duct of radius a. The duct is composed of three
segments: two rigid walls (left and right) and a lined
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segment of length L in between, with a locally reacting
wall modelled by a surface impedance Z. The duct
carries an axial and uniform flow U0 with density
ρ0 and sound velocity c0. An acoustic incident field
is injected at x = 0 and reaches a wall impedance
discontinuity at x = d and x = d + L. The duct
geometry is presented in figure 1. A cylindrical frame
(x, r, θ) is used in the following.

Figure 1: Duct geometry.

2.1. Convected wave equation
The sound propagation is governed by the convected
Helmholtz equation with an implicit time dependence
e+iωt, ω being the source pulsation. It is written for
the velocity potential ϕj in each segment, j ∈ [1, 2, 3],
as

1
c2

0

D2
0ϕj

Dt2
− ∇2ϕj = 0, (1)

where D0/Dt = |iω + U0∂/∂x| is the material deriva-
tive. The acoustic pressure perturbation p and veloc-
ity perturbation v can be derived from the velocity
potential using

p = −ρ0

(
iω + U0

∂

∂x

)
ϕ and v = ∇ϕ. (2)

2.2. Boundary conditions
In a duct, the normal acoustic velocity verifies a bound-
ary condition that depends on the nature of the wall.
In the case of a hard wall, the normal acoustic velocity
vanishes at the wall (r = a)

v · n = ∂ϕ

∂r
= 0, (3)

with n the unit vector normal to the wall surface. In
the presence of a flow, the boundary layer modifies the
acoustic field acting on the liner. For a uniform axial
flow in a straight duct, the Ingard-Myers boundary
condition [15] is imposed at r = a for a lined wall:

iω∂ϕ
∂r

= −ρ0

(
iω + U0

∂

∂x

)2 (
ϕ

Z

)
. (4)

2.3. Modal decomposition
Since the flow and the boundary conditions do not
depend on the axial position, we can write the velocity
potential as an infinite sum of modes on each segment

j :

ϕj(x, r, θ, t) =
∞∑

m=−∞

∞∑
n=0

(
A+

j,mnψ
+
j,mn(r)e−ik+

j,mn
x+

A−
j,mnψ

−
j,mn(r)e−ik−

j,mn
x
)

e−imθeiωt, (5)

where m is the azimuthal order and n the radial order.
A±

j,mn, ψ±
j,mn, k±

j,mn are the amplitude, mode radial
shape and axial wavenumber respectively of the right-
running(+) or left-running(−) mode (m,n) in segment
j. The mode shapes ψmn are normalised in the hard
wall segments so that∫

S

ψmnψpqdS = δmpδnq.

Introducing the reduced axial wavenumber, also called
cut-off ratio,

σ±
j,mn(ω) = ±

√
ω2/c2

0 − (1 −M2
0 )α2

j,mn,

where αj,mn is the radial wavenumber and M0 =
U0/c0 is the axial mean flow Mach number, we can
write the axial wavenumber k±

j,mn as

k±
j,mn =

−ωM0 + c0σ
±
j,mn

c0 (1 −M2
0 ) .

A mode is said to be cut-off if its reduced axial
wavenumber σmn is a pure imaginary number. If
σmn is real, the mode is said to be cut-on. Separat-
ing the left-running from the right-running modes in
the case of a hard wall is quite direct, modes with
a positive σmn are right-running and those with a
negative σmn are left-running. In the lined segment,
it is more complicated and the correct way to separate
left-running from right-running modes is still an open
question, as we illustrate later.

2.4. Acoustic energy and power

In the case of a hard wall with uniform flow, we can
use the orthogonality and normalisation of the modes
to write that the total acoustic axial power is [16]

P = ρ0ω

2

∞∑
m=−∞

∞∑
n=0

Re(σ+
mn)

(
|A+

mn|2 − |A−
mn|2

)
+ 2Im(σ+

mn)Im
(
A+∗

mnA
−
mn

)
. (6)

For an evanescent mode the associated acoustic power
is equal to zero. We may use acoustic energy density
as defined by [17], taking the same expression for a
single evanescent mode (m,n), the time average of
the surface energy density Emn is

Emn = ρ0 |Amn|2

4

∫
S

(α2
mn+m2

r2 ) |ψmn(r)|2+
∣∣∣∣∂ψmn(r)

∂r

∣∣∣∣2
dS.

(7)
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3. Results
In the following, sound propagation is solved using
the same strategy as in [18]. A single right-running
mode is imposed at x = 0 with unitary amplitude.
Modes are then calculated in each segment using a
pseudo-spectral method. Finally, mode-matching is
applied at each interface to get modal amplitudes in
each segment. The left and right segment are semi-
infinite, no reflections are considered on both ends of
the duct. The injected power Psource, the power in
the left segment (0 < x < d) Pleft, which is the sum
of the power from the injected and the reflected wave,
and the power in the right segment (x > d+L) Pright
are defined as :

Psource = ρ0ω

2

∞∑
m=−∞

∞∑
n=0

Re(σ+
mn)|A+

1,mn|2

Pleft = ρ0ω

2

∞∑
m=−∞

∞∑
n=0

Re(σ+
mn)

(
|A+

1,mn|2 − |A−
1,mn|2

)
+ 2Im(σ+

mn)Im(A+∗
1,mnA

−
1,mn)

Pright = ρ0ω

2

∞∑
m=−∞

∞∑
n=0

Re(σ+
mn)|A+

3,mn|2.

In the following, distances are scaled by the radius
a, velocities by the sound velocity c0, impedances by
ρ0c0 and sound frequencies are characterised by the
Helmholtz number He = ωa/c0. The value of the
different parameters are chosen to be representative of
those in a high BPR turbofan engine. A mode (m =
1, n = 4) is injected at different frequencies around
its cut-off frequency Hec :−0.5 < He − Hec < 0.5.
The flow Mach number is M0 = −0.3 and the liner
is located at d = 0.125, with a length of L = 0.25
and its impedance is set to Z = 0.2 − i. This set of
values will be referred to as the reference case. The
different powers as a function of Helmholtz number
for the reference case are presented in figure 2. In Fig.

Figure 2: Evolution of the acoustic powers for varying
Helmholtz number for the reference case.

2, the behaviour of propagative modes is classical: the

injected power is partially reflected and attenuated by
the liner. Below cutoff, the injected power is zero, since
evanescent modes do not transport energy. However,
the interaction between the incident and reflected
evanescent waves generates a positive power in the
left segment directed towards the liner, where part
of it is absorbed and part transmitted. Energy is
scattered from the evanescent mode (m = 1, n = 4)
to the propagative lower-order modes (m = 1, n =
(0; 1; 2; 3)).

3.1. Model validation
When solving the eigenvalue problem with the spec-
tral method as in [18], we should distinguish the left-
running from the right-running modes. A good cri-
terion used in literature [19] is to draw a diagonal in
the complex plane of axial wavenumber. The modes
below the diagonal are right-running, and those above
are left-running. This criterion works well with hard
wall modes. When using the Ingard-Myers boundary
condition (eq (4)), surface waves described by [20],
[21] appear as acoustic modes but behave differently.
Of particular interest are the hydrodynamic instabili-
ties that can appear as left- or right-running acoustic
modes growing exponentially in their direction of prop-
agation. Depending on how we interpret these hydro-
dynamic instabilities, results are significantly different.
We present in figure 3 multiple calculations for the
reference case: a first calculation using a finite-element
code [22], this is useful for validation since no assump-
tions are made on the modes. Then a mode matching
calculation without particular handling of the hydro-
dynamic instabilities (’no criteria’), with removing the
hydrodynamic instabilities (’remove modes’), and with
changing the direction of propagation of the hydrody-
namic instabilities (’change direction’). In figure 3, it
appears that interpreting a hydrodynamic instability
as an acoustic mode without particular handling using
only the criterion used in [19] misrepresents the acous-
tic field. Removing these modes from the solution, as
was done in [12] and [1] allows for a more reasonable
result, but the power is not conserved in the duct.
Another idea is to interpret them as modes propa-
gating in the opposite direction, as was done in [23].
Changing the direction of the unstable modes gives
the most accurate result, and the acoustic power is
conserved and continuous throughout the duct. This
is the criterion implemented in the following.

3.2. Parametric study
The purpose of this parametric study is to evaluate the
effects of the different parameters on the transmitted
power.
3.2.1. Influence of the source-liner distance
First, we look at the effect of the distance between
the source and the liner. In figure 4, all parameters
are set to their reference values, and we compute the
transmitted power on the right segment for different
values of source-liner distance d. In figure 4, we can
see that the closer the liner is to the source, the more

12th Convention of the European Acoustics Association
Graz, Austria • 8th – 12th September 2026 •

P
re
lim

in
ar
y
do
cu
m
en
t

https://euracoustics.org/
http://aaa-oega.org/


Figure 3: Comparison of transmitted power for different
hydrodynamic modes handling for the reference case.

Figure 4: Transmitted power as a function of Helmholtz
number for different source-liner distances.

power is transmitted. This is quite easily predictable,
the closer the liner is to the source the more ener-
getic are the evanescent modes when they reach the
impedance discontinuity, which means that more en-
ergy is scattered to propagative modes. The power is
proportional to the distance between the source and
the liner as Pright(d) ∝

(
e−kmnd

)2. For the reference
configuration d = 0.125, we can also see in figure 4
that the transmitted power is of the same order of
magnitude close to the cut-off frequency, whether the
mode is cut-off or cut-on. This highlights the im-
portance of evanescent mode relative to propagative
modes when the liner is close to the source.
3.2.2. Influence of the impedance
In this part, the effects of the impedance are investi-
gated. The frequency is set to He−Hec = −0.1, all
other parameters are set to their reference values. In
figure 5, the transmitted power is computed for differ-
ent values of impedance and plotted in the Z-complex
plane. In figure 5, we illustrate some trends. Liners
with higher resistance (Re(Z)) have a lower percent-
age of open area [24] and are closer to a hard wall.

Figure 5: Transmitted power in the Z-complex plane at
He − Hec = −0.1 for reference configuration.

This results in less scattering and a transmitted power
that tends to zero, since only an evanescent mode is
injected in the duct. For the same value of resistance,
significant differences on the transmitted power are
observed depending on the reactance (Im(Z)). This
is particularly relevant for liners with low resistance,
a difference of up to 10 dB is observed between a reac-
tance value of Im(Z) = 2 and Im(Z) = −2. Plotting
the transmitted power in the Z-complex plane when
varying the other parameters shows that the global
trends are conserved: a maximum value located at
a region with lower resistances and positive or nega-
tive reactances depending on the distance to cut-off
frequency. The value of impedance at which the max-
imum of transmitted power occurs depends on the
liner length, frequency and Mach number. This be-
haviour is consistent with the mechanism described
by Xiong et al. for a rectangular duct in the absence
of flow [25]. The observed maximum could result from
an excitation of a Fano resonance by the means of a
quasi-trapped mode with constructive interferences in
the lined region. This resonance is attenuated when
the resistance of the liner is increased.

3.2.3. Influence of the mode order
We may now investigate the effects of the mode az-
imuthal and radial order. Injecting different modes
with unitary amplitude does not guarantee that the
same energy is injected in the system, in fact higher
order evanescent modes are more energetic for the
same modal amplitude. Therefore, we need to define
a transmission coefficient to take into account the fact
that energy levels are different from a mode to another
for the same modal amplitude. In order to define a
transmission coefficient, the insertion loss has usually
been defined in the literature [12], [14], [26]. With
evanescent modes, the incident power is equal to zero.
In order to define a transmission coefficient, it may
be possible to use the reactive part of the incident
power (imaginary part), but it tends to zero when
the frequency gets closer to cut-off. We can use the
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power on the left segment as was used by [14], but
this will depend on the reflection on the liner. In the
following, we suggest using the energy associated to
an evanescent mode Emn defined in equation (7). We
define the transmission coefficient β as

β = 10 log10

(
Pt

Emn

)
.

By comparing β for different mode orders, we ensure
that the transmitted power is compared for the same
amount of energy injected into the duct. All param-
eters are set to their reference values, the source is
now modified to explore the effects of the order of
the mode. In figure 6, the transmission coefficient β
is computed at a frequency He−Hec,mn = −0.1 to
guarantee the same ”distance” from cut-off for the
different modes. Note that only scattering between

Figure 6: Transmission coefficient for different source
modes at He − Hec,mn = −0.1 for reference configuration.

radial modes is possible, since the discontinuity is only
axial. We can see in figure 6 that low order evanescent
modes tends to scatter more energy. This may be
explained by the fact that for higher azimuthal order,
more energy is concentrated near the duct wall [27],
[28], which favours energy absorption by the liner.
Moreover, higher radial order modes are less sensitive
to the impedance discontinuity at the wall because
energy is concentrated close to the duct axis, therefore
less scattering occurs, which leads to less transmitted
power.
3.2.4. Influence of liner length
Following the same methodology, we investigate the
influence of the liner’s length. In figure 7, all parame-
ters are set to their reference value, and we compute
the transmitted power for different liner lengths and
different frequencies. As we can see in figure 7, for a
cut-on mode, increasing the liner length increases its
efficiency. This is not the case for an evanescent mode.
In order to try to understand the dependence of the
transmitted power on the liner’s length, the frequency
is fixed at He−Hec = −0.1 and the transmission co-
efficient for different liner lengths and different modes

Figure 7: Transmitted power as a function of Helmholtz
number for different liner lengths.

is computed to obtain figure 8. Figure 8 shows the

Figure 8: Transmission coefficient as a function of liner
length at He − Hec = −0.1 for different modes.

existence of local extrema of transmitted power at
specific liner lengths. This behaviour may change
if the impedance changes, also following the same
mechanism as in [25].

4. Conclusion
In this paper, we explored the sensitivity of scattering
of cut-off modes to different parameters. A parametric
study was performed to demonstrate that evanescent
modes have a significant effect when a liner is close
to the source. The results indicate that scattering
is enhanced for some specific combinations of liner
length, frequency, impedance and flow Mach num-
ber, which may be associated with an excitation of a
Fano resonance in the lined segment. Additionally, it
was shown that lower order evanescent modes scatter
more energy than higher order ones. This is a prelim-
inary work to understand and quantify the effects of
evanescent modes and lay the groundwork to include
evanescent modes in the liner optimisation process in
the context of turbofan engines.
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