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Abstract

The extraction of modal wavenumbers is a funda-
mental prerequisite for the analysis of complex sound
fields in ducts and direct liner impedance eduction.
This paper presents a systematic benchmark com-
parison of the Kumaresan–Tufts (KT) and Hankel
total least squares (HTLS) methods for controlled
two-dimensional synthetic test cases in lined ducts.
First, the methods are tested for single-mode content
subject to variations in SNR, noise modeling, and mi-
crophone array geometry. Next, a multimodal stress
test of a lined duct is conducted, applying impedance
boundary conditions for two distinct SDOF Helmholtz
resonators. In noise-free cases, both methods recover
the reference wavenumbers with near-perfect accu-
racy. Under noisy conditions, the extraction error
increases by roughly one decade per 20 dB reduction
in SNR. Furthermore, turbulent boundary-layer noise
is slightly more detrimental than white noise at low
SNRs. HTLS proves to be globally more robust, par-
ticularly for modes with a positive imaginary part.
Regarding array design, KT and HTLS perform com-
parably for favorable kxh values in the fourth quad-
rant, with limits and optima dictated by ∆x and l.
While the current parametric investigation is not ex-
haustive, it confirms the expected dominance of the
dimensionless products kx∆x and kxl. These initial
insights serve as a starting point for future systemati-
zation efforts.
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1. Introduction

Direct impedance eduction based on face-to-face mi-
crophone measurements is attractive because it does
not require an a priori assumption of the acoustic
field and, in principle, allows the liner impedance to
be inferred directly from the measured modal con-
tent [1], [2]. In practice, however, the quality of the
final impedance estimate depends critically on the
preceding extraction of the complex axial wavenum-
bers kx. This intermediate step is often treated as
a black box, although it can introduce substantial
uncertainty, especially in multimodal sound fields and
in the presence of flow noise. Among the available
modal decomposition methods, the Kumaresan–Tufts
(KT) algorithm [3] is one of the most established ap-
proaches in duct acoustics [1], [4], [5], [6], while Hankel
total least squares (HTLS) [7] represents a closely re-
lated subspace-based alternative that has only recently
been introduced into impedance eduction [8]. Exist-
ing uncertainty studies mainly address the educed
impedance itself [5], [8], whereas a systematic assess-
ment of the kx-extraction performance is still lacking.
The present paper addresses this gap by evaluating
KT and HTLS through controlled synthetic bench-
mark cases for lined ducts. To this end, the influence
of modal wavenumber, modal order, microphone array
geometry, and measurement noise is systematically in-
vestigated. The analysis progresses from single-mode
reference cases to a multimodal stress test based on
SDOF liner impedances.

2. Methodological Setup

All benchmark cases considered here are based on an
infinitely long two-dimensional channel of constant
height h, and axial wavenumbers are reported in the
dimensionless form kxh.
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2.1. Compared Methods
The Kumaresan–Tufts (KT) algorithm and the Hankel
total least squares (HTLS) are two established high-
resolution methods for axial wavenumber extraction
of acoustic modes in ducts. Only a brief summary is
given here, since KT has already been described in
more detail in the context of impedance eduction in
previous work [1], [4], while HTLS was introduced for
this application more recently by Yang et al. [8]. KT
is a Prony-type backward linear-prediction method,
whereas HTLS is a closely related subspace-based
variant. Both methods estimate damped complex
exponentials from multichannel pressure data. In the-
ory, HTLS is expected to be more robust than KT
once noise and model errors become important. The
reason is that KT is based on a linear-prediction for-
mulation, whereas HTLS uses a total-least-squares
subspace treatment of the Hankel data matrix and
therefore accounts for perturbations on both sides of
the underlying regression problem. In consequence,
HTLS is expected to be less sensitive to bias from
noisy data matrices, correlated disturbances, and mild
model mismatch. At the same time, this advantage
need not be large in the favorable single-mode case
with correct model order, where both methods esti-
mate the same isolated pole from well-structured data.
In all benchmarks, the extraction order was prescribed
from the known synthetic setup; no adaptive MDL-
based rank selection or separate parameter study was
performed here.

2.2. Error Metric
The performance of the wavenumber extraction is
measured by the L2 distance between the extracted
and reference axial wavenumber. For the single-mode
case considered first, this reduces to

eL2 = |kx,est − kx,true|. (1)

Unless stated otherwise, the results present Monte
Carlo mean errors obtained over 200 noise realiza-
tions. An absolute error metric was preferred because
it remains well conditioned over the full investigated
complex-wavenumber range, whereas relative normal-
ization becomes fragile when the reference magnitude
is small.

2.3. Noise Models
To simulate realistic measurement conditions, syn-
thetic noise is added to the spatially sampled pres-
sure signals across the virtual microphone array. Two
noise models are considered. The first is spatially
uncorrelated complex Gaussian white noise, which
serves as the baseline case. The second is a turbu-
lent boundary layer (TBL) noise model with a Goody
wall-pressure spectrum [9] and a Corcos-type spatial
coherence model [10]. For a prescribed signal-to-noise
ratio (SNR), the added noise power is scaled consis-
tently between both models, so that the comparison
isolates the effect of spatial correlation and spectral
structure rather than a change in overall noise level.

Figure 1: Monte Carlo estimates of the KT and HTLS
methods for a single injected mode in the complex kxh
plane under Gaussian white noise at SNR = 30 dB and
20 dB (200 realizations). The black star denotes the true
value.
For the TBL model, δ = 0.5h, the wall shear stress
was estimated from a hydraulic Reynolds number via
a Blasius-type friction law, the Corcos parameters
were fixed to Uc/U = 0.6 and α = 0.12, and SNR was
defined from the ratio of mean signal power to mean
noise power over all microphones and frequencies.

3. Single-Mode Injection Study
The systematic evaluation starts with the most con-
trolled case, namely single-mode injection. Only one
mode is present in the synthesized pressure field, and
the extraction methods are informed that exactly one
mode is to be identified. This removes ambiguities
related to mode matching and model-order overesti-
mation and isolates the intrinsic estimator sensitivity.
3.1. Influence of the Signal-to-Noise Ratio
As a first representative illustration, Fig. 1 shows
Monte Carlo clouds for the representative wavenumber
kxh = 1 − i under Gaussian white noise at 30 dB
(left) and 20 dB (right). As expected, both methods
produce nearly symmetric scatter around the true
value, and the spread increases as the SNR decreases.
The corresponding mean L2 errors are 9.33 × 10−3

(KT) and 9.26×10−3 (HTLS) at 30 dB, and 2.95×10−2

(KT) and 2.96 × 10−2 (HTLS) at 20 dB.
The results for a systematic variation of the SNR are
shown in Fig. 2 for injected modes with kxh = n(1−i),
n = 1, 3, 5, 9. The mean error increases by approxi-
mately one decade for each 20 dB decrease in SNR.
This behavior is consistent with the expectation that,
in the moderate-noise regime, the wavenumber esti-
mate can be linearized around the noise-free solution,
such that the extraction error scales approximately
with the noise amplitude rather than with the noise
power. The same figure also shows that the sensitivity
increases with modal wavenumber magnitude and that
HTLS remains slightly more robust for larger n.
Figs. 3 and 4 give an overview of the extraction error
in the complex wavenumber plane. For both white
noise and TBL noise, the dominant variation is as-
sociated with the imaginary part of kx, whereas the
dependence on ℜ(kx) remains comparatively weak.
This stripe-like structure stems from the pole rep-
resentation z = exp(−ikx∆x). In this formulation,
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Figure 2: Mean L2 extraction error versus SNR for
injected modes with kxh = n(1 − i), n = 1, 3, 5, 9, under
Gaussian white noise. The curves compare the KT and
HTLS methods based on 200 Monte Carlo realizations per
case.

ℜ(kx) determines the phase angle of the pole, whereas
ℑ(kx) dictates its magnitude. Consequently, ℑ(kx)
controls the spatial growth or decay across the array,
thereby directly governing both the effective SNR and
the numerical conditioning of the estimation problem.
A clear difference between the two methods appears
for modes with positive imaginary part. In this re-
gion, KT performs poorly even at high nominal SNR,
because exponentially growing waves combined with
the backward-prediction structure of KT lead to an
ill-conditioned estimation problem. HTLS is less af-
fected and therefore remains more robust. The TBL
case is not uniformly worse than Gaussian white noise,
but it becomes clearly more detrimental at lower SNR,
where the correlated turbulent fluctuations become
more difficult to distinguish from the physical modal
content.

3.2. Influence of Microphone Spacing and
Number

The microphone array geometry – specifically the
spacing ∆x and the number of equidistant sensors
m – was varied for injected modes kxh = n(1 − i)
with n = 1, . . . , 5. All configurations were sub-
jected to TBL noise at a fixed SNR = 40 dB. The

Figure 3: L2 error of KT (left) and HTLS (right) based
wavenumber extractions in the complex kxh plane for
spatially uncorrelated Gaussian white noise. Rows indicate
decreasing SNR values from top to bottom.
tested parameter space included dimensional spac-
ings of ∆x = 4, 8, 12, 16, 20, 24 mm and array sizes of
m = 8, 12, 16, 24, 32, 40, 56, 80. Across the heatmaps
and representative sweeps in Figs. 5 to 7, the govern-
ing dimensionless quantities are kx∆x and kxl, where
l = (m − 1)∆x denotes the total array length. Phys-
ically, kx∆x dictates the local phase shift between
adjacent microphones, whereas kxl describes the to-
tal phase progression across the entire array, which
determines its overall spatial resolution.
The clearest trend relates to the microphone number
m (see e.g. Fig. 6 for a representative HTLS result;
KT behaves similarly). Increasing m extends the
array length and thus increases kxl, which reduces the
extraction error by capturing more spatial information.
The improvement then saturates once kxl is sufficiently
large.
The dependence on ∆x is non-monotonic, as illus-
trated in the HTLS results in Fig. 7; KT shows
the same trend. Since ∆x enters through z =
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Figure 4: Same as Fig. 3, but for turbulent boundary
layer (TBL) noise.

exp(−ikx∆x), very small spacings yield only weak
local phase differences, whereas very large spacings
lead to poor spatial sampling and phase ambiguity.
The error therefore exhibits a broad optimum at inter-
mediate spacings. The trends of KT and HTLS remain
remarkably similar throughout the single-mode geom-
etry study. This is expected, as both methods esti-
mate the same damped exponential pole from identical
single-mode data using the correct model order. Under
these favorable conditions, the dominant limitation
is therefore not the specific estimator structure, but
rather the geometric conditioning of the inverse prob-
lem itself. More pronounced differences between KT
and HTLS are anticipated primarily when the problem
becomes more severely ill-conditioned, for example in
the presence of multiple nearby poles, stronger cor-
related disturbances, or more extreme modal growth
and decay. For this reason, Fig. 8 presents the collapse
map – plotting ℜ(kxl) against ℜ(kx∆x) – only for the
HTLS results, as the corresponding KT representation
exhibits the exact same trend. In this plot, the results
from all individual parameter variations align along or-
derly lines. This consistent alignment proves that the
dimensionless products kxl and ℜ(kx∆x) are indeed
the systematic governing quantities, rather than the
absolute geometric parameters alone. These trends
are specific to the present infinite-duct benchmark and
should not be transferred directly to finite lined-duct

Figure 5: Mean L2 extraction error in the (∆x, m) plane
for kxh = n(1 − i), n = 1, . . . , 5, at SNR = 40 dB with
TBL noise. Rows denote the injected modes n = 1, . . . , 5,
columns denote KT and HTLS methods.

configurations, where reflections and lined-to-rigid
transitions may alter the geometry dependence. As
shown in Fig. 8, the error peaks near the right margin
(ℜ(kx∆x) ≈ 1.5 rad with small l), where coarse spa-
tial sampling and phase ambiguity degrade estimation.
Conversely, prominent error minima (dark regions)
emerge when moderate local phase increments are
paired with sufficiently large array lengths, ensuring
well-conditioned matrices. In the present diagonal
test family (kxh = n(1 − i)), the wavenumbers lie
on a diagonal line passing through the second and
fourth quadrants of the complex plane. Consequently,
the real and imaginary parts of kx are proportion-
ally coupled rather than varied independently, so that
projecting the data solely onto ℜ(kx∆x) and ℜ(kxl)
already provides a compact and faithful representation
of the trend. A more general design map would in-
stead need to retain the full complex dependence of kx.
This data collapse suggests that optimal microphone
spacings and array lengths might indeed be identi-
fied from admissible regions within this dimensionless
space. At the same time, this should still be regarded
as a preliminary indication rather than a complete
design rule, since the corresponding analysis has not
yet been extended to other directions in the complex
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Figure 6: Mean L2 extraction error versus microphone
number m for HTLS at fixed ∆x = 16 mm, SNR = 40 dB,
and TBL noise. The curves correspond to injected modes
kxh = n(1 − i), n = 1, . . . , 5.

Figure 7: Mean L2 extraction error versus microphone
spacing ∆x for HTLS at fixed m = 40, SNR = 40 dB,
and TBL noise. The curves correspond to injected modes
kxh = n(1 − i), n = 1, . . . , 5.

kx plane or to a broader range of noise conditions.

4. Multimodal Study
To move closer to practical applications, the analysis
is extended to a multimodal scenario based on two
no-flow SDOF Helmholtz-resonator liners from Schulz
et al. [11]: a medium-resistance case (ℜ(Z)/(ρc) ≈
0.5, resonance at ≈ 850 Hz) and a low-resistance case
(ℜ(Z)/(ρc) ≈ 0.15, resonance at ≈ 1230 Hz). Their
reference wavenumbers were computed over 200 to
2200 Hz. The total pressure field was synthesized
from the two least attenuated right-running modes,
and both KT and HTLS were given the exact true
extraction order of two. TBL noise was added at
a fixed SNR = 20 dB, roughly representative of the
natural level around Mach 0.4 in the present setup.
Two arrays were compared: a reference case with
∆x = 16 mm and m = 40, and a sparse case with
∆x = 32 mm and m = 10.
The error maps in Fig. 9 show that the low-resistance
liner spans a much larger region of the complex kxh
plane and is therefore harder to decompose. For both
liners, the sparse array yields larger errors than the
reference geometry, consistent with the reduced phase
information discussed previously. KT and HTLS ex-

Figure 8: Preliminary collapse of the diagonal geometry
study onto the dimensionless groups ℜ(kx∆x) and ℜ(kxl)
(HTLS, SNR = 40 dB, TBL noise).

hibit the same qualitative trends, but HTLS remains
slightly more robust in several regions. Overall, real-
istic multimodal sound fields constitute a markedly
more severe stress test than idealized single-mode
benchmarks.

5. Conclusions and Outlook
Main findings of the present study can be summarized
as follows:

• In noise-free synthetic benchmark cases, KT
and HTLS both recover the damped-exponential
signal model essentially exactly.

• Under noisy conditions, HTLS is globally more
robust and is particularly superior for modes
with positive imaginary part, where KT can fail
because of the unfavorable conditioning of the
backward-prediction formulation.

• For the single-mode benchmark, the error de-
pends approximately linearly on the logarithmic
scale, corresponding to roughly one decade in-
crease in extraction error for each 20 dB reduc-
tion in SNR.

• Turbulent boundary-layer noise is more critical
than white noise mainly at lower SNR, but the
difference remains moderate compared with the
overall SNR effect.

• For practically relevant fourth-quadrant cases,
KT and HTLS show similar geometric depen-
dencies governed by the dimensionless products
kx∆x and kxl. While an increased array length
improves extraction via kxl, the local spacing ∆x
exhibits a broad intermediate optimum. Note
that this geometric mapping is preliminary and
does not yet cover the full complex kx plane.

• The multimodal example confirms that realistic
sound fields are significantly more demanding
to decompose than idealized single-mode bench-
marks.

The present work serves as a foundational step. Next
steps include unknown multimodal sound fields, axial
flow variations, higher-dimensional effects, and appli-
cation to experimental data. A particularly relevant
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Figure 9: Wavenumber extraction error in the complex
kxh plane for the multimodal benchmark with medium-
and low-resistance SDOF liners, reference and sparse array
geometries, and TBL noise at SNR = 20 dB. Columns
show the KT and HTLS results.
next step is the extension to finite lined ducts, for
example with mode-matching approaches, to capture
reflections and lined-to-rigid transition effects more
realistically; algorithmic choices such as rank trunca-
tion and pencil parameters should also be included in
future sensitivity studies. More robust, data-driven
decomposition strategies should also be explored. The
long-term goal is practical guidance for engineers who
need to infer the modal content of lined ducts when
the contributing modes are not known in advance.
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